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Procedure of the Standard Numerical Relativity

■ 3+1 (ADM) formulation 

■ Preparation of the Initial Data
◆ Assume the background metric
◆ Solve the constraint equations

■ Time Evolution
do time=1, time_end
◆ Specify the slicing condition
◆ Evolve the variables
◆ Check the accuracy
◆ Extract physical quantities

end do



The 3+1 decomposition of space-time, The ADM formulation

[1 ] R. Arnowitt, S. Deser and C.W. Misner, in Gravitation: An Introduction to Current Research, ed. by

L.Witten, (Wiley, New York, 1962).

[2 ] J.W. York, Jr. in Sources of Gravitational Radiation, (Cambridge, 1979)

Dynamics of Space-time = Foliation of Hypersurface

• Evolution of t =const. hypersurface Σ(t).

ds2 = gµνdxµdxν, (µ, ν = 0, 1, 2, 3)

on Σ(t)... d"2 = γijdxidxj, (i, j = 1, 2, 3)

• The unit normal vector of the slices, nµ.

nµ = (−α, 0, 0, 0)

nµ = gµνnν = (1/α,−βi/α)

• The lapse function, α. The shift vector, βi.

time direction

Σ: Initial 3-dimensional Surface

ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt)



The decomposed metric:

ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt)

= (−α2 + βlβ
l)dt2 + 2βidtdxi + γijdxidxj

gµν =




−α2 + βlβl βj

βi γij



 , gµν =




−1/α2 βj/α2

βi/α2 γij − βiβj/α2





where α and βj are defined as α ≡ 1/
√
−g00, βj ≡ g0j.

• The unit normal vector of the slices, nµ.

nµ = (−α, 0, 0, 0)

nµ = gµνnν = (1/α,−βi/α)

• The lapse function, α.

• The shift vector, βi.

coordinate constant line
surface normal line

lapse function

shift vector

A

A'A"

 = constant hypersurface



Projections to Hypersurface Σ (spacelike or timelike) (1)

• Projection operator (or intrinsic 3-metric) to Σ(t),

γµν = gµν + nµnν

γµ
ν = δµ

ν + nµnν ≡ ⊥µ
ν

where nµ is the unit-normal timelike vector to Σ.
Remark: the projection operator can be defined also to the timelike hypersurface.

⊥µν = gµν − εnµnν, nµn
µ = ε (1)

where nµ is the unit-normal vector to Σ with nµ is timelike (if ε = −1) or spacelike (if ε = 1). Σ is

spacelike (timelike) if nµ is timelike (spacelike).

• Projection of the Einstein equation:

Gµν nµ nν = κ2 Tµν nµ nν ≡ κ2ρH ⇒ the Hamiltonian constraint eq. (2)

Gµν nµ ⊥ν
i = κ2 Tµν nµ ⊥ν

i ≡ −κ2Ji ⇒ the momentum constraint eqs. (3)

Gµν ⊥µ
i ⊥ν

j = κ2 Tµν ⊥µ
i ⊥ν

j ≡ κ2Sij ⇒ the evolution eqs. (4)

where we defined

Tµν = ρHnµnν + Jµnν + Jνnµ + Sµν, T = −ρH + S"
"



Projections to Hypersurface Σ (spacelike or timelike) (2)

• The projections of the Eisntein equation:

Gµν nµ nν = κ2 Tµν nµ nν =: κ2ρH ,

Gµν nµ ⊥ν
ρ = κ2 Tµν nµ ⊥ν

ρ =: −κ2Jρ,

Gµν ⊥µ
ρ ⊥ν

σ = κ2 Tµν ⊥µ
ρ ⊥ν

σ =: κ2Sρσ,

where we defined

Tµν = ρHnµnν + Jµnν + Jνnµ + Sµν, T = −ρH + S$
$

• Introduce the extrinsic curvature Kij,

Kij := −1

2
£nhij = −⊥µ

i ⊥ν
j∇νnµ = −(δµ

i + nµni)(δ
ν
j + nνnj)∇νnµ

= −∇jni = Γα
ijnα = · · · =

1

2α
(−∂tγij + Djβi + Diβj) . (5)

where £n denotes the Lie derivative in the 3-dimension and ∇ and Di is the covariant differentiation

with respect to gµν and γij, respectively.



Projections to Hypersurface Σ (spacelike or timelike) (3)

• Projection of the (3 + 1)-dimensional Riemann tensor onto ΣN

Gauss eq. Rαβγδ ⊥α
i ⊥

β
j ⊥

γ
k ⊥δ

l = Rijkl − εKikKjl + εKilKjk, (6)

Codacci eq. Rαβγδ ⊥α
i ⊥

β
j ⊥

γ
k nδ = −2D[iKj]k, (7)

Rαβγδ ⊥α
i ⊥

γ
k nβ nδ = £nKik + Ki% K%

k , (8)

• Curvature relations

Rµνρσ = Rµνρσ − ε(KµρKνσ − KµσKνρ − nµDρKνσ + nµDσKρν + nνDρKσµ − nνDσKρµ

−nρDµKνσ + nρDνKµσ + nσDµKνρ − nσDνKµρ)

+nµnρKναKα
σ − nµnσKναKα

ρ − nνnρKµαKα
σ + nνnσKµαKα

ρ

+nµnρ£nKνσ − nµnσ£nKνρ − nνnρ£nKµσ + nνnσ£nKµρ, (9)

Rµν = Rµν − ε[KKµν − 2KµαKα
ν + nµ (DαKα

ν − DνK) + nν

(
DαKα

µ − DµK
)
]

+nµnνKαβK
αβ + ε£nKµν + nµnνγ

αβ£nKαβ, (10)

R = R − ε(K2 − 3KαβK
αβ − 2γαβ£nKαβ). (11)



The Standard ADM formulation (aka York 1978):

The fundamental dynamical variables are (γij, Kij), the three-metric and extrinsic curvature. The

three-hypersurface Σ is foliated with gauge functions, (α, βi), the lapse and shift vector.

• The evolution equations:

∂tγij = −2αKij + Diβj + Djβi,

∂tKij = α (3)Rij + αKKij − 2αKikK
k
j − DiDjα

+(Diβ
k)Kkj + (Djβ

k)Kki + βkDkKij

−8πGα{Sij + (1/2)γij(ρH − trS)},

where K = Ki
i, and (3)Rij and Di denote three-dimensional Ricci curvature, and a covariant

derivative on the three-surface, respectively.

• Constraint equations:

Hamiltonian constr. HADM := (3)R + K2 − KijK
ij ≈ 0,

momentum constr. MADM
i := DjK

j
i − DiK ≈ 0,

where (3)R =(3) Ri
i.



Original ADM The original construction by ADM uses the pair of (hij,πij).

