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Procedure of the Standard Numerical Relativity

H 3+1 (ADM) formulation

Need to solve elliptic PDEs

. o -- Conformal approach
B Preparation of the Initial Data - Thin-Sandwich approach

@ Assume the background metric /
& Solve the constraint equations

B Time Evolution
do time=1, time_end
& Specify the slicing condition
& Evolve the variables
@ Check the accuracy

& Extract physical quantities
end do



Initial Data Construction Problem

Prepare all metric and matter components by solving the two constraints:

e [he Hamiltonian constraint equation

(3)R + (trK)2 — KZ']'KU = 2/43,0 + 2A

e [he momentum constraint equations

Di(K" —4trK) = kJ'

We have 12 variables (;;, ;) to fix, but only 4 constraints. ... How?




L

Conformal Approach — York-OMurchadha (1974)

B

N.OMurchadha and J.W.York Jr., Phys. Rev. D 10, 428 (1974)

Z Dt o Dt

The key idea is | solution  7;; = 1*9;;  trial metric.

e the decomposition of ;;,

trK =YK, trace part
Riy= 1\ 4, = K, — by, trK trace-free part
ij = Kij — 57ijtr KK trace-free par

e conformal transformations:
4 N
Yij = (0 Yij =~ WU
Y 10 Add 4
AY = @D AZ]) @D 2]7
—n A ' 10
p =Y "p, JZ =107
® we suppose

tr = tAr[A(, trA = frA = 0.

General
Relativity

kl t M. Wald

Appendix C



e we then get
[y = T+ 20710, Dip + 8Dt — 4™ D)),
R = ¢ R — 8y °Av.
where A = 47¥D.D;. and R = R(%), and also D; A" = ¢)~19D; A,
e decompose A/ to transverse-traceless (TT) part and longitudinal part:
AV = A+ )Y

—_——

divergence-free longitudinal
DiA?r =0, trApr =0, and (W)Y = D'W/ + D’W" — SWDW.
e Using these terms, we can write
DAY = D,AW)7 = (AW)' = (AW)' + (1/3)D'(D;W7) + R W
With above transformation, the two constraints becomes

e [he Hamiltonian constraint equation

B8AY = Ry — (A A" + @WK )2 — 2A]° — 167Gy "

e [he momentum constraint equations

N : 1 ~. A . ) . .
AW + SD@Dka + R WE = 3¢6D2trK +87GJ'



Conformal approach (York-()Murchadha, 1974)
One way to set up the metric and matter components (7;;, K;;, p, J') so as to satisfy
the constraints:

1. Specify metric components ;;, tri, flgT and matter distribution p, J in the

conformal frame.
2. Solve the next equations for (1), W)
SAY = Rip — (A A" 4+ [(2/3)(trK)? — 2A]9° — 167G o> (1)
AW! + (1/3)D'DyW* + R* W = (2/3)¢SDitr K + 87 G.J’ (2)
where A = Aifp + D'WJ + DIW' — (2/3)44 D W*.
3. Apply the inverse conformal transformation and get the metric and matter com-
ponents ~y;;, K;;, p, J' in the physical frame:

Yij = 154%]'1 )
K;; = ¢ [AL + (IW)] + (1/3)y*3itr K,
p =V "p,

Ji _ w—l()ji




Comments

e Using the idea of conformal rescaling, we have a way to fix 12 components of
(745, ;j) that satisfy 4 constraints.

e The Hamiltonian constraint, (3), is a non-linear elliptic equation for 1, so that
we have to solve it by an iterative method.

e The momentum constraints, (3), are PDEs for W' and coupled with (3). If
we assume tr/A = 0, then two constraints are decoupled. Normally people as-

sume | trKK = 0 | (maximal slicing condition) or (trK') =const. (constant mean
curvature slicing) for this purpose.

e For simplicity, people assume the background metric 7;; is conformally flat| 7;; = 0;; |

The physical appropriateness of conformal flatness is often debatable.

e Two freedom of AZT corresponds to the one of gravitational wave. However,
there have been no systematic discussion how to specify them, except applying
tensor harmonics in a linearized situation.
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Numerical procedures — Several tips

Solving the Hamiltonian constraint
8AY = Rp — K P Kp ™" + ?)KQ Y’ — 167G pop° "
1. Solve the non-linear equation directly.
2. Solve the linearized equation v = 1y + 0 iteratively
8AY = EYp+Fo + G+ Hoyp 3+ 1yt
= [E = TFyy® + 5Gy — 3HYy* — 21y + [8Fy " — 4Gabg + 4Hy® + 21 ']

