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Outline
e Constraint propagation analysis gives us an index of stability

e We try to unify previous treatments (such as hyperbolic and BSSN) by adjusting eqM.
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1 background of the problem[]

Best formulation of the Einstein eqs. for long-term stable & accurate simulation?

Many (too many) trials and errors, not yet a definit recipe.

Blow up Blow up

ADM

error

BSSN

|

time
Mathematically equivalent formulations, but differ in its stability!

strategy O:
strategy 1:
strategy 2:
strategy 3:

Arnowitt-Deser-Misner formulation

Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM
Apply a formulation which reveals a hyperbolicity explicitly

Formulate a system which is “asymptotically constrained” against a violation of constraints

By adding constraints in RHS, we can kill error-growing modes
= How can we understand the features systematically?
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1 background of the problem



strategy 1 Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM

— define new variables (gb,%ijl”fz) instead of the ADM's (;;,K;;) where
Yij = 6_4¢%’j7 zzlz'j = 6_4¢(Kij — (1/3)i; K), [ = féﬂjk,
use momentum constraint in ["-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0, Lo = —(1/6)ak,
(00— Lp)7yy = —2aAy,
0y — Lo)K = aAj ;A7 4+ (1/3)aK? — 47 (V;V;a),
(0 — Ls)Ay = —e(V;V,a)"F + 6_4¢QR§?) — e a(1/3)7;R® + a(K Ay; — 2A4. A%))
O = —2(0;0)AY — (4/3)a(0; K)7" + 120 A7 (9;0) — 20A (0;7'F) — 2al™); A1 4"
=0, (B* 07" — A0k = A (Ou) + (2/3)77(015Y))

Ry = OIf — o}, + Tk, — T = Ry + Ry,
Rj; = =2D:iD;¢ — 2§;;D' Dig + 4(D;6)(D;0) — 45;;(D'o) (D)
Rij = —(1/2)3" 0mii; + Gra0nL" + DT + 26" T3 L jyem + glmIy, Drgj
— No explicit explanations why this formulation works better.
AEI group (2000): the replacement by momentum constraint is essential.




strategy 2 Apply a formulation which reveals a hyperbolicity explicitly.

For a first order partial differential equations on a vector w,

(A up Uy
O | us | = A O, | U9 -+ B | us
characteristic part lower order part

i i 4 )

if the eigenvalues of A are Weakly hyp.
weakly hyperbolic all real.

Strongly hyp.
strongly hyperbolic  all real and 3 a complete set of eigenvectors. [ )
Symmetric hyp.

symmetric hyperbolic if A is real and symmetric (Hermitian). N )

Expectations
— Wellposed behaviour
symmetric hyperbolic system = WELL-POSED , ||u(t)|| < e"|[u(0)]|

— Better boundary treatments <= d characteristic field.

— known numerical techniques in Newtonian hydrodynamics.



strategy? Apply a formulation which reveals a hyperbolicity explicitly (cont.)
Are hyperbolic formluations actulay helpful in numerical simulations?
Unfortunately, we do not have conclusive answer to it yet.
Theoretical issues

e Well-posedness of the non-linear hyperbolic formulations is obtained only locally in time domain.
e Energy inequality indicates boundedness of norm which does not forbid divergence

e The discussion of hyperbolcity only uses characteristic part of evolution equations, and ignore the non-
characteristic part.

Numerical issues

e Earlier numerical comparisons reported the advantages of hyperbolic formulations, but they were against

to the standard ADM formulation. [Cornell-lllinois, NCSA, .. ]

e If the gauge functions are evolved with hyperbolic equations, then their finite propagation speeds may
cause a pathological shock formation [Alcubierre].

e Some group [HS-GY, Hern] reported no drastic numerical differences between three hyperbolic levels,
while other group [Calabresse| reported that strongly hyperbolic is good and weakly hyperbolic is bad. Of
course, these statements only cast on a particular formulations and models to apply.

Proposed symmetric hyperbolic systems were not always the best one for numerics.



strategy 3 Formulate a system which is “asymptotically constrained” against a violation of constraints

“Asymptotically Constrained System”— Constraint Surface as an Attractor

Constrained / Surface
(satisfies /Einstein's constraints)

Blow up

error

— Stabilize?

>

time

method 1: A-system (Brodbeck et al, 2000)

— Add aritificial force to reduce the violation of con-
straints

— To be guaranteed if we apply the idea to a sym-
metric hyperbolic system.

method 2: Adjusted system (Yoneda HS, 2000, 2001)

— We can control the violation of constraints by ad-
justing constraints to EoM.

— Eigenvalue analysis of constraint propagation
equations may prodict the violation of error.

— This idea is applicable even if the system is not
symmetric hyperbolic. =

for the ADM/BSSN formulation, too!!




ldea of \-system
Brodbeck, Frittelli, Hiibner and Reula, JMP40(99)909

We expect a system that is robust for controlling the violation of constraints

Recipe
1. Prepare a symmetric hyperbolic evolution system ou = Jou+ K

2. Introduce A as an indicator of violation of constraint 9\ = aC — 3\

which obeys dissipative eqgs. of motion (a#0,8>0)
: : u A 0 U
3. Take a set of (u, \) as dynamical variables 7] ()\) ~ (F O) 0; ()\)
4. Modify evolution egs so as to form P (u) B (A F) 9 (u)
a symmetric hyperbolic system “\N)\F 0) 7\

Remarks

e BFHR used a sym. hyp. formulation by Frittelli-Reula [PRL76(96)4667]
e The version for the Ashtekar formulation by HS-Yoneda [PRD60(99)101502]

for controlling the constraints or reality conditions or both.
e Succeeded in evolution of GW in planar spacetime using Ashtekar vars. [CQG18(2001)441]
e Do the recovered solutions represent true evolution? by Siebel-Hiibner [PRD64(2001)024021]
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For time evolution systems with constraints in general
ou® = f(u®, ou”,00u”) evolution equations
C* = C*u®, 0u®,00u”) ~ 0 constraints
If constraints are first class, constraint propagation takes this form
0,C* = A)C* + A10C" + Ay00C" + --- constraint propagation

Analytically, constraints are satisfied during evolution. But numerically, does not.