L =
√
−gR =

√
hN [(3)R − K2 + KijK

ij], where Kij =
1

2
£nhij

then πij =
∂L
∂ḣij

=
√

h(Kij − Khij),

The Hamiltonian density gives us constraints and evolution eqs.

H = πijḣij − L =
√

h
{
NH(h,π) − 2NjMj(h,π) + 2Di(h

−1/2Njπ
ij)

}
,






∂thij =
δH
δπij

= 2
N√
h
(πij −

1

2
hijπ) + 2D(iNj),

∂tπij = − δH
δhij

= −
√

hN((3)Rij − 1

2
(3)Rhij) +

1

2

N√
h
hij(πmnπ

mn − 1

2
π2) − 2

N√
h
(πinπn

j − 1

2
ππij)

+
√

h(DiDjN − hijDmDmN) +
√

hDm(h−1/2Nmπij) − 2πm(iDmN j)

Standard ADM (by York) NRists refer ADM as the one by York with a pair of (hij, Kij).






∂thij = −2NKij + DjNi + DiNj,

∂tKij = N( (3)Rij + KKij) − 2NKilK l
j − DiDjN + (DjNm)Kmi + (DiNm)Kmj + NmDmKij

In the process of converting, H was used, i.e. the standard ADM has already adjusted.



strategy 0 The standard approach :: Arnowitt-Deser-Misner (ADM) formulation (1962)

3+1 decomposition of the spacetime.

Evolve 12 variables (γij, Kij)

with a choice of gauge condition.

coordinate constant line
surface normal line

lapse function

shift vector

A

A'A"

 = constant hypersurface

Maxwell eqs. ADM Einstein eq.

constraints
div E = 4πρ

div B = 0

(3)R + (trK)2 − KijKij = 2κρH + 2Λ

DjK
j
i − DitrK = κJi

evolution eqs.

1

c
∂tE = rot B − 4π

c
j

1

c
∂tB = −rot E

∂tγij = −2NKij + DjNi + DiNj,

∂tKij = N( (3)Rij + trKKij) − 2NKilK l
j − DiDjN

+ (DjNm)Kmi + (DiNm)Kmj + NmDmKij − NγijΛ

− κα{Sij + 1
2γij(ρH − trS)}



S. Frittelli, Phys. Rev. D55, 5992 (1997)

HS and G. Yoneda, Class. Quant. Grav. 19, 1027 (2002)

The Constraint Propagations of the Standard ADM:

∂tH = βj(∂jH) + 2αKH− 2αγij(∂iMj)

+α(∂lγmk)(2γ
mlγkj − γmkγlj)Mj − 4γij(∂jα)Mi,

∂tMi = −(1/2)α(∂iH) − (∂iα)H + βj(∂jMi)

+αKMi − βkγjl(∂iγlk)Mj + (∂iβk)γ
kjMj.

That is, the constraints are the first class.

From these equations, we know that

if the constraints are satisfied on the initial slice Σ,

then the constraints are satisfied throughout evolution (in principle).

But this is not true in numerics....
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重力場と電磁気場の比較

• 一般相対論は，時空の各点で局所座標系を選択できる（等価原理）とする．
• ゲージ理論は，理論が局所対称性（不変性）をもつ，とする．

Ψ(x) −→ eiαΨ(x)：大域対称性（大局的ゲージ不変性）=⇒保存則
Ψ(x) −→ eiα(x)Ψ(x)：局所対称性（局所的ゲージ不変性）=⇒相互作用

重力場 電磁気場
自由場の方程式 d2

dt2
x = 0 (iγµ∂µ − m)Ψ = 0

対称性 一般座標変換 局所ゲージ変換
(xµ −→ xµ′

) (Ψ −→ eiα(x)Ψ)

共変微分 ∇µ = ∂µ + Γ Dµ ≡ ∂µ + iqAµ

接続係数 Γµ
αβ Aµ

(局所的に 0とできる) (直接観測できない，ゲージ依存)

相互作用 d2xα

dτ 2 + Γα
µν

dxµ

dτ

dxν

dτ
= 0 (iγµ(∂µ + iqAµ) − m) Ψ = 0

共変微分の非可換性 曲率テンソル　 Rµ
αβγ 電磁場テンソル　 Fµν

(観測可能量) (ゲージ不変量)



From Einstein to Ashtekar: via transformation of Lagragian (1)

Step 1: Einstein-Hilbert action (metric gµν)

SE[g] =
∫

d4x
√
−g R(g) ∼ g ∂2g + (∂g)2 (1)

• Construct a canonical theory by means of the ADM method;

ds2 = gµνdxµdxν = −N 2 dt2 + qij(dxi + Nidt)(dxj + Njdt)

gµν =




−N 2 + NkNk Nj

Ni qij



 .

• The canonical action, then, is given by

SE[q, p] =
∫

d4x [q̇ij pij − N CH − Ni CMi] (2)

where CH := Gijklp
ijpkl −√

q(3)R

CMi := −2∇jp
ij

where Gijkl =
1

2
√

q
(qikqjl + qilqjk − qijqkl).



From Einstein to Ashtekar: via transformation of Lagragian (2)

Step 2: Palatini action (metric gµν, Affine connection Γα
µν)

• Einstein-Hilbert action consists of the terms with the second-order derivative or the square

of the first order derivative of metric gµν.

• Palatini’s idea is to introduce the Affine connection Γα
µν(= Γα

νµ) to be independent to the

metric gµν. The Palatini action is

SP [g, Γ] =
∫

d4x
√
−g gµν Rµν(Γ) ∼ g(∂Γ + Γ Γ) (3)

• SP = SE when Γλ
µν satisfies the definition of the Christoffel symbol, Γλ

µν = Γλ
µν(g) ∼ ∂g.

This condition is derived from the variation with respect to Γα
µν,

δ

δΓα
µν

SP [g, Γ] = 0.

• The action (3) contains up to the first-order derivatives.



From Einstein to Ashtekar: via transformation of Lagragian (Summary)

Theory action order of ∂µ independent variables

Einstein Einstein-Hilbert action SE 2nd order metric (gµν)

Palatini action SP 1st order metric (gµν) & Affine connection (Γλ
µν)

Tetrad Palatini action ST 1st order tetrad (ea
µ) & spin connection (ωab

µ )

Ashtekar Jacobson-Smolin action +ST 1st order tetrad (ea
µ) & self-dual connection (+ωab

µ )

SP with the Christoffel condition for Γ =⇒ SE

ST with the Levi-Civita condition for ωab =⇒ SP

(torsion free condition)
+ST with the Bianchi identity for Rab =⇒ ST

(Rµ[ναβ] = 0)



From Einstein to Ashtekar: via transformation of Lagragian (3)

Step 3: Tetrad Palatini action (tetrad ea
µ, spin connection ωab

µ )

• The next step is the introduction of the internal symmetry, that is, to introduce the local

Lorentz transformation as a gauge symmetry.