Under an appropriate boundary condition, such as Robin BC ¢ = 1 + const./r, or Dirichlet BC
w =1+ Mtotal/Qr-

ERERMD HRROBIEREIG, BREGOZEL D
C
B+ IRTEBAS, FANFRE, v=1+
C

4+ RTTERRS, =1+ —
-




Solving the momentum constraints
1 | | 9 N
AW) + - D'D;W/ + R W/ — —"D'K = 8rG J'
3~ J 3
1. Solve the non-linear equations directly

2. Bowen's method for conformally flat case [GRG14(1982)1183]
Under the (V'K = 0) condition,

1 | |
AW' + V'V, W = 8n'.

By introducing a decomposition of W into vector and gradient terms W' = V" — ivie,

AV' = 818",
A) = VY,V

If the source is of finite extent, then the the asymptotic behavior of V* and 6 are given by

VvVt = _22@]1 jl”jf"”jzﬁ?
1=0 T
ol 1 > 2(1+1) Koo 1 X 20—1
0 = — gty p. oo, R i /U R POy T

2.0 D Y by T B A R e B D it

where n* = z'r~! in the Cartesian cordinate, the multipoles ) and M are defined as
o (20— ; - :
QUi = 0 /S (r)x{“az” . ;L’”}dV,
and where brackets denote the completely symmetric trace-free part
[

Zk(jl “Ji—1 5jli)

glig-ay — zGiji-g) _
20+ 1%



® We generalized the Conformal approach by York and OMurchadha (1974) to N-dim & for Gauss-Bonnet
gravity.

e Conformal transformation

solution Yij = VM Y = TN trial metric

this gives

R= ™ R 2(N = )™ (D" Do) + (N = D[2 = (N = 2ym]me > (D)’ },
Rij = Rij — mAi¢p~ ' DaD*¢ — (N = 2)myp™ " DiDjip + (N = 2)m(m + )¢ *Diy D3 — m[(N — 2)m — 1]9~ (D)4,
Rijri = WW{RWI +map ™ 4 [DjDrtp — (m 4+ 1)~ DyepDiap| — map™ 4ar, [ Dy Digp — (m + 1)~ Dyap Dy ]
+map” gk [DiDip — (m 4 D)9~ Diy D] — map ™ 450 [Di Ditp — (m + 1)~ Diy Ditp] + mP9 (D) (A — ’%k’%‘l)}-

. 1
e Decompose the extrinsic curvature K;; as K;; = A;; + N%J-K, and assume

Aij _ ¢€Aij7 Aij _ wﬁ—élmAij,
K=v¢"K
e \When matter exists, define also the conformal transformation

p=vrp =gt



Hamiltonian constraint

2N — 1)mDyD™p — (N — 1)[2 — (N — 2)m]m(Du) 2~
N —1 : . A
_ Rw L T€¢2m+27+1K2 4+ €¢_2m+2€+1AabAab 4+ 28/‘%’2[A)¢_p _92A

+ agp (M? — 4AMpM® + Meapeg M®) > (14)

é — (M2 . 4MabMab + Mabchade)
= (N — 3)mw—47”{4(N — 2)ymap 2 {(Daﬁw)? — Daﬁbwﬁ“f)%} — 4yt [M — (N =2)[(N = 3)m — 2] mw—Qﬁa@mw} Do D%
+8¢—1Pwﬂb+(Af—2yn@n+au¢—?ﬁawﬁﬁw}ﬁwémp+(Aﬂ-1hnf[uV-®nz—4}¢*%ﬁa¢iW¢02—2¢—2KA7—4yn-ﬂA%ﬁkwﬁf¢

. 8(m—|— 1)¢_2MabDawﬁb¢} +¢—4m(ri\2 . 4TabYab + ri\abcdfi«abcd)’

. . [N-1 . Com i . N=1 omiar. pa N—2 4. Com i ia
where T = R—e{Twzm“TKz — % QmAabAab], Yy =Ry —s[ VT A K+ =T TR Ay — ¥ T A A ]

s A 1 omyor, . . A a NP 1 TR A 2 A 2 . 2 . —2m % s 2

Yiiki = Rijri — € [mlf 2 (YirY51 — ’Yil’ij)KQ + NIDH (AirYji — AuYik + AjYie — Ajya) + @D% 2 (AirAj — A“Ajk)] .