By Fourier transformation, we rewrite constraint propagation with each modes,
which is ODE.

8,C* = AyC™ 4+ A (ik)C™ + Ay (ik) (ik)C* +
= (Ay+ Al(zg) + A (ZE)(ZE) + ) C®  constraint propagation 2

Z

constraint propagation matrix
we substitute background metric into M — M,
CAF := Eigenvalues M;, Constraint Amplification Factors

By evaluating CAFs before simulations, we can predict constraint violation in
numerical evolution.



A Classification of Constraint Propagations

(C1) Asymptotically constrained :

Violation of constraints decays (converges to zero).

(C2) Asymptotically bounded :

Violation of constraints is bounded at a certain value.

(C3) Diverge :
At least one constraint will diverge.

Note that (C1) C (C2).

-~

(C1)
Decay

ch) Bounded

(C3)

Diverge

~

/

error

Diverge

Constrained,
\ or Decay
»

time




A Classification of Constraint Propagations (cont.)

0,C = \C' = C = C(0)exp(At)

(C1) Asymptotically constrained : (Violation of constraints converges to zero.)
~ all the real part of CAFs are negative

(C2) Asymptotically bounded : (Violation of constraints is bounded at a certain value.)
~ all the real part of CAFs are non-positive

(C3) Diverge: (At least one constraint will diverge.)
~ there exists CAF with positive real part



A Classification of Constraint Propagations (cont.)
0,C' = MC, CAF = Eigenvalues(M )

(C1) Asymptotically constrained : (Violation of constraints decays.)
< all the real part of CAFs are negative

(CQ) Asymptotically bounded : (Violation of constraints is bounded at a certain value.)
< all the real part of CAFs are non-positive

and Jordan matrices for eigenvalues with zero real part are diagonal
< all the real part CAFs are non-positive and M is diagonalizable

(C3) Diverge: (At least one constraint will diverge.)
< there exists CAF with positive real part
or there exists non diagonal Jordan matrix for eigenvalues with zero real part



A Classification of Constraint Propagations (cont.)
0,C' = MC, CAF = Eigenvalues(M )

(C1) Asymptotically constrained : (Violation of constraints decays.)
< all the real part of CAFs are negative

(CQ) Asymptotically bounded : (Violation of constraints is bounded at a certain value.)
< all the real part of CAFs are non-positive

and Jordan matrices for eigenvalues with zero real part are diagonal
< all the real part CAFs are non-positive and M is diagonalizable

(C3) Diverge: (At least one constraint will diverge.)
< there exists CAF with positive real part
or there exists non diagonal Jordan matrix for eigenvalues with zero real part

Each eigenvalue evaluation.
Real part: Nagative is better than zero and positive is worst.
Imaginary part: non-zero is better than zero for avoiding degeneracy.




A flowchart to classify the fate of constraint propagation.

Q1: Isthere a CAF which real part is positive?
NO / YES » Diverge

v

Q2: Are all the real parts of CAFs negative?
NO / YES

v

Q3: Is the constraint propagation matrix diagonalizable?

Asymptotically
Constrained

NO / YES » Asymptotically
* Bounded
Q4: Is areal part of the degenerated CAFs is zero?
YES /' NO > Asymptotically
* Bounded
Q5: Is the associated Jordan matrix diagonal?
NO / YES » Asymptotically
* Bounded

Diverge



Examplel: Maxwell equation

OE = —ceijl 0B, 0,B' = ceijl OE’
Cp = 0,E'~0,, Cp:=0,B'~0,

0,Cg = 0, 0,Cg=0

CAF = (0,0) (asymptotically bounded)

Example 2: ADM equation

Orvij = —2aKi;+ ViB;+V;f;,
0K, = aRY +aKK;; —20K;K", —V,V,a+ (V8" Ky + (V85 Ky + 'V, Ky,
H = R® + K> — K;;K",
M; = V;K’; — VK,
OMH = B(0H) — 207" (9 M;) + 20K H + (o) (297™7 = 4™y ) M — 45" (D) M,
OM; = —(1/2)a(0H) + B (9;M;) + aK M; — (9,0)H — 4™ (0:mr) M + (8i8n)7™ M;.
CAF = (0,0,4+v—k2) (in Minkowskii background) (asymptotically bounded)



Example 3: BSSN

OPp =
35%’ =
OPK =

9P

HBSSN
./\/liBSSN

gi

CAF

A =
S

—(1/6)aK + (1/6)5'(0ip) + (8:5"),

—2aA;j + 5k (0;8°) + A1(8:8") — (2/3)7:;(0cB") + B" (01 ),

—D'Dija + aAy; AY + (1/3)aK? 4 3 (9,K),

—e ¥(D;Dja)"" + e (RPN + aK Ajj — 2043 AY; + (0,8") Arj + (9;8") A
—(2/3)(0k8") Ay + B (OrAy;),

—2(95) AV + 20T A% — (2/3)37(9;K) + 6AY (9;0)) — 9;(8°(0i7") — 7 (818)
3 (OB) + (2/3)77 (0158%)).

_ RBSSN —|—K2 . KZszjp

= V,K’; —V,K
[ — 47T,
A
5—1

constraint propagation is given in next page

(0(x3), =V —k?(3 pairs)) (in Minkowskii background) (asymptotically bounded)



A Full

aBS

set of BSSN constraint propagation eqs.

