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1. Subjects for Numerical Relativity
 	 Why Numerical Relativity?
2. The Standard Approach to Numerical Relativity
         The ADM formulation
3. Alternative Approaches to Numerical Relativity
  	 Full numerical, but different foliations
	   Cauchy and characteristic/matching, hyperboloidal foliations
    	 Several approximations 
          Cauchy-perturbative, close-limit, quasi-spherical
 4. Unsolved problems
         etc, etc
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S: Initial 2-dimensional Surface

time direction

S: Initial 3-dimensional Surface

First Question:  How to foliate space-time? 

Cauchy approach
   or ADM 3+1 formulation 

Characteristic approach
  (if null, dual-null 2+2 formulation) 



3+1 versus 2+2

Cauchy (3+1) evolution Characteristic (2+2) evolution

pioneers ADM (1961), York-Smarr (1978) Bondi et al (1962), Sachs (1962),
Penrose (1963)

variables easy to understand the concept of
time evolution

has geometrical meanings
1 complex function related to 2 GW
polarization modes

foliation has Hamilton structure allows implementation of Penrose’s
space-time compactification

initial data need to solve constraints no constraints
evolution PDEs

need to avoid constraint violation
ODEs with consistent conditions
propagation eqs along the light rays

singularity need to avoid by some method can truncate the grid
disadvantages can not cover space-time globally difficulty in treating caustics

hard to treat matter



Numerical Relativity in Dual-Null Foliation
J.M. Stewart, H.Friedrich, Proc. R. Soc. Lond. A 384, 427 (1982)

R.W. Corkill, J.M. Stewart, Proc. R. Soc. Lond. A 386, 373 (1983)

Colliding Plane-wave        
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Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

transform ADM to Newman-Penrose



Connection Formula from ADM to Newman-Penrose variables
From (γij, Kij) to (Ψ0, · · ·Ψ4) via Weyl tensor’s Electric & Magnetic decomposition

Gunnersen-Shinkai-Maeda, Class. Quant. Grav. 12 (1995) 133

time

3-space

outgoingoutgoing outgoingoutgoing

Weyl curvature and its electric and a magnetic components:

Cabcd = Rabcd − ga[cRd]b + gb[cRd]a −
1
3
Rga[cgd]b,

Eab ≡ − Cambntmtn, Bab ≡ − ∗Cambntntm,

where ∗Cabcd = 1
2ε mn

ab Cmncd is a dual of the Weyl tensor.
With ADM variables,

Eab = Rab − K m
a Kbm + KKab −

2
3
Λγab,

Bab = ε mn
a DmKnb.

By defining sab = γab − ẑaẑb, we decompose

Eab = eẑaẑb + 2e(aẑb) + eab − (1/2)sabe.

Bab = bẑaẑb + 2b(aẑb) + bab − (1/2)sabb.

With la = (1/
√

2)(ta+za), na = (1/
√

2)(ta−za), ma = (1/
√

2)(xa−iya),
J b

a ≡ ε bcd
a ẑctd, and s = −1 for (−,+,+,+),

Ψ0 ≡ Cabcdl
amblcmd = −(eab + sJ c

a bbc)mamb,

Ψ1 ≡ Cabcdl
anblcmd = −(s/

√
2)(ea + sJ c

a bc)ma,

Ψ2 ≡ Cabcdl
ambm̄cnd = −(1/2)(e + ib),

Ψ3 ≡ Cabcdl
anbm̄cnd = −(s/

√
2)(ea − sJ c

a bc)m̄a,

Ψ4 ≡ Cabcdn
am̄bncm̄d = −(eab − sJ c

a bbc)m̄am̄b.

Note that

CabcdC
abcd = Ψ4Ψ0 − 4Ψ1Ψ3 + 3Ψ2

2.

RabcdR
abcd = CabcdC

abcd + 2RabR
ab − (1/3)R2.

... applied to many groups’ numerical codes.



Head-on Collision of 2 Black-Holes (Misner initial data)
NCSA group 1995



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

"characteristic approach"



3915

outgoing formulation             ingoing formulation

Wobbling BH
Kerr-Schild BH



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

"Cauchy-characteristic matching" technique



GW extraction and outer BCs by Cauchy-characteristic matching 

                                                            Southampton group (90s), Pittsburgh group (90s)



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

hyperboloical foliation
"conformal Einstein eqs." 



Conformal Field Equations, Asymptotically null, Hyperboloidal approach

H. Friedrich, Proc. Roy. Soc. A375, 169 (1981); A378, 401 (1981).

P. Hübner, Class. Quant. Grav. 16 2145 (1999); 16 2823 (1999); 18 1421 (2001); 18 1871 (2001).

• A symmetric hyperbolic system.

• 5 gauge functions: (α, βa, R)
where R is the Ricci scalar.

• 57 variables:

γij, Kij,

the connection coefficients γa
bc,

projections of 4-d R̂ab Ricci tensor
(0,1)R̂a = nbγa

cR̂bc
(1,1)R̂ab = γa

cγb
dR̂bd

the electric and magnetic components of

the rescaled Weyl tensor Cabc
d,

the conformal factor Ω

Ω0 ≡ na∇aΩ,∇aΩ,∇a∇aΩ.



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

"Cauchy-perturbative matching" technique



GW extraction and outer BCs by Cauchy-perturbative matching 
Binary BH Grand Challenge Alliance, PRL80(1998)1812

M.E. Rupright et al, PRD57(1998)1084

L. Rezzola et al, PRD58(1998)044005, PRD59(1999)064001

               ADM 3D code, Teukolsky wave test



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

connect to "close-limit approximation"



 Close-limit approximation

      head-on collision of black-holes (Misner data)
R. Price , J. Pullin, Phys. Rev. Lett. 72, 3297 (1994)

P. Anninos, et al. Phys. Rev. D 52, 4462 (1995)
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Full Numerical Simulation
 by Cauchy evolution 
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Full Numerical Simulation
 by Cauchy evolution 

Connect to 
Perturbation eqs 

" Close-limit" approx. 



Cauchy approach is not enough... 

Need outer boundary tricky treatments, 
Need better gravitational wave extractions,
Need wider coverage of space-time,  

"quasi-spherical approximation"
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Full Numerical Simulation
 by Cauchy evolution 

Connect to 
dual-null (truncated) eqs 

"Quasi-Spherical" approx. 



Quasi-Spherical Approximation scheme
S.A. Hayward, Phys. Rev. D61, 101503 (2000).

The scheme truncates the Einstein equations by removing second-order terms which
would vanish in a spherically symmetric space-time.

• dual-null formulation is adapted to radiation extraction.

• only ordinary differential equations need be solved

• providing a computationally inexpensive estimate of the gravitational waveforms
produced by a black-hole collision, given a full numerical simulation up to (or
close to) coalescence, or an analytical model thereof.

• No prescribed background is required and that arbitrarily rapid dynamical pro-
cesses (close to spherical symmetry) are allowed.

How well the scheme handles deviations from spherical symmetry?
against angular momentum? (cf. coalescing black holes)