(A) If we specify 7 =/¢ — 2m and m = 2/(N — 2), then (14) becomes

4N —1) ~ = - A A A « .
—<N — ) D, D% = Ry — eg?H1-1/V-2) (K? — K K®) 4 2er?pyp ™7 — 2A + agpOp' T4/ (V=2 (15)
(B) If we specify 7 =0 and m = 2/(NN — 2), then (14) becomes
4(]<7V_—21)f)aﬁaw _ R — 5N]\_7 1¢1+4/(N—2)[A{2 b 24/ (N=2) 0 Aab 4 92500 9R 4 g g O/ (N2, (16)



Momentum constraint

e Introduce the TT part and the longitudinal part of A# | and its vector potential as
A " A " N N N
DA%, =0, AY =AY - AY,. A7 = D'WI + D'W' — N&”DK,W’?

e Conformal transformations: D;A,” = we_Qm{lA)inj + 7+ m(N — 2)]Aijﬁjw}

A~ A N —2 . . “
D,D*W; + TDkaW’“ + R W

: : 2
+ [0+ (N = 2)m] (DWW + D'W* — 5" D)3y D

2m—€N_ e

—) N DZ(LDTK) + ¢2m_£204(;3éi = ﬁ2¢4m_£_qji (See next page for =;.) (17)

(A) If we specify 7 =/¢ — 2m and m = 2/(N — 2), then (17) becomes

. N—2. . . i A 2 . .
DaD"W; + —=DiDyW" + Ry W* + 471 (0 +2) (DaWb +Dwe - nyakaWk)%iDaw

‘% [(f - ﬁ) (D)) K + DK] + =Y N =D20gpE; = k2B V=20, (18)

(B) If we specify 7 =0 and m = 2/(N — 2), then (17) becomes
R N —2 . - - A ~ 2 - ~
Do D*Wi + == D; DgW* + Ry W + 97 H(€ + 2)[D*W? + DW* — 4" Dy W]y Do)

i (N=2)- gNN DR 4 g N2~ B 28/ (N-2)~t=q ], (19)




N2 —3N + 4
N2 c

[1]

e me{ff —2(N = 3)my ™" DyD* — (N = 3)ym[(N — 4)m + 2]~ *Dyp D" —

N

2(N —3)
N

+¢€—4m{_2}%2 LN — B)muy D Dip — 2(N — 3)m(m + V)2 DDl + 2N =3 e g 2sw2£_2mﬁicﬁcb}ﬁafl%

+¢é—4m{2fgab —2(N = 3)myp~ "D’ D% — 2(N — 1)m(m + 1)y D)D" —

+2eyp® 0" 4,2 A% (Dy Ape — DyAac) +Ri + Di + AV Dip + AP DK + AP Dyrp A%
2(N - 2)3 L=2m~42T -/ 1 T -1 7 1a 2(N B 3)
— =5 ey K(DaK + 79~ K Duy)) A, + =
2N — AP A ae oAb
%aﬂ—‘*m”DbKAbaA% — 2[(N = 6)m + 3¢]ey* " D p A% A, A%,

(N — d)ym + 20+ 7]eyp® T K Dy A®, A%

_|_

where

R, = {[(N —Bym o+ AL Dy — NSy (DR 4 w‘lkﬁiw}ﬁf

Q(N_3) —2m+7—1 4 7 Z(N_ 3)
—2(m — 0" (Awy Ditp — Ay Datp) R + 2(m — 0 " Datp Ape R,

N? — 8N +11
D, =
(=5

w—2m+7‘fjak —9 [(N - 3)m + €i| w€—4m—1Aabﬁbw}Ria

_{—2(N 25 =2t 1D R 4 o~ K Datp) — 2m [(N? —4AN +5)m + (N — 2)(¢ — 2)| v " 2Dy A°,

N
+2(N — 3)ym(m — )" " 2 (AapyDit) — Asa Dyp) D° D1,
AW — z{_¥m<m F I (DR 4 rp T RDap) (DMK + rp K D)
J— 2 A A A — 2 ~ ~
L N=2) m(m + D=2 T2 Do R D + N2N2m [(N? — AN + 5)ym + 2| rp " T KDy D