HBS All A12 A13 A14 A15 HBS
M, —(1/3)(ia) + (1/6)8;, oK Ay 0 Ass M,
G | = 0 ay? 0 Asy Ass G’
S 0 0 0 B%5S)  —2a7 S
A 0 0 0 0 aK + 3%0, A

= +(2/3)aK + (2/3)aA + B0,

= —46_4“°a(8k50)'~ykj - 26_4"0(61601)’3/]%

= —20e Y A¥,0), — ae Y (0;A)AM — e (9;0) A — e ¥ BR0,0; — (1/2)e % 3%471(0,8) 0
+(1/6)e™*571(0;8")(0S) — (2/3)e™*(0uB")0;

= 2ae 3715 lk(al<p)Aak+(1/2)ae 3719, A)7 lk8k+(1/2) A1 0,)3 " ADy + (1/2)e 371 3m3%0,.0,0,

o8y e 5n S50+ 405 (0,900 + (12 BB
+(3/4)e 4‘”_35’ FH(0:8)(9;8)0h — (3/4)e™ 772 B'(0:57°)(9;8)h + (1/3)e™ 771534 (9;8") 0,04
—(5/12)e” 57230 8) (0:8)0; + (1/3)e™ 71 (Or7V)(9;5°)0; — (1/6)e %7 o T (OkOB")Orm

= (4/9)aKA — (8/9)aK? + (4/3)ae™*(0:0;0)77 + (8/3)ae™*?(Op) (OF™) + ce™#(0;577%) 0,
+8ae 3% (0,0)0), + ae**37%0,0), 4 8¢ (1) (Orp) A 4 e (0,0) (kF*) + 2¢7 (1) 7 O
+e” 4“””’“(81(%04)

= ae 3 (04) (0ymi) — (1/2)ae” ¥ THAM (9;7ms)

(1/2)046 5 (D405 mi) + (1/2)ae” 5 72(8:8)(9;8) — (1/4)ae™ ?(0Am) (0;7™) + ae™ 5" (94)7i0m
+ae™%(9;0)0; — (1/2)ae T 0AM3,,0,, + ae™1%5 mkfzﬂﬁ + (1/2)ae**3%5,,0,.0,
+(1/2)e™ 5™ (05im) (Opar) + (1/2)e™9(0;0) 05 + (1/2)e™ 5™ 353 (0 ) O

= —A%(0pa) + (1/9)(0;0) K + (4/9)a(9;K) 4 (1/9)a K d; — e AF ;0

(1/2)ﬂk F208)0k — (1/2)(08)F* 3 0k + (1/3)(08)F*F Ok — (1/2) 83" (O1Fmn) 75" O

+(1/2) %5571 0,04
= —(Op)y™ +4047 *(Op) — a7 0k
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Idea of adjusted system

Add constraint terms to evolution equations (adjust)

du® = f(u®, du”,00u”) + F(C*,0C", 00C")
constraint propagation changes depending on them, too

0,C% = AyC” + A10C" + A00C" + --- + ByC" + B10C" + By,0oC" + - -
CAF changes depending on them, too

We should adjust so that CAFs improve.

Advantage of adjusted system
1. Available even if the base system is not a symmetric hyperbolic.
2. Keep the number of the variables same with the original system.

3. Unified understanding for formulation problem is possible using the notions of
adjustment and CAF



Example: the Maxwell equations

Yoneda HS, CQG 18 (2001) 441

Maxwell evolution equations.

&gEi = ceijkﬁjBk -+ PZ CE -+ Qz CB7 sym. hyp <~ PZ — Qz j Rz — Sz =0,
0,B; = —ce/*0.Ep+ R Cp+ S: Cp. strongly hyp < (P —S;)° +4R,Q; > 0,
oo~ 0. Oy op mp, WK YD & (P S+ ARQ >0

Constraint propagation equations
0,Cgp = (82P‘)CE + P&(a@CE) + (82Q&>CB + Qi(aiCB%
@CB = (6’LRZ>CE -+ RZ(&CE) + (@SZ)CB + 57(8103),
sym. hyp & Qi=R,
strongly hyp < (P — S;)? + 4R;Q; > 0,
weakly hyp < (P, —S;)* +4R:Q; >0
CAFs?
5 (OE) _ (@-Pé + Pk 0,Q +Q%) 9 (CE) N (P%ki Q?kz-) (CE> .7 (OE)
Cg O;R'+ R'k; 0;S"+ S'k; Cg R'k;, S'k; Cp ' Cg
= CAFs = (P'k; + S'k; £ \/(P'k; + S'k;)2 + A(Qk; Rik; — P'k;Sik;))/2

Therefore CAFs become negative-real when

Pk + Sk <0, and  QkREk;— PkS'k; <0



Example: Maxwell adjusted (cont.)

GY HS, CQG 18 (2001) 441

OLE' = —ceijl OB + kd'Cp, O,B" = ceijl OF + k0'Cp
Cp = 0,E'~0,, Cg:=0,B' ~0,

0.Cp = k0,0'Cy, 0,Cp = r0,0'Cp

CAF = (—k,—kK)

original Maxwell(x = 0), CAF= (0, 0), averaged VN factor for FTCS=1.013

adjusted Maxwell(x = 0.1), CAF= (—0.1, —0.1), averaged VN factor for FTCS=0.8017

adjusted Maxwell(x = —0.1), CAF= (+0.1,+0.1), averaged VN factor for FTCS=1.2246

Adjustments also reduce the von Neumann factors.
In other words, adjustment is just like adding viscosity terms to evolution equations.



Example: the Ashtekar equations
HS Yoneda, CQG 17 (2000) 4799

Adjusted dynamical equations:

OE, = —iDj(" NEE)) + 2D;(NVE}) + iAje, B +-XiCu +YiCury + P'Ca
adjust
OA! = —ie™ NEJF: + N'F% + DAL + ANE! +QICy + R{Cor; + Z{"Ce
adjust

Adjusted and linearized:
X=Y=2=0, P =ri(iN6}), QF = k(e >NE?), RY; = ry(—ie 2Ne*yELEI)

Fourier transform and extract Oth order of the characteristic matrix:

Cu 0 i(142k3)k; 0 ( Ch
@ C]\/[z = 2(1 — 2/4;2)]% /i3€kj2']€k 0 CMj
CGa 0 2/%352 0 CGb

Eigenvalues:

(0, 0,0, g —ka? — ky? — k22, £/(—1 + 2k0)(1 + 2r3) (ka? + ky® + kz2))
In order to obtain non-positive real eigenvalues:

(—1 + 2/432)(1 + 2/433) <0



Adjusted ADM systems

We adjust the standard ADM system using constraints as:

Oy = —2aKi;+ ViB; + Vb,
+PH + Qkij-/\/lk: + pkij(ka> + qklij<vkr/\/ll)a

6tKZ-J- = OzRg)) + OzKKij — QOéKZ']{;Kkj — V@Vjaf + (Vzﬁk)Kk] + (Vjﬁk)Kkl + ﬁkkaZ]

—|—RZ’J’H + Skm./\/lk; + ’f’k”(ka) + Skl@'j(vk./\/ll%
with constraint equations

H = R(3>‘|‘K2—KZ’]'KU,
MZ' = VJKJZ—VZK

(1
(2
(3
(4

— N N N

We can write the adjusted constraint propagation equations as

OyH = (original terms) + H™[(2)] + HI™;[(2)] + HY™0,0;((2)] + H™[(4))],

(7)

O M; = (original terms) + My;""[(2)] + Mo/ 0;[(2)] + Mz, [(4)] + My d;[(4)]. (8)



gen
鉛筆

gen
鉛筆

gen
鉛筆

gen
鉛筆


Standard ADM v.s. Original ADM in Minkowskii background

Ovij = —2aK;; + V0 + V5

0Ky = aR) + aKK;; — 20K, K", — ViV + (V64 Ky + (V64 K,
‘|‘ﬁkkaij + /ﬁJFOz%'jH
standard : kp = 0,
original : kp = —1/4

CAFs = (0,0,4+/—k2(1 + 4rr))
standard : (0,0, <, J) (asymptotically bounded)
original : (0,0,0,0) (diverge)

Standard ADM is better than original ADM.




Example 1: standard ADM vs original ADM (in Schwarzschild coordinate)

a) (b)
no adjustments (standard ADM)
1 T
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Figure 1: Amplification factors (AFs, eigenvalues of homogenized constraint propagation equations) are shown for the standard
Schwarzschild coordinate, with (a) no adjustments, i.e., standard ADM, (b) original ADM (kr = —1/4). The solid lines and
the dotted lines with circles are real parts and imaginary parts, respectively. They are four lines each, but actually the two

eigenvalues are zero for all cases. Plotting range is 2 < r < 20 using Schwarzschild radial coordinate. We set £k = 1,1 = 2, and
m = 2 throughout the article.

Orvij = —2ak;+ Vb + V0,
0K; = aR? +aKK;j — 20K K", — V,V,a+ (V8" Ky + (V8" K + 8V K + kpav H,



Example 2: Detweiler-type adjusted (in Schwarzschild coord.)
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Figure 2: Amplification factors of the standard Schwarzschild coordinate, with Detweiler type adjustments. Multipliers used in
the plot are (b) k;, = +1/2, and (c¢) Kk, = —1/2.

Oyyij = (original terms) + P,;’H.
0, K;; = (original terms) + R;;/H + Skz‘,jMIg - s"’lijw,f/\/u),
where P,; = —rkpa’y;;, Rij= ko’ (K — (1/3)K7;),
S*ij = kLa’3(0u)df) — (Bra)yy™], 8™y = ka0 — (1/3)7iM],



Example 4: Detweiler-type adjusted (in iEF /PG coord.)

—~

Real / Imaginary parts of Eigenvalues (AF)
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Figure 4: Similar comparison for Detweiler adjustments. xk;, = +1/2 for all plots.



Table 3. List of adjustments we tested in the Schwarzschild spacetime. The column of adjustments are nonzero multipliers in terms of (13) and (14). The column ‘Ist?” and “TRS’ are
the same as in table 1. The effects to amplification factors (when k > 0) are commented for each coordinate system and for real/imaginary parts of AFs, respectively. The ‘N/A’ means
that there is no effect due to the coordinate properties; ‘not apparent’ means the adjustment does not change the AFs effectively according to our conjecture; ‘enl./red./min.” means
enlarge/reduce/minimize, and ‘Pos./Neg.’ means positive/negative, respectively. These judgements are made at the » ~ O (10M) region on their r = O slice.

Noin Schwarzschild/isotropic coordinates iEF/PG coordinates
No table 1 Adjustment Ist?  TRS  Real Imaginary Real Imaginary
0 0 - no adjustments yes - - - - -
P-1 2-P P;j —krady; i no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
pP-2 3 P;j —KLQYij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-3 - Pij P, = —kor Py = —ka no no slightly enl.Neg. not apparent  slightly enl.Neg. not apparent
P-4 - Pij —KYij no no makes 2 Neg. not apparent ~ makes 2 Neg. not apparent
P-5 - Pij —KVyr no no red. Pos./enl.Neg. not apparent  red.Pos./enl.Neg. not apparent
Q-1 - Q",-j K()lﬂk)/ij no no N/A N/A Kk ~ 1.35 min. vals.  not apparent
Q-2 - ok; i Q' =xk no yes red. abs vals. not apparent  red. abs vals. not apparent
Q-3 - Qk,-j Q"ij = «kyijor Q" = kay;j no yes red. abs vals. not apparent  enl.Neg. enl. vals.
Q-4 - ok, i Q" vy = KVyr no yes red. abs vals. not apparent  red. abs vals. not apparent
R-1 1 Rij KFaYij yes yes kp = —1/4 min. abs vals. kp = —1/4 min. vals.
R-2 4 Rij Ry = —kpaor Ry = —ky, yes no not apparent not apparent  red.Pos./enl.Neg. enl. vals.
R-3 - Rij R,y = —KYpr yes no enl. vals. not apparent  red.Pos./enl.Neg. enl. vals.
S-1 2-S sk, 1 KLOZZ[3(3(,'O[)5§) — ()i jy“ ] yes no not apparent not apparent  not apparent not apparent
S-2 - sk; 1 way® @y, i) yes no makes 2 Neg. not apparent  makes 2 Neg. not apparent
p-1 - pk,-j plij = —Kkay;j no no red. Pos. red. vals. red. Pos. enl. vals.
p-2 - pk,-j P =Kka no no red. Pos. red. vals. red.Pos/enl.Neg. enl. vals.
p-3 - p"ij P = KAy, no no makes 2 Neg. enl. vals. red. Pos. vals. red. vals.
q-1 - q"l,-J q"i; = Kkay;; no no K = 1/2 min. vals.  red. vals. not apparent enl. vals.
q-2 - g~ i 4" ==Ky, no yes red. abs vals. not apparent  not apparent not apparent
-1 - rk; i r'i; = Kkayij no yes not apparent not apparent  not apparent enl. vals.
r-2 - r"ij ' = —ka no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
r-3 - rk,-j e = =KoYy no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
s-1 2-s sk’,-j KLoz3[(Sé‘i8§.) — (1/3)yij yk no no makes 4 Neg. not apparent  makes 4 Neg. not apparent
s-2 - skl i s = —Kkayij no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
s-3 - s"'[,-j S = —KA Yy no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
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Constraints in BSSN system
The normal Hamiltonian and momentum constraints