• We employ the orthonormal tetrad ea
µ in stead of the metric gµν, which acts as a basis of

the local Lorentz frame.

• We also employ the spin connection ωab
µ (= −ωba

µ ) instead of the Affine connection Γα
µν,

which acts as a gauge field of the local Lorentz albebra so(3,1).

• The internal indices a, b, · · · are lowering and raising by the metric ηab = diag(−1, 1, 1, 1).

The tetrad plays a role of a square root of the metric,

gµν = ηab ea
µ eb

ν. (4)



• The Palatini action in the tetrad form

SP [g, Γ] =
∫

d4x
√
−g gµν Rµν(Γ)

ST [e,ω] =
∫

d4x e Eµ
a Eν

b Rab
µν(ω) (5)

where e is the determinant of ea
µ, and the Eµ

a is the inverse tetrad,

e := det ea
µ =

√
−g, Eµ

a = eb
ν gµν ηab.

• Now that the internal symmetry is taken into account, the Riemann curvature Rα
βµν will

be replaced by the curvature Rab
µν(ω) of the spin connection ωab

µ defined by

Rab
µν(ω) := ∂µω

ab
ν − ∂νω

ab
µ + ωa

µcω
cb
ν − ωa

νcω
cb
µ ,

i.e. Rab(ω) := dωab + ωa
c ∧ ωcb

• The action (5), then, can be expressed also as

ST [e,ω] =
∫
(1/2) εabcdR

ab(ω) ∧ ec ∧ ed. (6)

• SP = ST only when ωab(e) satisfies the torsion free condition (Levi-Civita connection )

Dea := dea + ωa
b ∧ eb = 0

which is derived from
δ

δωab
ST [e,ω] = 0.



自己双対性 (self-duality), anti-self-duality

• For an anti-symmetric tensor Fab, the duality transformation is defined as
∗Fab :=

1

2
ε cd
ab Fcd.

• The dual of dual is equal to the minus of the original,

∗(∗Fab) = −Fab

when we choose the Lorentzian signature and use the metric ηab.

• If we suppose the complex combinations

±Fab =
1

2
(Fab ∓ i ∗Fab),

then this satisfies the eigen-equations

∗(±Fab) = ±i ±Fab.

+Fab : self-dual part of Fab

−Fab : anti-self-dual part of Fab.



From Einstein to Ashtekar: via transformation of Lagragian (4)

Step 4: Self-dual action (tetrad ea
µ, self-dual connection +ωab

µ )

• Introduction of the self-dual connection +ωab
µ .

ωab = +ωab + −ωab.

• The curvature 2-form Rab results in

Rab(ω) = Rab(+ωab + −ωab) = Rab(+ωab) + Rab(−ωab) := +Rab + −Rab

• The previously mentioned tetrad-Palatini action (6)

ST [e,ω] =
∫ 1

2
εabcdR

ab(ω) ∧ ec ∧ ed =
∫

∗Rcd(ω) ∧ ec ∧ ed

is decomposed as

ST [e,ω] =
∫

∗Rab(
+ω) ∧ ea ∧ eb +

∫
∗Rab(

−ω) ∧ ea ∧ eb (7)

:= +ST [e, +ω] + −ST [e, −ω]

with regard to the contributions of self-dual and anti-self-dual connections.



Ashtekar’s idea is to consider just a self-dual part of the action.

• When the self-dual connection is equal to the self-dual part of the Levi-Civita connection

+ωab = +ωab(e),

the variation
δ

δ+ω
+ST [e, +ω] = 0 is satisfied. Then +ST [e, +ω] = 1

2ST [e,ω(e)] = 1
2SE[g].

• The equivalence to the Einstein theory requires additional condition. Since

Rab(+ω) = +Rab(ω) =
1

2

(
Rab(ω) − i ∗Rab(ω)

)
,

the action turns out to be

+ST [e, +ω(e)] =
1

2

∫
∗ (Rab(ω(e)) − i ∗Rab(ω(e))) ∧ ea ∧ eb

=
1

2

∫
(∗Rab(ω(e)) + iRab(ω(e))) ∧ ea ∧ eb

=
1

2
ST [e,ω(e)] + i

1

2

∫
Rab(ω(e)) ∧ ea ∧ eb =

1

2
SE[g] + 0,

where the last imaginary term is vanished by virtue of the 1st Bianchi identity

Ra
b(ω(e)) ∧ eb ≡ 0

which is the cyclic identity Rµ[ναβ] = 0 in the tensor form.



テトラド (tetrad), トライアド (triad)

• 各時空点ごとに局所的な 4次元直交座標系を定義する．直交座標の基底ベクトルを EI として，
これを任意の座標系で表したもの EI

µ をテトラド（4脚場）と呼ぶ．

gµν = EI
µ EJ

ν ηIJ , ηIJ = diag (−1, 1, 1, 1)

• 同様に，3次元空間で局所的に直交座標を導入した基底ベクトルをトライアド（3脚場）と呼ぶ．

gij = Ea
i Eb

j δab

スピン接続 (spin connection)

• 局所直交座標系の成分を持つベクトルに対する共変微分を

∇µV
I = ∂µV

I + ωI
µJV J

と表すとき，ωI
µJ をスピン接続　と呼ぶ．具体的には，

ωIJ
µ = EIν∇µE

J
ν = EνI∂[µE

J
ν] − EµKEρIEνJ∂[ρE

K
ν] + EρJ∂[ρE

I
µ]



From Einstein to Ashtekar: via transformation of Lagragian (5)

Step 5: New Variables (densitized inverse triad Ẽi
a, self-dual connection +Aa

µ)

The self-dual action would lead to the same equation of motion as the Einstein equation

so far as the tetrad or equivalently the metric is concerned.

• The Ashtekar formalism can be regarded as a canonical theory starting from the self-dual

action,

+ST [e, +ω] =
∫

d4x e Eµ
a Eν

b Rab
µν(

+ω). (8)

where Eµ
a is the inverse tetrad, defined as Eµ

a := Eb
νg

µνηab, which makes the inverse

space-time metric as qµν = ηabEµ
aEν

b as we mentioned before.

• 3 + 1 decomposition of the self-dual theory in the tetrad form.

The spatial component of the tetrad, Ei
I acts as an inverse triad since it produces the

inverse 3-metric, qij = Ei
IE

j
I . We further impose the gauge condition

Eµ
a =




E0

0 Ei
0

E0
I Ei

I



 =




1/N −Ni/N

0 Ei
I



 (9)



Ashtekar variables (New variables)

PRL 57, 2244 (1986); PRD 36, 1587 (1987).

The pair of new variables, (Ẽi
a,

+Aa
i )

• Self-dual connection (Ashtekar connection)

We define so(3,C) connections

±AI
µ := ω0I

µ ∓ i

2
εI

JK ωJK
µ , (10)

where ωIJ
µ is a spin connection 1-form (Ricci connection), ωIJ

µ := EIν∇µEJ
ν .