N
N -3

mp 2T DK + Ty T K D) — 2m[(N? = 6N + T)ym + (N — 3)(] W—‘*m—zﬁbml’i}ﬁaﬁ“w
5 B

,¢+2m+27‘K2 . €¢2€—2mAbcAbc}DaAaZ_

A~

6w£+T}—A{Aab + 2€¢2£—2mAacAcb} (ﬁiAab . Da

Aib)

o (N o 2)3m2(m + 1)¢€—4m—3‘ba¢‘bbwﬁab + ~ (m o é o T)€¢2£_4m+T_1KAabAab o (m o £)8w3£—6m—1AabAbcAca}7

(N —1)2(N +1)
N2
A® = —m[(N = 2)*(N = 5)m® + (N = 2)3( — 2)m + (N — 1)(3¢ — 2) | " * Doy D)
1

-~z [(N = 1)(N? = 8)m + (N? = N +2)¢]eyy" > 271 K2 4 [(N — 6)m + 3¢]epp® 0" 1A, A%,

A® = %{(N — 2)3m[(N —3)m — Q]w_QmjLT_QﬁawlA)aw — ep’"K* — (N — 3)5¢2£—4m+TflabAab},



(A) Hamiltonian constraint

AN-1)

N5 Daw Rw 5¢2£+1_4/(N_2) (KQ . Kabkab> 4+ 25R2ﬁw_p . 2[\ 4+ O‘GB®¢1+4/(N_2)-

(A) momentum constraint
N e N—-24 - k » ”fk: -1 ~atrb No1I7a 2Aab
DaD WZ + TDZDkH + Rzk + w (6 + 2) <D %5 + D°W* — N’y Dk )'Vbz aw

N -1 4 A NE L DD —0+4/(N—-2) = 28/(N=2)—t—q ]

Procedures to construct the initial hypersurface data (v, Ki;, p, J*)
1. Give the initial assumption (trial values) for 4;;, trK, AZ;T and p, J.
2. Solve above 2 equations for 1) and W°.

3. inverse conformal transformations,
o). A A 1 A
Yij = ¢4/(N 2)%3', K;; = W[AZ}T + (IW),5] + W /(N = 2)%gtrK

p=1vT"p, S =y




Numerical Relativity — open issues Box 1.2

0. How to foliate space-time
Cauchy (3 + 1), Hyperboloidal (3 + 1), characteristic (2 + 2), or combined?

= if the foliation is (3 + 1), then - --

1. How to prepare the initial data

Theoretical: Proper formulation for solving constraints? How to prepare realistic initial data?
Effects of background gravitational waves?
Connection to the post-Newtonian approximation?

Numerical: Techniques for solving coupled elliptic equations? Appropriate boundary conditions?

2. How to evolve the data

Theoretical: Free evolution or constrained evolution?
Proper formulation for the evolution equations? = see e.g. gr-qc/0209111
Suitable slicing conditions (gauge conditions)?

Numerical: Techniques for solving the evolution equations? Appropriate boundary treatments?
Singularity excision techniques? Matter and shock surface treatments?
Parallelization of the code?

3. How to extract the physical information

Theoretical: Gravitational wave extraction? Connection to other approximations?

Numerical: Identification of black hole horizons? Visualization of simulations?
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Procedure of the Standard Numerical Relativity

H 3+1 (ADM) formulation

Need to solve elliptic PDEs
-- Conformal approach
-- Thin-Sandwich approach

B Preparation of the Initial Data

@ Assume the background metric /
& Solve the constraint equations

singularity avoidance,

) ) simplify the system,
B Time Evolution

GW extraction, ...
do time=1, time_end /

& Specify the slicing conditions
@ Evolve the variables
@ Check the accuracy

& Extract physical quantities
end do



FVWERSRAF & (&

How to choose gauge conditions?