HBSSN
BSSN ADM
MPBSSN . pgADM

Additionally, we regard the following three as the constraints:

G = I' =3y,
A = A7,
S = 51,

s

Adjustments in evolution equations

_ RBSSN+K2 . KZijy

0fp = d'p+(1/6)aA — (1/12)771(9;8)5,
0% = 0% — (2/3)eq; A+ (1/3)7(0rS)8 35,
OPK = 0f'K — (2/3)aKA — oH"""" 4 ae (D;G),

0f Ay = 8 Ay + (1/3)ay K — (2/3)ady) A+ ((1/2)ae ¥ (937,) — (1/6)ae 5,5 1 (0,5))G"

+ae” 9,:(0)G") — (1/3)ae™3,(01G")

A~ I/~
co 1 O
 —

(9)

OFT" = 0T = ((2/3)(9;0)3" + (2/3)a(0/3") + (1/3)a7"771(0;S) — 407" (9;¢)) A — (2/3)a7(9;4)

12079 M, — (1/2)(O8)35 7 (038) + (1/6)(0:8Y797 (@4kS) + (1/3)(Bu")77 7 (0;8)
H(5/6)8"5257(948)(9,S) + 1/~ (077)(9,S) + (1/3)8"57(0,57) (43

(10)




Effect of adjustments

No. Constraints (number of components) diag? | Constr. Amp. Factors
H(1) M;3) G @3) A1) S in Minkowskii background
0. standard ADM use use - - - yes | (0,0,S,)
1.  BSSN no adjustment | use use use use use yes |(0,0,0,0,0,0,0,S, <)
2. the BSSN uset-adj use+adj use+adj usetadj use+adj| no |(0,0,0,3,9,8,3,S,9)
3.  no S adjustment use+adj use+adj use+adj use+ad] use no | no difference in flat background
4.  no A adjustment use+adj use+adj use4ad] use use+adj || no |[(0,0,0,9,3, 9,3, 3, 8)
5. no G’ adjustment uset+adj uset+adj use  usetadj usetadj| no |(0,0,0,0, 0 O 0 J)
6. no M, adjustment use+adj use usetadj use+adj use+adj| no |(0,0,0,0,0,0,0, 3%) Growing modes
7.  no H adjustment use  use+adj usetadj usetadj use+adj| no |(0,0,0,3,3,5, 3, S, D)
8. ignoreG', A, S use+adj use+ad] - - - no |(0,0,0,0)
9. ignore G', A use+adj use+adj use+ad] - - ves | (0,9,9,9,9,9,9)
10. ignore G’ use+adj use+tadj - usetadj use+adj|| no | (0,0,0,0,0,0)
11. ignore A use+adj use+adj use+ad] - usetadj | yes |(0,0,%,%,9, S, 9)
12. ignore S uset+adj use+adj usetadj use+adj - yes | (0,0,93,3,9, 5,3, Q)




New Proposals :: Improved (adjusted) BSSN systems

TRS breaking adjustments

In order to break time reversal symmetry (TRS) of the evolution egs, to adjust 5’tgb,8ﬁij,8tl~“i using

S,G", or to adjust 9; K, 0;A;; using A.

O =
OYij
K =

@Aij =
ol =

atBS¢ + lﬁ(/)HOéHBS + liqsg&bkgk + Kgs1aS + liqgggozbjbjs

- (9?5%]' + ’%H@:YszBS + /ﬁ/gloﬂ%jf)kzgk + liﬁxgﬂ%(z‘[}j)gk + Hl:/5104%j8 + mggozf)if)jé’
OP K + kg mad™(DjMy) + ke jy0A + e oD DA

8tBSfll~j —- /fAMlofyij(Dk/\/lk) + HJAMQOK([)(Z'MJ’)) - /fAAloz%jfl + KAAQQZNDiDjfl

8tBSﬁ + /ﬁ;fHozf)iHBS + /ﬁ;fglozgi - /fmaf)jf)jgi — ngga[)"[)jgj — KfSaDiHBS

or in the flat background

a;élDJ(l)gb .

ADJ(1
0; ij

azélDJ(l)]( _

(9;4DJ(1MZ’]‘
gADIOY

—l—/{@H(l)HBS -+ Ii@gak(lbk + /i@gl(llg + %528]-8]-(129

+/€:/H5ij(1>7‘fBS + /ﬁlﬁxgl&jak(lgk + (1/2)/<;5/g2(6?j(15i + 8Z<1C]) + 55/51(52']'(1)8 + /43:/5282'8]'(1)5
—|—/€[(Maj(1)./\/lj + /ijU(l)A + HKAQf)jaj(lM

+/€AM15U8;€<1)/\/1;{ + (1/2)/£AM2(8¢Mj + (9]./\/1@) + ’%A/U(SUA + /@A@@@A
+/<;fH6¢<1>7-(BS + lifgl(lgi + /{fgﬁjaj(l?i + /ffgg@-aj(lbj + Iifga@'(l)s