Ashtekar’s plan is to use only +Aa
µ. and to use its spatial part +Aa

i as a dynami-

cal variable. Hereafter, we simply denote +Aa
µ as Aa

µ.

• Densitized inverse triad Ẽi
a

Ẽi
a := eEi

a, (11)

where e := detEa
i is a density.

This pair forms a canonical set.



• In the case of pure gravitational spacetime, the Hilbert action takes the form

+SA[Ẽ, +A] =
∫

d4x[(∂tAa
i )Ẽ

i
a + N∼ CH + Ni CMi + Aa

0 CGa], (12)

where N∼ := e−1N .

• Lagrange multipliers (N∼ , Ni, and Aa
0)

their accompanied constraints, CH ≈ 0, CMi ≈ 0 and CGa ≈ 0.

• The set of (Ẽi
a,Aa

i ) forms a canonical relation,

{Ẽi
a(x), Ẽj

b (y)} = 0,

{Aa
i(x), Ẽj

b (y)} = iδj
iδ

a
bδ(x − y),

{Aa
i(x),Ab

j(y)} = 0.

The dynamical degrees of freedom

covariant vars. canonical vars. gauge conditions gauge vars.

Eµ
a (16) =⇒ Ẽi

a (9) E0
a = 0 (3) Ni (3) + N∼ (1)

+ωab
µ (12) =⇒ Aa

i (9) Aa
0 (3)



The Ashtekar formulation:

PRL 57, 2244 (1986); PRD 36, 1587 (1987).

• New variables

Aa
i := ω0a

i − i

2
εa

bcω
bc
i = −KijE

ja − i

2
εa

bcω
bc
i and Ẽi

a := eEi
a

• The evolution equations for a set of (Ẽi
a,Aa

i ) are

∂tẼ
i
a = −iDj(ε

cb
a N∼ Ẽj

c Ẽ
i
b) + 2Dj(N

[jẼi]
a ) + iAb

0εab
c Ẽi

c, (13)

∂tAa
i = −iεab

c N∼ Ẽj
bF

c
ij + NjFa

ji + DiAa
0 + 2ΛN∼ ẽa

i , (14)

where DjXji
a := ∂jXji

a − iεab
cAb

jX
ji
c , and Fa

ij := 2∂[iAa
j] − iεa

bc Ab
iAc

j.

• Constraint equations: (Hamiltonian, momentum and Gauss constraints)

CASH
H := (i/2)εab

c Ẽi
aẼ

j
bF

c
ij − 2Λ detẼ ≈ 0, (15)

CASH
Mi := Fa

ijẼ
j
a ≈ 0, (16)

CASH
Ga := DiẼ

i
a ≈ 0. (17)

• Gauge variables: N∼ , Ni, and the “triad lapse” Aa
0.



Einstein vs. Ashtekar

Einstein theory Ashtekar theory

purely geometrical theory gauge theoretical features

2nd order derivative theory 1st order derivative theory

dynamical eqs are non-polynomial dynamical els are polynomial

dynamical eqs are (weakly) hyperbolic

does contain the inverse of variables does not contain the inverse of variables

does not admit degenerate metric does admit degenerate metric

constraints are CH and CM additional constraint, CG
“reality condition” to recover real geometry

!"#$%&'()*+', !-.*%/01$%&'()*+',



Ashtekar’s formulation : From the viewpoint of classical dynamics (1)

If we apply this formulation to the time evolution of Lorenzian space-time, the bottleneck is

the additional constraint CG and the reality conditions.

• Additional gauge variables (Aa
0)

In Ashtekar’s theory, there is additional gauge variable, Aa
0, which we named “triad lapse”.

This freedom appears due to the introduction of the internal indices.

We somehow have to spacify Aa
0 in a proper manner.

!"#$%&'()*+', !-.*%/01$%&'()*+',



Ashtekar’s formulation : From the viewpoint of classical dynamics (2)

• Additional “Gauss constraint” (CG)

In Ashtekar’s theory, we have additional CG, which has 3 components.

The set of constraints forms the first-class, therefore we have to solve them when we

prepare the initial data.

• Reality conditions to recover classical GR

We have to solve the reality conditions when we describe the classical spacetime.

Fortunately, the metric will remain on its real-valued constraint surface during time evolu-

tion automatically if we prepare initial data which satisfies the reality condition (Ashtekar-

Romano-Tate, 1989).

!"#$%&'#(

)!*$'&+,-#(.'&'#(-#(/&0*'(&/,12

-#(/&0*'(&/,13-#(/&0*'(&/,,14 -#(/&0*'(&/,13-#(/&0*'(&/,,14
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Reality conditions 　 HS, Yoneda, Class. Quant. Grav. 13 (1996) 783

1: Metric Reality Condition

• the primary is that the doubly densitized contravariant metric ˜̃γij := e2γij is real,

!(Ẽi
aẼ

ja) = 0, (1)

• the secondary condition is that the time derivative of ˜̃γij is real,

!{∂t(Ẽ
i
aẼ

ja)} = 0. (2)

These will be hold if the initial data satisfy the metric realicy conditions.

2: Triad Reality Condition

• “primary triad reality condition” and the “secondary triad reality condition”

!(Ẽi
a) = 0 (3)

and !( ˙̃Ei
a) = 0, (4)

• Using the equations of motion of Ẽi
a and CG, (1)-(4) will be

"(Aa
0) = ∂i(N∼ )Ẽia +

1

2
e−1eb

iN∼ Ẽja∂jẼ
i
b + Ni"(Aa

i ). (5)

This is a kind of slicing condition on Aa
0.



Ashtekar’s formulation : From the viewpoint of classical dynamics (3)

• Reality condition for the metric or for the triad?

More practically, we further can require that triad is real-valued. But again this reality

condition appears as a gauge restriction on the real part of the gauge function Aa
0

(Yoneda-Shinkai, 1996)

ADM formulation connection formulation

Re(metric) Re(triad)

Σ0 (Σt)

variables γij 6 Ẽi
a 18 Ẽi

a 18 (9)

Kij 6 Aa
i 18 Aa

i 18 (9)

N 1 N 1 N 1 (1)

gauge N i 3 N i 3 N i 3 (3)

Aa
0 6 Aa

0 3 (3)

CH 1 CH 1 CH 1 (1)

constraints CMi 3 CMi 3 CMi 3 (3)

CGa 6 CGa 6 (3)

reality condition primary 6 (Σ0) primary 9 (0)

secondary 6 (Σ0) secondary 6 (0)

GW freedom 2 × 2 2 × 2 2 × 2

表 1 Number of components in actual simulations. We here count the numbers of freedom in components, i.e. one complex number has two components.



evolution

Σ0Σ0

Σt
Σt

t = t

initial data
construction

γij ,Kij Ẽi
a,Aa

i

ADM 2 Ashtekar



evolution

Σ0Σ0

Σt
Σt

t = t

initial data
construction

γij ,Kij Ẽi
a,Aa

i

Ashtekar 2 ADM



縮退点の通過が可能？
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Yoneda, HS, Nakamichi, PRD 56, 2086 (1997)

Intersecting Approach Deformed Slicing Approach
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ADM Ashtekar
Intersecting Approach 直接通過 × ×
Deformed Slice Method 複素空間迂回 × ○

変数の有界性を保ち，有限時間で density→0 を要請するならば，
lapse, density の時間微分は不連続にしないといけない．

実空間にある縮退点を，複素空間に迂回して回避させることが可能
であるが，解の一意性が問題になる．



The Ashtekar formulation:

PRL 57, 2244 (1986); PRD 36, 1587 (1987).