The fundamental guidelines for fixing the lapse function o and the shift vector (3;:

TEBLIH
TEBLEHYE

e to avoid hitting the physical and coordinate singularity in its evolution.

e to make the system suitable for physical situation.

e to make the evolution system as simple as possible.

e to enable the gravitational wave extraction easy.
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Lapse BRI

geodesic slice a=1 GOOD simple, easy to understand
BAD no singularity avoidance
harmonic slice V. Vizt =0 GOOD  simplify egs.,
GOOD easy to compare analytical investigations
BAD no singularity avoidance or coordinate
pathologies
maximal slice K =0 GOOD  singularity avoidance
BAD have to solve an elliptic eq.
maximal slice K = —c’K G&B same with maximal slice,
(K-driver) GOOD  easy to maintain K =0
constant K = const. G&B same with maximal slice,
mean curvature GOOD  suitable for cosmological situation
polar slicing K+ K7 =0, or GOOD singularity avoidance in isotropic coord.
K=K’ BAD trouble in Schwarzschild coord.
algebraic a~ /7, GOOD easy to implement
a~ 1+ log~y BAD not avoiding singularity




Maximal slicing condition

e A singularity avoiding gauge condition.

e [he name of ‘maximal’ comes from the fact that the deviation of the 3-volume
V = /ﬁdgx along to the normal line becomes maximal when we set K = 0.

e This is simply written as
K=0 on X(t).

Practically, we solve
D'Diac = { YR+ K?* 4+ 47G(S — 3py) — 3A}a,
or by using the Hamiltonian constraint further,

D'D;a = {K;; K" + 47G(S + pg) — A}a.

e This is an elliptic equation. When the curvature is strong (i.e. close to the
appearance of a singularity), the RHS of equation become larger, hence the lapse
becomes smaller. Therefore the foliation near the singularity evolves slowly.



Maximal Slicing Condition

In Schwarzschild geometry, K=0 slicing conditions allows us to evolve r=1.5M.

x=(r/a)xq x=(r/a)x
(a) (b)

FIG. 3. (a) The spherically symmetric lapse function « is plotted versus the dimensionless radius v =G /a )Xy where ¥
is the proper radial distance from the throat and x, and a are as defined by Eq. (3.7). These plots of a(x) are given for
a series of time slices of the symmetric maximal slices of Schwarzschild-Kruskal spacetime studied by Estabrook et
al. (Ref. 37). Notice the rapid collapse of the lapse near the throat at late times (T<10M). Time slices are labeled by
the strength parameter x, and by proper time at a large finite distance (where we set @ = 1). The curves rise more
rapidly than in Fig. 4 because this distance is not infinite. The location of the event horizon rgy, =2M is denoted by a
dot on each slice (see Eppley, Ref. 1), (b) For the same time slices as in (a), we plot the Ricci scalar & (x) of the
three-metric of the slice, At 7=0, & =0 from the constraint equations. It grows in the strong-field region (x = 0) as
time increases, This is what forces the lapses to zero in (a). At late times the central value of ® goes to 8/9M?, the
value of & for the hypercylinder vgy, = 3M/2. The “effective radius” a [Eq,(3.7)} is found to grow linearly in time and be
approximately the proper radial distance from the throat to the horizon in the time slice.

Horizon

S

=R

=75}

k=

v t=150
t-100

N
%

S
7

U e

. X

P

//% Collapsing Star

FIG. 1. A black hole spacetime diagram showing various
singularity avoiding time slices that wrap up around the sin-
gularity inside the horizon. Such slicings allow short-term
success in the numerical evolution of black holes, while at
the same time causing pathological behavior that eventually

dooms the calculation at late times.



Maximal slicing versus Harmonic slicing

aQ

FIG. 2. The lapse on the u = 0 axis as a function of . For
harmonic slicing the “collapse of the lapse” occurs at a later
time ¢ than in the case of maximal slicing.

A. Geyer and H. Herold, PRD31 (1995) 6182
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Harmonic slicing hits singularity!

3

FIG. 3. Harmonic slices in the Schwarzschild spacetime
constructed from the initial lapse @« = 1 on v = 0. Note
that, in contrast with Fig. 1, the whole spacetime up to the
singularity (r = 0) gets covered.

FIG. 1. Foliation of the Schwarzschild spacetime by maxi-
mal slices. The picture shows the projection of some £ = const
hypersurfaces in the Kruskal plane (compare [6]).



slicing conditions (lapse) ¢

Maximal slicing condition
K=0er@tih 1

i
ox*
" singularity avoidance '

BC at far region (o — 1) = collsi s = (a—1)r*] =0.

8 8
7 7
6 6
5 5
4 4
3 3
2 2
1 1
0 0

z/M

FIG. 4: The snapshots of the hypersurfaces on the z-axis in the proper-time versus coordinate diagram: (a) model 5DSj3, (b)
model 5DS4, and (c) model 4D4. The upper most hypersurface is the final data in numerical evolution. We also mark the matter
surface and the location of AH if exist. The ranges with Z > 10 are marked with bold lines and peak value of 7 express by
asterisks.