Constraint Amplification Factors with each adjustment

adjustment CAFs diag? effect of the adjustment

ohdp  KenaH (0,0, v/ —k2(%3), 8k k?) no | ke < 0 makes 1 Neg.
09  keg aDLG" (0,0, £/ —k?(*2), long expressions) yes | kyg < 0 makes 2 Neg. 1 Pos.
O¥ij ksp oM (0,0, £v/—Kk2(x3), (3/2)kspk?) yes | ksp < 0 makes 1 Neg. Case (B)
Oii  Kygi a%jDka (0,0, £+ —k?(*2), long expressions) yes | kygi > 0 makes 1 Neg.

s o | (00, (/4R R & K21+ K26/ 16)(2), N
OYi;  Kyg2 vk DjG long expressions) yes | kyga < 0 makes 6 Neg. 1 Pos. Case (E1)
8{%]' K381 Od’N}iij‘? (O, 0, :|:\/ —k’z(*g), 3/‘6@51) no R3S1 < 0 makes 1 Neg
0@2-]- K582 CEDZ'D]'S (0, 0, £v —k’z(*g), —HiSQkQ) no K382 > 0 makes 1 Neg

s 0,0,0, £v/—k2(x2)

oK k(D (0,0,0, ’ < 0 makes 2 Neg.

; N Krm R ( N]Mk) (1/3)srenh? + (1/3)\/k2(—9 TRRL) no | Kgm makes 2 Neg
DA Karm aFij(DFMy) | (0,0, v/ —k2(%3), =k ap1k?) yes | kami1 > 0 makes 1 Neg.

i - s (0,0, —k2kapia/4 £ \JK2(—1 + K2k ap2/16)(+2) |

01 Aij Kamez (D Mjy) long expressions) yes | Kam2 > 0 makes 7 Neg Case (D)
OtAij  Kaa i A (0,0, £v —k?(%3), 3Kk 441) yes | ka41 < 0 makes 1 Neg.
OtAij KaasaD;D;A (0,0, v/ —k2(x3), —k 442k?) yes | k442 > 0 makes 1 Neg.
oI Ky aD'H (0,0, £V —k2(%3), —k 4.42k?) no | Kpy > 0 makes 1 Neg.
O Kpgy oG’ (0,0, (1/2)”rg1 J—k2 + mfgl( 2) , long.) yes | kpg; < 0 makes 6 Neg. 1 Pos. Case (E2)
oI Kgo aD’D;G (0,0, =(1/2)kpgy £/ —K* + meQ( 2) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.
O KpgyaD'D;GI (0,0, =(1/2)Kpgs £/—k* + /{fgg(*Q) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.

Yoneda-HS, PRD66 (2002) 124003



Summary (1)

[Keyword 1] Adjusted Systems
Adjusting the EoM with constraints is common to all previous approaches.

[Keyword 2] Constraint Propagation Analysis
By evaluating the propagation egs of constraints, predict the suitable
adjustments to the EoM.
(Step 1) Fourier mode expression of all terms of constraint propagation egs.
(Step 2) Eigenvalues and Diagonalizability of constraint propagation matrix.
Eigenvalues = Constraint Amplification Factors

[Keyword 3] Adjusted ADM systems
We show the standard ADM has constraint violating mode.
We predict several adjustments, which may give better stability.

[Keyword 3] Adjusted BSSN systems
We show the advantage of BSSN is the adjustment using M.
We predict several adjustments, which may give better stability.



4. Numerical Demonstrations
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Comparisons of Adjusted ADM systems (Teukolsky wave)

3-dim, harmonic slice, periodic BC HS original Cactus/GR code
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Figure 1: Violation of Hamiltonian constraints versus time: Adjusted ADM systems applied for Teukolsky wave initial data evolution
with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. Grid = 243, Az = (.25, iterative

Crank-Nicholson method.



Comparisons of Adjusted ADM systems (Teukolsky wave) :: Detweiler type
3-dim, harmonic slice, periodic BC HS original Cactus/GR code

. ADM vs Detweiler-type B Detweiler-type k=0.005 . Detweiler-type, nx * k= const.
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Figure 2: Violation of Hamiltonian constraints versus time: Adjusted ADM (Detweiler-type) system is applied for Teukolsky wave initial data
evolution with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. (x,y,z) = [—3, 3], iterative
Crank-Nicholson method.

Irvij
O Iy

= —2aK;;+V,;3; + V8 — kpa’y; H

— aRY + oK K — 20K K", — VYV 0+ (Vi85 Ky + (V65 Ky + 8V K
+ra’ (K — (1/3)Kvij) H + £.0°[3(90) 85 — (Gia)3in™] My,
+ra° (8005 — (1/3)iy™] (VM)



Comparisons of Adjusted ADM systems (Teukolsky wave) :: Simplified-Detweiler type
3-dim, harmonic slice, periodic BC

ADM vs Simplified Detweiler-type
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Figure 3: Violation of Hamiltonian constraints versus time: Adjusted ADM (Simplified Detweiler-type) system is applied for Teukolsky wave
initial data evolution with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. (z,y, z) = [—3, 3],
iterative Crank-Nicholson method.

5’t%‘j =
5tKZ-j —

—QOéKij + Vzﬁj + Vjﬁz — KLQY; H

OzRZ(?) + OzKKij — QQKikKkj — V@'Vja + (Vzﬁk)KkJ + (V]ﬁk)K]m + ﬁkkaw



Comparisons of Adjusted ADM systems (Teukolsky wave)
3-dim, harmonic slice, periodic BC

ADM vs adjusted ADMs (nx=24"3)
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Figure 1: Violation of Hamiltonian constraints versus time: Adjusted ADM systems are applied for Teukolsky wave initial data evolution with
harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. Grid = 243 and 483, with (z,y,2) = [-3, 3],
iterative Crank-Nicholson method. Adjusted parameters x = 0.005.



Table 3. List of adjustments we tested in the Schwarzschild spacetime. The column of adjustments are nonzero multipliers in terms of (13) and (14). The column ‘Ist?” and “TRS’ are
the same as in table 1. The effects to amplification factors (when k > 0) are commented for each coordinate system and for real/imaginary parts of AFs, respectively. The ‘N/A’ means
that there is no effect due to the coordinate properties; ‘not apparent’ means the adjustment does not change the AFs effectively according to our conjecture; ‘enl./red./min.” means
enlarge/reduce/minimize, and ‘Pos./Neg.’ means positive/negative, respectively. These judgements are made at the » ~ O (10M) region on their r = O slice.