• New variables

Aa
i := ω0a

i − i

2
εa

bcω
bc
i = −KijE

ja − i

2
εa

bcω
bc
i and Ẽi

a := eEi
a

• The evolution equations for a set of (Ẽi
a,Aa

i ) are

∂tẼ
i
a = −iDj(ε

cb
a N∼ Ẽj

c Ẽ
i
b) + 2Dj(N

[jẼi]
a ) + iAb

0εab
c Ẽi

c, (13)

∂tAa
i = −iεab

c N∼ Ẽj
bF

c
ij + NjFa

ji + DiAa
0 + 2ΛN∼ ẽa

i , (14)

where DjXji
a := ∂jXji

a − iεab
cAb

jX
ji
c , and Fa

ij := 2∂[iAa
j] − iεa

bc Ab
iAc

j.

• Constraint equations: (Hamiltonian, momentum and Gauss constraints)

CASH
H := (i/2)εab

c Ẽi
aẼ

j
bF

c
ij − 2Λ detẼ ≈ 0, (15)

CASH
Mi := Fa

ijẼ
j
a ≈ 0, (16)

CASH
Ga := DiẼ

i
a ≈ 0. (17)

• Gauge variables: N∼ , Ni, and the “triad lapse” Aa
0.

最近では，実数条件の困難さを避けるため，Immirzi パラメータ　　を導入し，

Remark:

Aa
i := P a

i − γΓa
i

γ

として，変数をあらかじめ実数にしてしまう方法が主流になってきた．
（Hamiltonian constraintは複雑になる．）
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N + 1 formalism in Einstein-Gauss-Bonnet Gravity

Takashi Torii Osaka Institute of Technology

　　鳥居　隆 大阪工業大学 工学部
Hisa-aki Shinkai Osaka Institute of Technology

　　真貝寿明 大阪工業大学 情報科学部

• (N + 1)-dimensional space-time decomposition of Einstein-Gauss-Bonnet gravity

• Due to the quasi-linear property of the Gauss-Bonnet gravity, we find that the evolution

equations can be in a treatable form in numerics.

• We also show the conformally-transformed constraint equations for constructing an initial

data.

• Both for timelike and spacelike foliations.

Phys Rev D 78, 084037 (2008).



Einstein-Gauss-Bonnet action

• (N + 1)-dimensional spacetime (M, gµν)

S =
∫

M
dN+1X

√
−g

[
1

2κ2 (R− 2Λ + αGBLGB) + Lmatter

]

(1)

LGB = R2 − 4RµνRµν + RµνρσRµνρσ

• The action gives the gravitational equation

Gµν + αGBHµν = κ2 Tµν (2)

where

Gµν = Rµν −
1

2
gµνR + Λgµν,

Hµν = 2
[
RRµν − 2RµαRα

ν − 2RαβRµανβ + R αβγ
µ Rναβγ

]
− 1

2
gµνLGB,

Tµν ≡ −2
δLmatter

δgµν
+ gµνLmatter.



Projections to Hypersurface ΣN (spacelike or timelike) (1)

• the projection operator,

⊥µν = gµν − εnµnν, nµn
µ = ε (3)

where nµ is the unit-normal vector to Σ with nµ is timelike (if ε = −1) or spacelike (if ε = 1). Σ is

spacelike (timelike) if nµ is timelike (spacelike).

• The projections of the gravitational equation:

(Gµν + αGBHµν) nµ nν = κ2 Tµν nµ nν =: κ2ρH , (4)

(Gµν + αGBHµν) nµ ⊥ν
ρ = κ2 Tµν nµ ⊥ν

ρ =: −κ2Jρ, (5)

(Gµν + αGBHµν)⊥µ
ρ ⊥ν

σ = κ2 Tµν ⊥µ
ρ ⊥ν

σ =: κ2Sρσ, (6)

where we defined

Tµν = ρHnµnν + Jµnν + Jνnµ + Sµν, T = −ρH + S$
$

• Introduce the extrinsic curvature Kij

Kij := −1

2
£nhij = −⊥α

i⊥
β
j∇αnβ, (7)

where £n denotes the Lie derivative in the n-direction and ∇ and Di is the covariant differentiation

with respect to gµν and γij, respectively.



Projections to Hypersurface ΣN (spacelike or timelike) (2)

• Projection of the (N + 1)-dimensional Riemann tensor onto ΣN

Gauss eq. Rαβγδ ⊥α
i ⊥

β
j ⊥

γ
k ⊥δ

l = Rijkl − εKikKjl + εKilKjk, (8)

Codacci eq. Rαβγδ ⊥α
i ⊥

β
j ⊥

γ
k nδ = −2D[iKj]k, (9)

Rαβγδ ⊥α
i ⊥

γ
k nβ nδ = £nKik + Ki% K%

k , (10)

• Curvature relations

Rµνρσ = Rµνρσ − ε(KµρKνσ − KµσKνρ − nµDρKνσ + nµDσKρν + nνDρKσµ − nνDσKρµ

−nρDµKνσ + nρDνKµσ + nσDµKνρ − nσDνKµρ)

+nµnρKναKα
σ − nµnσKναKα

ρ − nνnρKµαKα
σ + nνnσKµαKα

ρ

+nµnρ£nKνσ − nµnσ£nKνρ − nνnρ£nKµσ + nνnσ£nKµρ, (11)

Rµν = Rµν − ε[KKµν − 2KµαKα
ν + nµ (DαKα

ν − DνK) + nν

(
DαKα

µ − DµK
)
]

+nµnνKαβK
αβ + ε£nKµν + nµnνγ

αβ£nKαβ, (12)

R = R − ε(K2 − 3KαβK
αβ − 2γαβ£nKαβ). (13)



N + 1 Einstein-Gauss-Bonnet equations Substituting (11)-(13) into (3) or (4)-(6), we find:

(a) dynamical equations for γij:

Mij −
1

2
Mγij − ε(−KiaK

a
j + γijKabK

ab − £nKij + γijγ
ab£nKab)