Lapse BRI

geodesic slice a=1 GOOD simple, easy to understand
BAD no singularity avoidance
harmonic slice V. Vizt =0 GOOD  simplify egs.,
GOOD easy to compare analytical investigations
BAD no singularity avoidance or coordinate
pathologies
maximal slice K =0 GOOD  singularity avoidance
BAD have to solve an elliptic eq.
maximal slice K = —c’K G&B same with maximal slice,
(K-driver) GOOD  easy to maintain K =0
constant K = const. G&B same with maximal slice,
mean curvature GOOD  suitable for cosmological situation
polar slicing K+ K7 =0, or GOOD singularity avoidance in isotropic coord.
K=K’ BAD trouble in Schwarzschild coord.
algebraic a~ /7, GOOD easy to implement
a~ 1+ log~y BAD not avoiding singularity




Shift REE D%

geodesic slice 3 =0 GOOD simple, easy to understand
BAD too simple

minimal min XYY, GOOD geometrical meaning

distortion BAD elliptic eqgs., hard to solve

minimal strain min @ij@zj G&B same with minimal distorsion




Minimal distortion condition, Minimal strain condition

L.Smarr and J.W.York,Jr., Phys. Rev. D 17, 2529 (1978)

e Against the grid-streching, minimize the distor-
tion in a global sense.

e The expansion tensor O,,: Let the
coordinate-constant congruence t, = omﬁ-ﬁﬂ.
Using the projection operator Lj = 0/ 4+ nny,

O = LVt
1
= _O‘KWJFiD(uﬁV)

e The distortion tensor 2.;;:

Z’L] — @Z] - _@’Yw FIG. 7. This schematic diagram {llustrates the use

3 of the minimal-distortion shift vector to reduce coor-
dinate shear. If a small sphere (here one spatial

D ﬁ . —Dkﬁ dimension s suppressed) is trangported along the
(z ]) k « normal §7 to the next slice r=487, it will be sheared

into an ellipsoid, I the slicing is maximal, the .

yvolume will be preserved to [irst order, On the other

hand, if 2 shift vector is also used, then some of this

coordinate shear can bhe remaved, although with the s —

sible introduction of some change in volume.



The minimal distortion condition
® minimize ZUZU
1 -
6S[8] = 5{5 [35Yd?x} = 0.
e [his condition can be written as DjZZ-j =0, or
| | 9 | . 1
D]Djﬁi -+ D]Diﬁj — gD@Djﬁj = D] {20& (K@] — 3?57“[(’)/@])] ,
o | |
Aﬁ@ + 3DZ(D]5]) -+ R”Zﬁ] = D‘j {20& (Km — StTK’yZ])] ,
where A = D'D,.

The minimal strain condition

e minimize ©0;;, similarly.



slicing conditions (shift) #

Minimal strain condition

1
O — NI " el s §D(uﬁy), where t* = an” + G*

Dj@ij =0 = Aﬁz S Dszﬁj o0 Rijﬁj e QDJ (CVKZJ)
: %,
BC at far region gr° =const. & ——[8r°] =0.

anti grid-stretching"

"betat2.5468351 .txt"

"beta/betat1.6719496.txt"




Procedure of the Standard Numerical Relativity

H 3+1 (ADM) formulation

Need to solve elliptic PDEs
-- Conformal approach
-- Thin-Sandwich approach

B Preparation of the Initial Data

@ Assume the background metric /
& Solve the constraint equations

singularity avoidance,

) ) simplify the system,
B Time Evolution

GW extraction, ...
do time=1, time_end /

& Specify the slicing conditions
@ Evolve the variables
@ Check the accuracy

& Extract physical quantities
end do



Procedure of the Standard Numerical Relativity

H 3+1 (ADM) formulation

Need to solve elliptic PDEs
-- Conformal approach

B Preparation of the Initial Data - Thin-Sandwich approach

@ Assume the background metric /
& Solve the constraint equations

singularity avoidance,

. . simplify the system,
B Time Evolution

GW extraction, ...
do time=1, time_end /

& Specify the slicing conditions Robust formulation ?
& Evolve the variables = ” mOd'f'ed_AD_'V'

-- hyperbolization
€ Check the accuracy

-- asymptotically constrained
& Extract physical quantities
end do
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Numerical Simulations using Ashtekar variables

HS and G. Yoneda, Class. Quant. Grav. 17 (2000) 4799
Class. Quant. Grav. 18 (2001) 441

Objective

Compare numerical stability between three types of hyperbolic formulations.