Noin Schwarzschild/isotropic coordinates iEF/PG coordinates
No table 1 Adjustment Ist?  TRS  Real Imaginary Real Imaginary
0 0 - no adjustments yes - - - - -
P-1 2-P P;j —krady; i no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
pP-2 3 P;j —KLQYij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-3 - Pij P, = —kor Py = —ka no no slightly enl.Neg. not apparent  slightly enl.Neg. not apparent
P-4 - Pij —KYij no no makes 2 Neg. not apparent ~ makes 2 Neg. not apparent
P-5 - Pij —KVyr no no red. Pos./enl.Neg. not apparent  red.Pos./enl.Neg. not apparent
Q-1 - Q",-j K()lﬂk)/ij no no N/A N/A Kk ~ 1.35 min. vals.  not apparent
Q-2 - ok; i Q' =xk no yes red. abs vals. not apparent  red. abs vals. not apparent
Q-3 - Qk,-j Q"ij = «kyijor Q" = kay;j no yes red. abs vals. not apparent  enl.Neg. enl. vals.
Q-4 - ok, i Q" vy = KVyr no yes red. abs vals. not apparent  red. abs vals. not apparent
R-1 1 Rij KFaYij yes yes kp = —1/4 min. abs vals. kp = —1/4 min. vals.
R-2 4 Rij Ry = —kpaor Ry = —ky, yes no not apparent not apparent  red.Pos./enl.Neg. enl. vals.
R-3 - Rij R,y = —KYpr yes no enl. vals. not apparent  red.Pos./enl.Neg. enl. vals.
S-1 2-S sk, 1 KLOZZ[3(3(,'O[)5§) — ()i jy“ ] yes no not apparent not apparent  not apparent not apparent
S-2 - sk; 1 way® @y, i) yes no makes 2 Neg. not apparent  makes 2 Neg. not apparent
p-1 - pk,-j plij = —Kkay;j no no red. Pos. red. vals. red. Pos. enl. vals.
p-2 - pk,-j P =Kka no no red. Pos. red. vals. red.Pos/enl.Neg. enl. vals.
p-3 - p"ij P = KAy, no no makes 2 Neg. enl. vals. red. Pos. vals. red. vals.
q-1 - q"l,-j q"i; = Kkay;; no no K = 1/2 min. vals.  red. vals. not apparent enl. vals.
q-2 - g~ i 4" ==Ky, no yes red. abs vals. not apparent  not apparent not apparent
-1 - rk; i r'i; = Kkayij no yes not apparent not apparent  not apparent enl. vals.
r-2 - r"ij ' = —ka no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
r-3 - rk,-j e = =KoYy no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
s-1 2-s skl,-j KLoz3[(Sé‘i8§.) — (1/3)yij adl no no makes 4 Neg. not apparent  makes 4 Neg. not apparent
s-2 - skl i s = —Kkayij no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
s-3 - s"'[,-j S = —KA Yy no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.

HS-Yoneda, CQG 19 (2002) 1027
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Comparisons of Adjusted BSSN systems (linear wave)
Mexico NR 2002 Workshop participants
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Figure 2: Violation of Hamiltonian constraints versus time: Adjusted BSSN systems applied for Teukolsky wave initial data evolution
with harmonic slicing, and with periodic boundary condition. Cactus/AEIThorns/BSSN code was used. Grid = 243, Az = (.25, iterative

Crank-Nicholson method. Courtesy of N. Dorband and D. Pollney (AEI).



An Evolution of Adjusted BSSN Formulation
by Yo-Baumgarte-Shapiro, PRD 66 (2002) 084026
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Kerr-Schild BH (0.9 J/M), excision with cube, 1+ log-lapse, ['-driver shift.

_ 2. 9
OF = ()4 D8, — (x+ )0, x=2/3 for (A4)-(A8)
8{%]' = ( . ) — IiOz’%jH k=0.1~0.2 for (A5), (AG) and (A8)



Constraint Amplification Factors with each adjustment

adjustment CAFs diag? effect of the adjustment

ohdp  KenaH (0,0, v/ —k2(%3), 8k k?) no | ke < 0 makes 1 Neg.
09  keg aDLG" (0,0, £/ —k?(*2), long expressions) yes | kyg < 0 makes 2 Neg. 1 Pos.
O¥ij ksp oM (0,0, £v/—Kk2(x3), (3/2)kspk?) yes | ksp < 0 makes 1 Neg. Case (B)
Oii  Kygi a%jDka (0,0, £+ —k?(*2), long expressions) yes | kygi > 0 makes 1 Neg.

s o | (00, (/4R R & K21+ K26/ 16)(2), N
OYi;  Kyg2 vk DjG long expressions) yes | kyga < 0 makes 6 Neg. 1 Pos. Case (E1)
8{%]' K381 Od’N}iij‘? (O, 0, :|:\/ —k’z(*g), 3/‘6@51) no R3S1 < 0 makes 1 Neg
0@2-]- K582 CEDZ'D]'S (0, 0, £v —k’z(*g), —HiSQkQ) no K382 > 0 makes 1 Neg

s 0,0,0, £v/—k2(x2)

oK k(D (0,0,0, ’ < 0 makes 2 Neg.