+2αGB[Hij + ε(M£nKij − 2M a
i £nKaj − 2M a

j £nKai − W ab
ij £nKab)] = κ2Tµνγ

µ
iγ

ν
j

(b) Hamiltonian constraint equation:

M + αGB(M 2 − 4MabM
ab + MabcdM

abcd) = −2εκ2Tµνn
µnν

(c) momentum constraint equation:

Ni + 2αGB

(
MNi − 2M a

i Na + 2MabNiab − M cab
i Nabc

)
= −κ2Tµνn

µγν
i

Mijkl = Rijkl − ε(KikKjl − KilKjk)

Mij = γabMiajb = Rij − ε(KKij − KiaKa
j)

M = γabMab = R − ε(K2 − KabK
ab)

Nijk = DiKjk − DjKik

Ni = γabNaib = DaK a
i − DiK

W kl
ij = Mγijγ

kl − 2Mijγ
kl − 2γijM

kl + 2Miajbγ
akγbl

Hij = MMij − 2(MiaMa
j + MabMiajb) + MiabcM

abc
j

−2ε

[
−KabK

abMij −
1
2
MKiaKa

j + KiaKa
bM

b
j + KjaKa

bM
b
i + KacK b

c Miajb

+NiNj − Na(Naij + Naji) −
1
2
NabiN

ab
j − NiabN

ab
j

]

−1
4
γij

[
M2 − 4MabM

ab + MabcdMabcd
]

−εγij

[
KabK

abM − 2MabK
acK b

c − 2NaNa + NabcN
abc

]



N + 1 Einstein-Gauss-Bonnet evolution equations

(1 + 2αGBM)£nKij − (γijγ
ab + 2αGBW ab

ij )£nKab − 8αGBM a
(i £nK|a|j)

= −ε
(
Mij −

1

2
Mγij

)
− KiaK

a
j + γijKabK

ab + εκ2Sij − εγijΛ − 2εαGBHij , (20)

• £nKµν terms appear only in the linear form, due to the quasi-linear property of the Gauss-Bonnet

gravity.

• Iterative scheme is necessary, but treatable in numerics.




£nγ11

£nγ12

£nγ13
...

£nK11

£nK12

£nK13
...





=





O O

O Mixing









£nγ11

£nγ12

£nγ13
...

£nK11

£nK12

£nK13
...





+





K11

K12

K13
...

Source





• Coding is in progress, .... but .... Are the evolution eqs always invertible??



Newman-Penrose Formulation (1)

References

• E. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962); ibid. 4, 998 (1963) errata.

• R. Penrose and W. Rindler, Spinors and Space-time, vol.1 and 2, (Cambridge University Press, 1984, 1986)

• S. Chandrasekhar, The Mathematical Theory of Black Holes, (Oxford Univ. Press, 1992).

• J. Stewart, Advanced General Relativity, (Cambridge Univ. Press, 1990).

• D. Kramer, H. Stephani, M. MacCallum, E. Herlt, Exact solutions of Einstein’s field equations, (Cambridge University Press,

1980).

Advantages

• Natural framework for calculations in radiative spacetimes

• Variables have geometrical meanings

• Practical advantages in treating Petrov type-D spacetimes

• Closely related with spinor formalism



Newman-Penrose Formulation (2): Null Tetrad

• Take real-valued null vectors l,n and complex conjugate null vectors m,m,

l · n = lana = lan
a = 1 (1a)

m · m = mama = mam
a = −1 (1b)

and else 0 (1c)

This null basis (la, na,ma, ma) and the orthogonal tetrad basis (tâ, xâ, yâ, zâ) are related

by

la = oAoA′
=

1√
2
(tâ + zâ), (2a)

na = ιAιA
′
=

1√
2
(tâ − zâ), (2b)

ma = oAιA
′
=

1√
2
(xâ − iyâ), (2c)

ma = ιAoA′
=

1√
2
(xâ + iyâ), (2d)

where I also put spinor expressions (oA, ιA) of those.



• The indice rules are

la = gabl
b, la = gablb, gab = metric (3)

xâ = ηâb̂x
b̂, xâ = ηâb̂xb̂, ηâb̂ = (1,−1,−1,−1) (4)

Metric gab will be recovered by

gab = ηije
i
ae

j
b (5)

gab = 2l(anb) − 2m(amb) gab = 2l(anb) − 2m(amb) (6)

gâb̂ = tâtb̂ − xâxb̂ − yâyb̂ − zâzb̂ (7)

where ηij = ηij =





0 1

1 0

0 −1

−1 0





.



Spinor Algebra

• A set of non-zero 2-component vector (o, ι) is called spin basis, if their skew-scalar

product obeys [o, ι] = 1, where [, ] is defined by [ξ, η] = −[η, ξ] = εABξAηB.

• This condition is also expressed by

εABoAoB = εABιAιB = 0, εABoAιB = oAιA = 1. (1)

In components with oA = (1, 0), ιA = (0, 1),

εAB =




0 1

−1 0



 , εAB = oAιB − ιAoB, εABεBC = −δA
C (2)

• When raise and lower indices, be careful the position of them.

ξA ≡ εBAξB = −εABξB = ξBεBA (3a)

ξA = εABξB = −εBAξB = ξBεAB (3b)

If the contraction is across adjacent northwest and southeast indices, no minus signs

occur.



Theorem 1 Every non-vanishing real null vector ka can be written in one are other of the

forms

ka = ±κAκA′
(4)

A relation to orthonormal tetrad gâb̂ = diag(1,−1,−1,−1) is given by

εABεA′B′ = gâb̂σ
â
AA′σb̂

BB′ (5)

where σâ
AA′ are the Infeld-van der Warden symbols, and these are related to the Pauli matrix

with σâ
AA′

= (1/
√

2)σâ (a = 0, 1, 2, 3) where σ0̂ = I and

σ1̂ =




0 1

1 0



 , σ2̂ =




0 −i

i 0



 , σ3̂ =




1 0

0 −1



 . (6)



Newman-Penrose Formulation (3): Connection coefficients

∇ ma∇la
1
2(n

a∇la − ma∇ma) −ma∇na

(deriv. op.) ⇔ oA∇oA ⇔ oA∇ιA = ιA∇oA ⇔ ιA∇ιA

D = la∇a

⇔ oAōA′∇AA′
κ {3, 1} ε π (−τ ′) {−1, 1}

∆ = na∇a τ {1,−1} γ (−ε′) ν (−κ′) {−3,−1}
δ = ma∇a σ {3,−1} β µ (−ρ′) {−1,−1}
δ̄ = m̄a∇a ρ {1, 1} α (−β′) λ (−σ′) {−3, 1}

ρ = mam̄b∇bla

{p, q} indicates spin- and boost-weighted type and prime-operation will be defined later by

R. Gerosh, A. Held and R. Penrose, J. Math. Phys. 14, 874 (1973).



Newman-Penrose Formulation (4): Weyl scalars

R.K. Sachs, Proc. Roy. Soc. London, A264, 309 (1961); ibid A270, 103 (1962).