Strategy

e plane symmetric, vacuum spacetime
true freedom of gravitational wave of two polarized (+ and x) modes.
e the same initial data — solve ADM constraints using the standard conformal approach
e the same boundary conditions — periodic boundary conditions
N=1 N'=0, Al=A'N'=0

Brailovskaya predictor-corrector/iterative Crank-Nicholson

e the same slicing conditions

e the same evolution scheme
e with different set of dynamical equations

— ADM / Ashtekar (original / strongly hyperbolic / symmetric hyperbolic)

— A-system, “adjusted system”, - --
e The results are analyzed by monitoring the violation of constraint equations which are again compared

expressed using the same (or transformed if necessary) variables.



e Metric

ds® = (—N2 | ]\Q,;]\F”)dt2 + 2N, dxdt + fymdxz + ’yyydy2 | %zdz2 + 27y,.dydz

e Initial data — York-O'Murchadha’s Conformal Approach

Input quantities
(1 0 0 (1 0 0

— 3-metric y;; = | + qeble—e)’ or I ae

\ | — qe ble—e)’ \ 1
— trK = K (constant)

— TT part of the extrinsic curvature, ATT =0

e Solve the Hamiltonian constraint

SA =

”ﬂ[ Oj)) = Ry + < )%’
conformal transformation

— ¢4’A7z iz ¢ %j

—b(z—c)?




The Ashtekar formulation:

PRL 57, 2244 (1986); PRD 36, 1587 (1987).

e New variables

( (

A = wZQ — 56 owi- = — K BV ja _ 56 Wy and EZ eEé

e The evolution equations for a set of (E?, A%) are
OB = —iDj(e?, NEJE}) + 2D;(NVEY) + iAbey” B,
O A = —1e” CNEbFC + NJF‘L + D; Ay + 2AN¢;,
where D; X7 := 0;X]" —ie," A' X7, and F}) .= 20 A% — 1€, ALAS.
e Constraint equations: (Hamiltonian, momentum and Gauss constraints)
CpM = (i/2)e". ELEJF — 2A detE ~ 0,
CASH = F!F] ~0,

Ca%M .= DB =~ 0.

e Gauge variables: IV, N?, and the “triad lapse” AS.

N
—_t
~N O
~— —




ADM 2 Ashtekar

evolution

initial data t =1y
construction
11 a
Yigs $i; Lg, A;
p— 5 (Vij» Kij) = Af
1. Define a triad £ from 3-metric ~;;: L. triad £}
| B! E! E! ' [ vAm 00] 2. inverse triad E!
E! = E.',-’. E;-; 133 — 0O b d 3. connection 1-form w = E"”V,E;,’
E3 E;f E? 0 e ¢ which can be expressed

2. inverse triad £,
3. density e: e = detE¢
4. b“ = ekl 4. A = — K F'* —

1.J wi ~J 1 ol WK .t 1
W‘;I - b ()[/Iby] o b’[l[\“b", b ()[pb',,: T b’l ()[/)‘b"

L (1 .
( 2 ;)
‘) T )

I
m



Ashtekar 2 ADM

initial data

evolution

construction

Yij — K (

1. density e = (detE")"/2
2.4 = E,E}/¢’
3. i

s
E; ., A;

Kij <= (B}, A)

1. un-densitized inverse triad E! = E' /e

2. triad E}

3. connection 1-form €%j.w?

4. K;; B = —A¢ + sepwi® = Z7, then
Ki; = Z{'Ej,
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10.0 -5.0 -4.0 2.0 0.0 2.0 4.0

Abstract. In order to perform accurate and stable long-time numerical integration of the Einstein *
equation, several hyperbolic systems have been proposed. Here we present a numerical comparison (o) (d) e
between weakly hyperbolic, strongly hyperbolic and symmetric hyperbolic systems based on 14 0.4 "’;QI”“"’.! \
Ashtekar’s connection variables. The primary advantage for using this connection formulation in 7 llllllll,,, ' 0.2 ’Q"\ " ‘\
this experiment is that we can keep using the same dynamical variables for all levels of hyperbolicity. ,%,’” IIIIII| 1.2 ’ ‘ ‘ ‘ \‘ .“’5“ ’ W )
Our numerical code demonstrates gravi?ationa.l wave prop:aga.tion in plz'me-s.ymmetric spacetirpes, ity III ”””I ” I ’ IIII’III‘\' \\\\ 1 Ery 2 B2y 0Fs ’ ‘ ‘"' \‘ i.l“’”"."(\\ / . ’ vv
and we compare the accuracy of the simulation by monitoring the violation of the constraints. """: ST I {‘“’I““ 0.3 - ~0.2 \\"0 w ()