; N Krm R ( N]Mk) (1/3)srenh? + (1/3)\/k2(—9 TRRL) no | Kgm makes 2 Neg
DA Karm aFij(DFMy) | (0,0, v/ —k2(%3), =k ap1k?) yes | kami1 > 0 makes 1 Neg.

i - s (0,0, —k2kapia/4 £ \JK2(—1 + K2k ap2/16)(+2) |

01 Aij Kamez (D Mjy) long expressions) yes | Kam2 > 0 makes 7 Neg Case (D)
OtAij  Kaa i A (0,0, £v —k?(%3), 3Kk 441) yes | ka41 < 0 makes 1 Neg.
OtAij KaasaD;D;A (0,0, v/ —k2(x3), —k 442k?) yes | k442 > 0 makes 1 Neg.
oI Ky aD'H (0,0, £V —k2(%3), —k 4.42k?) no | Kpy > 0 makes 1 Neg.
O Kpgy oG’ (0,0, (1/2)”rg1 J—k2 + mfgl( 2) , long.) yes | kpg; < 0 makes 6 Neg. 1 Pos. Case (E2)
oI Kgo aD’D;G (0,0, =(1/2)kpgy £/ —K* + meQ( 2) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.
O KpgyaD'D;GI (0,0, =(1/2)Kpgs £/—k* + /{fgg(*Q) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.

Yoneda-HS, PRD66 (2002) 124003



5 Discussion

5.1 Application 1 : Constraint Propagation in N + 1 dim. space-time

HS-Yoneda, submitted to GRG (2003)
Dynamical equation has N-dependency

Only the matter term in 0,K;; has N-dependency.

0~ Cy = (G — 1T, )n'n" = %((N)R + K? — KYKyj) — 8tpy — A,
0~ Cyi = (G — 81T, 0" 1Y = DK} — D;K — 8n.J;,

Oyij = —2aK;+ Db+ Dif;,

0 K;; = a"WR; +aKK;; —2aK' Ky — D;Dja

‘|—ﬁk(DkKw) + (Djﬁk)KZk + (Dlﬂk)Kkj — 8Ty <Slj — !

N -1

20

= A
N-lfy] )

%’jT> -

Constraint Propagations remain the same

From the Bianchi identity, VS, = 0 with S, = Xn,n, +Y,n, +Y,n, + Z,,,, we get

0=n"V"S, = —Z,(V'")-V"'Y,+Y,n'V,n" —2Yn, (V') - X(Vin,) —n,(V'X),
0="n"V"'S,, = V'Z,+Yi(Vin,) +Y.,(V'n;) + X(V'ni)n, +n,(V"Y;).

o (S, X,Y;, Zi;) = (T, pu, Ji, Sij) with V#T),,, = 0 = matter eq.
o (S, X,Y;, Zi;) = (G, — 81Ty, Ch, Cui, 67:;Cr) with VG, — 81T,,) =0 = CP eq.



5.2 Application 2 : Constraint Propagation of Maxwell field in Curved space
HS-Yoneda, in preparation

Towards a robust GR-MHD system:

e Maxwell eqgs in curved space-time

OE' = ¢/"Dj(aBy) —4nal' + aKE' + £3E'

OB = —€'"Dj(aE))+aKB' + £3B'
Cp = D,E'—4rnp,
Cp = DB

e CP of Maxwell system in curved space-time

0,Cp = CKKCE—FBijCE
0,Cp = CKKCB—l—ﬁijCB

e CP of ADM+Maxwell

CE * * 0 0 CE
a CB . * ES 0 0 CB
‘TR0 0« x| H
M; 0 0 * x)\ M,

e CP of ADM+Maxwell+Hydro
in progress.



5.3 Future : Construct a robust adjusted system

HS-Yoneda, in preparation

(1) dynamic & automatic determination of x under a suitable principle.

e.g.) Efforts in Multi-body Constrained Dynamics simulations

0 oc*
— Z:E )\a—., ith C° ir 1t ~
ot’ - ox’ W (1)

e J. Baumgarte (1972, Comp. Methods in Appl. Mech. Eng.)
Replace a holonomic constraint 97C = 0 as 9?C + ad;,C + 3°C = 0.

e Park-Chiou (1988, J. Guidance), “penalty method”
Derive “stabilization eq.” for Lagrange multiplier A(t).

e Nagata (2002, Multibody Dyn.)
Introduce a scaled norm, J = C1SC, apply 9;,J + w?J = 0, and adjust A(t).

e.g.) Efforts in Molecular Dynamics simulations
e Constant pressure @ ------ potential piston!

e Constant temperature -----. potential thermostat!! (Nosé, 1991, PTP)




(2) target to control each constraint viola-
tion by adjusting multipliers. ) Momentun constr.
grow
CP-eigenvectors indicate directions of
constraint grow/decay, if CP-matrix is

diagonalizable.
grow

>

decay Hamiltonian constr.

(3) clarify the reasons of non-linear violation
in the last stage of current test evolu-
tions.

decay

(4) Alternative new ideas?

— control theories, optimization methods (convex functional theories), mathe-
matical programming methods, or ....

(5) Numerical comparisons of formulations, links to other systems, ...

— “Comparisons of Formulations” (Mexico NR workshop, 2002-2003-2004-)

— with MHD people, mini-symposium at The 5th International Congress on
Industrial and Applied Mathematics (Sydney, July 2003).



Appendix : By the way, ....

From Jan. 2004, Hisaaki will change his primary job to
the coordinator of Kyoto prize committee at the Inamori foundation.

http://www. 1namori-f.or.jp/
Advanced Technology / Basic Science / Arts and Philosophy

awarded with Medal and 50 Million yen (500 Mil Mex Pesos)
Eugene N Parker, George M Whitesides, Donald E Knuth, Claude E Shannon, Jan H Oort,
Avram N Chomsky, John Cage, Maurice Bejart, Akira Kurosawa, ...

See you i1In Kyoto!

shinkai@einsteinl905.i1nfo
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Summary

Towards a stable and accurate formulation for numerical relativity

We tried to understand the background in an unified way.

e Our proposal = “Evaluate eigenvalues of constraint propagation eqns”

We give satisfactory conditions for stable evolutions.
Fourier-mode analysis allows us to discuss lower-order terms.

e Our Observation = “Stability will change by adding constraints in RHS”
Named “Adjusted System”.
Theoretical supports are given by Constraint Propagation Analysis.

— Maxwell system

— Ashtekar system

— ADM system .... (also explain effective parameter ranges of ADM-Detweiler)
— BSSN system

When re-formulating the system, evaluation of CAFs may be an alternative
guideline to hyperbolization.