P. Szekeres, J. Math. Phys. 6, 1387 (1965).

• The Weyl curvature Cabcd is defined as

Cabcd = Rabcd − ga[cRd]b + gb[cRd]a −
1

3
Rga[cgd]b, (1)

or alternatively by using Λ = R/24, Φab = −1
2Rab + 1

8Rgab,

Cabcd = Rabcd + 2Φa[cgd]b − 2Φb[cgd]a + 8Λga[cgd]b. (2)

• The 10 components of Weyl curvature are expressed by the following 5 complex scalars;

Ψ0 ≡ ψABCDoAoBoCoD = Cabcdl
amblcmd, na-directed transverse component, {4, 0} (3a)

Ψ1 ≡ ψABCDoAoBoCιD = Cabcdl
anblcmd, na-directed longitudinal component {2, 0} (3b)

Ψ2 ≡ ψABCDoAoBιCιD = Cabcdl
ambm̄cnd, ‘Coulomb’ component, {0, 0} (3c)

Ψ3 ≡ ψABCDoAιBιCιD = Cabcdl
anbm̄cnd, la-directed longitudinal component, {−2, 0} (3d)

Ψ4 ≡ ψABCDιAιBιCιD = Cabcdn
am̄bncm̄d, la-directed transverse component, {−4, 0} (3e)



Newman-Penrose Formulation (5): Ricci tensor components

Real valued (Φ00, Φ11, Φ22, Λ) and Complex valued conjugate pairs (Φ01, Φ10), (Φ02, Φ20) and (Φ12, Φ21).

Total 10 real components.

Φ00 = ΦABA′B′oAoBōA′
ōB′

= −1

2
Rabl

alb, {2, 2} (1a)

Φ01 = ΦABA′B′oAoBōA′
ῑB

′
= −1

2
Rabl

amb, {2, 0} (1b)

Φ02 = ΦABA′B′oAoB ῑA
′
ῑB

′
= −1

2
Rabm

amb, {2,−2} (1c)

Φ10 = ΦABA′B′oAιBōA′
ōB′

= −1

2
Rabl

am̄b, {0, 2} (1d)

Φ11 = ΦABA′B′oAιBōA′
ῑB

′
= −1

2
Rabl

anb + 3Λ, {0, 0} (1e)

Φ12 = ΦABA′B′oAιB ῑA
′
ῑB

′
= −1

2
Rabm

anb, {0,−2} (1f)

Φ20 = ΦABA′B′ιAιBōA′
ōB′

= −1

2
Rabm̄

am̄b, {−2, +2} (1g)

Φ21 = ΦABA′B′ιAιBōA′
ῑB

′
= −1

2
Rabm̄

anb, {−2, 0} (1h)

Φ22 = ΦABA′B′ιAιB ῑA
′
ῑB

′
= −1

2
Rabn

anb, {−2,−2} (1i)



Newman-Penrose Formulation (6): Commutators acting on a scalar function

Derived from ∇[a∇b]ψ = 0. Useful to reduce derivatives.

(∆D − D∆)ψ = [(γ + γ)D + (ε + ε)∆ − (π + τ )δ − (π + τ )δ]ψ

(δD − Dδ)ψ = [(α + β − π)D + κ∆ − (ρ + ε − ε)δ − σδ]ψ

(δ∆ − ∆δ)ψ = [−νD + (τ − α − β)∆ + (µ − γ + γ)δ − λδ]ψ

(δδ − δδ)ψ = [(µ − µ)D + (ρ − ρ)∆ + (α − β)δ − (α + β)δ]ψ



Newman-Penrose Formulation (7): Field equations

Expressions of Riemann tensor. 18 complex equations, but with 16 hidden eliminant relations,
in total 20 degrees of freedom.

Dρ − δκ = (ρ2 + σσ) + (ε + ε)ρ − κτ − κ(3α + β − π) + Φ00 (1)
Dσ − δκ = · · · (2)
Dτ − ∆κ = · · · (3)
Dα − δε = · · · (4)
Dβ − δε = · · · (5)
Dγ − ∆ε = · · · (6)
Dλ − δπ = · · · (7)
Dµ − δπ = · · · (8)
Dν − ∆π = · · · (9)
∆λ − δν = · · · (10)
δρ − δσ = · · · (11)
δα − δβ = · · · (12)
δλ − δµ = · · · (13)
δλ − δµ = · · · (14)
∆µ − δν = · · · (15)
∆β − δγ = · · · (16)
∆σ − δτ = · · · (17)
∆ρ − δτ = · · · (18)
∆α − δγ = · · · (19)



Newman-Penrose Formulation (8): Bianchi id.

20 identities. (In vacuum, 16).

DΨ1 − δΨ0 − DΦ01 + δΦ00

= (π − 4α)Ψ0 + 2(2ρ + ε)Ψ1 − 3κΨ2 − (π − 2α − 2β)Φ00

− 2(ρ + ε)Φ01 − 2σΦ10 + 2κΦ11 + κΦ02 (1a)

∆Ψ0 − δΨ1 + DΦ02 − δΦ01 = · · · (1b)

· · · = · · · (1c)



Newman-Penrose Formulation (8): Geometrical meaning of variables

When we consider the propagation of the basis vectors along l or n, the physical significance

of the spin coefficiencies becomes apparent. The propagation properties of null congruence

of null geodesics are given by

1

2
li ;i = −1

2
(ρ + ρ) = −"ρ ≡ θ (1)

1

2
l[i;j]l

i;j = −1

4
(ρ − ρ)2 = ($ρ)2 ≡ ω2 (2)

1

2
l(i;j)l

i;j = θ2 + |σ|2 (3)

θ,ω and σ are called optical scalars.



Newman-Penrose Formulation (9): Counting degrees of freedom

Degrees of tetrad transformations. (6 degrees of Lorentz boosts.)

Type I l → l,m → al,m → m + al, and n → n + am + am + aal.

Type II n → n,m → bn,m → m + bn, and l → l + bm + bm + bbn.

Type III l → A−1l,n → An,m → eiθm, and m → e−iθm.

• Counting degrees of freedom in vacuum.

variables: Ψ 10, spin coef. 24, and boost 6.

equation: field eq. 12×2, Bianchi id. 16.

• Counting degrees of freedom with matter.

variables: curvature 20, spin coef. 24. equation: field eq. 20, Bianchi 20, and ∇aT a
b = 0,

4.