‘\\ \ ‘/

\ ),

By comparing with results obtained from the weakly hyperbolic system, we observe that the
strongly and symmetric hyperbolic system show better numerical performance (yield less constraint
violation), but not so much difference between the latter two. Rather, we find that the symmetric
hyperbolic system is not always the best in terms of numerical performance.

This study is the first to present full numerical simulations using Ashtekar’s variables. We
also describe our procedures in detail. 10.0 -5.0 10.0 -5.0

""lllllllllll\ll
LU

Figure 2. Images of gravitational wave propagation and comparisons of dynamical behaviour of
Ashtekar’s variables and ADM variables. We applied the same initial data of two +-mode pulse
- - - - waves (a = 0.2,b = 2.0, ¢ = £2.5 in equation (21) and Ky = —0.025), and the same slicing
i . ch ] i [ ] i] - 1b Cc i condition, the standard geodesic slicing condition (N = 1). (a) Image of the 3-metric component
at E a = _ID J (6 a Iy E C E ]9) + 2D J (N E a ) + 1A() Gab E c? gyy of a function of proper time 7 and coordinate x. This behaviour can be seen identically both
in ADM and Ashtekar evolutions, and both with the Brailovskaya and Crank—Nicholson time-
a - ab nd ] c P, a integration scheme. Part (b) explains this fact by comparing the snapshot of g, at the same proper
8t Ai = —1€ c N Eb Fi . + N] F i + Dl A ) time slice (z = 10), where four lines at T = 10 are looked at identically. Parts (c) and (d) are of the
~ J J real part of the densitized triad E3, and the real part of the connection .42, respectively, obtained
from the evolution of the Ashtekar variables. )
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Adjusted-Ashtek tem work [T
justed-Ashtekar system works as well. ; ST
L N k=1.0 (strongly hyp.
3.3.1. Adjusted system for controlling constraint violations. ~Here we only consider the 0.040 | :
adjusted system which controls the departures from the constraint surface. In the appendix, I &
we present an advanced system which controls the violation of the reality condition together g i ’&\
with a numerical demonstration. .- 0.030 | i
Even if we restrict ourselves to adjusted equations of motion for (E’, A¢) with constraint 5 - b
terms (no adjustment with derivatives of constraints), generally, we could adjust them as g 000 | H
=} . v
= .
O E, = —iD;(e” ,NE!E}) +2D;(NVE) +iAfe,, ‘E. + X\Cy + Y/ Cyj + PCap, 3 f Yk
I i
(3.14) 0.010 ‘ !
O A¢ = —ie”’ NEj Ff;+ NF§, + DiA§ + ANE{ + QCy + R7“Cyr; + Z{"Ciy, (3.15)
i) ; j - . o 0.000 ‘ L ‘
where X', Y, Z%, P’ Q% and R’ are multipliers. However, in order to simplify the 8.0 120 16.0
discussion, we restrict multipliers so as to reproduce the symmetric hyperbolic equations )
of motion [10, 11], i.e. time

Figure 5. Demonstration of the adjusted system in the Ashtekar equation. We plot the violation of
the constraint for the same model as figure 3(b). An artificial error term was added at r = 6, in the
form of A§ — Ag (1+ error), where error is + 20% as before. (a), (b) L2 norm of the Hamiltonian

X=Y=72=0,

Pi b = K| (Nl Sb +iNe be E‘i ) constraint equation, C, and momentum constraint equation, Cyy,, respectively. The full curve is
a a ~ 4 e the case of k = 0, that is the case of ‘no adjusted’ original Ashtekar equation (weakly hyperbolic
a 2 Pa (3 16) system). The dotted curve is for k = 1, equivalent to the symmetric hyperbolic system. We see
Q i — K2 (e Iy E i ), that the other curve (k = 2.0) shows better performance than the symmetric hyperbolic case.

R = k3(ie > Ne“, EPEY).