Principal Null Directions (1): Weyl & dual of Weyl tensor

Cabcd = CAA′BB′CC ′DD′

= ΨABCDε̄A′B′ε̄C ′D′ + Ψ̄ABCDεA′B′εC ′D′ (1)

∗Cabcd =
1

2
ε mn
ab Cmncd (2)

Cabcd + i ∗Cabcd = 2ΨABCDε̄A′B′ε̄C ′D′ (3)

Principal Null Directions (2): Canonical decomposition of symmetric spinor

Spinor ψABCD = ψ(ABCD) is expressed by principal null spinor αA, βA, ... by using spinor

characters,

ψABCD = ψ(ABCD) = α(AβBγCδD), (4)

and principal null vectors are defined as real vectors constructed by αAᾱA′, βAβ̄A′, .... PNDs

are those directions.



Principal Null Directions (3): Petrov classification

Classification of vacuum spacetime by degeneracy of PNDs. *1

0 = ΨABCD(zιA + oA)(zιB + oB)(zιC + oC)(zιD + oD)

0 = Ψ4z
4 + 4Ψ3z

3 + 6Ψ2z
2 + 4Ψ1z + Ψ0 (1)

Type I {1, 1, 1, 1} no coincide PNDs. algebraically general.

Type II {2, 1, 1} two coincide PNDs. algebraically special (all below).

Type D {2, 2} two different pairs. Schwarzschild, Kerr, ...

Type III {3, 1} three coincide PNDs.

Type N {4} all four coincide PNDs. Plane-wave

*1 R.A. d’Inverno, R.A. Russel-Clark, J. Math. Phys. 12, 1258 (1971).



Principal Null Directions (4): Projections of Weyl curvature

Gunnarsen-Shinkai-Maeda *2 proposed a transformation formula of Weyl scalar Ψi from ADM

variables (γij, Kij), motivated by an application to interpret numerically generated spacetime.

Here, we consider vacuum spacetimes with cosmological constant Λ. Let (M, ηab) be

real, 4-dimensional Lorentz vector space with volume form εabcd; εabcdεabcd = −4!. Let

(ta, xa, ya, za) be orthonormal basis of (M, ηab), and define

tata = +s (s = ±1), εabc = εabcdtd, (1)

where the tensor field εabc = ε[abc] satisfies εabcεabc = 3! We formulate our equations in the

signatures both (+,−,−,−) and (−, +, +, +) by choosing s = 1 or −1, respectively*3,

because the former notation is common in working with the spinors.

First, we define the Weyl curvature Cabcd by

Cabcd = Rabcd − ga[cRd]b + gb[cRd]a −
1

3
Rga[cgd]b, (2)

and decompose those into its electric and a magnetic components,

Eab ≡ − Cambnt
mtn, Bab ≡ − ∗Cambnt

ntm, (3)

*2 L. Gunnarsen, H. Shinkai and K. Maeda, Class. Quantum and Grav. 12, 133 (1995).
*3 That is, the metric is ηab = s(tatb − xaxb − yayb − zazb).



where ∗Cabcd = 1
2ε

mn
ab Cmncd is a dual of the Weyl tenso. These decomposed elements Eab

and Bab are also presented by the 3-metric γab and the extrinsic curvature Kab as *4

Eab = Rab − K m
a Kbm + KKab −

2

3
Λγab, (4)

Bab = ε mn
a DmKnb. (5)

This is why we emphasize that our inputs are ‘3+1’ elements. It follows from two constraint

equations that the fields Eab, Bab are both trace-free and symmetric. We can reconstruct the

Weyl curvature completely from Eab and Bab by

Cabcd = 4t[aEb][ctd] + 2ε m
ab Bm[ctd] + 2ε m

cd Bm[atb] + ε m
ab ε n

cd Emn. (6)

The next step is to choose a unit vector field ẑa on Σ, and to decompose Eab, Bab into

components along and perpendicular to ẑa. We set

e = Eabẑ
aẑb, (7a)

ea = Ebcẑ
b(δ c

a + sẑaẑ
c), (7b)

eab = Ecd(δ
c

a + sẑaẑ
c)(δ d

b + sẑbẑ
d) +

1

2
esab, (7c)

b = Babẑ
aẑb, (7d)

ba = Bbcẑ
b(δ c

a + sẑaẑ
c), (7e)

bab = Bcd(δ
c

a + sẑaẑ
c)(δ d

b + sẑbẑ
d) +

1

2
bsab, (7f)

*4 L. Smarr, Ann. N.Y. Acad. of Sci.302, 569 (1977).



where sab = γab − ẑaẑb. We note that Eab, Bab is again reconstructed from (8a)-(8f)

Eab = eẑaẑb + 2e(aẑb) + eab −
1

2
sabe. (8)

Bab = bẑaẑb + 2b(aẑb) + bab −
1

2
sabb. (9)

Such decompositions will be useful to discuss the effects of curvatures on the transversal plane

to the ẑa direction.

We put a rotation operator on the plane spanned by x̂a and ŷa as,

J b
a ≡ ε bcd

a ẑctd. (10)

It is easy to check this mapping preserves sab, and is also easy to check J c
a J b

c = −(δ b
a +

sẑaẑb), which shows us J b
a has a complex structure, i.e., J b

a lets us define complex multiples

of vectors xa ∈ Pz, according to the formula (m + in)xa = mxa + nJ a
b xb. In short, J b

a

expresses a rotation by 90 degrees in the plane orthogonal to ẑa.

The 10 components of Weyl curvature are expressed by the following 5 complex numbers

in the NP formalism;

Ψ0 ≡ Cabcdlamblcmd = ψABCDoAoBoCoD,

Ψ1 ≡ Cabcdlanblcmd = ψABCDoAoBoCιD,

Ψ2 ≡ Cabcdlambm̄cnd = ψABCDoAoBιCιD,

Ψ3 ≡ Cabcdlanbm̄cnd = ψABCDoAιBιCιD,

Ψ4 ≡ Cabcdnam̄bncm̄d = ψABCDιAιBιCιD,

(11)



where la, na,ma, m̄a are null tetrad and oA, ιA are spinor basis defined as

la = 1√
2
(ta + za) = oAoA′

,

na = 1√
2
(ta − za) = ιAιA

′
,

ma = 1√
2
(xa − iya) = oAιA

′
,

m̄a = 1√
2
(xa + iya) = ιAoA′

.

(12)

Spinor ψABCD = ψ(ABCD) is expressed by principal null spinor αA, βA, ... by using spinor

characters,

ψABCD = ψ(ABCD) = α(AβBγCδD), (13)

and principal null vectors are defined as real vectors constructed by αAᾱA′, βAβ̄A′, .... PNDs

are those directions.

Finally, substitute (7) and (13) into (12), we get Ψi using (8a)-(8f) and (11):

Ψ0 = −(eab + sJ c
a bbc)m

amb, (14a)

Ψ1 = − s√
2
(ea + sJ c

a bc)m
a, (14b)

Ψ2 = −1

2
(e + ib), (14c)

Ψ3 = − s√
2
(ea − sJ c

a bc)m̄
a, (14d)

Ψ4 = −(eab − sJ c
a bbc)m̄

am̄b. (14e)


