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Kepler’s law

0.1 Kepler’s laws of planetary motion

Johannes Kepler discovered the following laws on the motion of planets.

r Kepler’s law (1609, 1618)

Ist law The orbit of a planet is an ellipse with the Sun at one
of the two foci.

2nd law A line segment joining a planet and the Sun sweeps
out equal areas during equal intervals of time.

3rd law  The square of the orbital period of a planet is propor-
tional to the cube of the semi-major axis of its orbit.
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Figure 3: Kepler’s first, second and third law of planetary motion.

Figure 1: Johannes
Kepler (1571-1630)
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Figure 2: An ellipse
and two foci.



Newton’s law

0.2 Newton’s laws of motion

Isaac Newton formulated the basic laws of the motion.

1st law

2nd law

3rd law

r Newton’s law of motion (1687)

If there is no net force, an object either remains at
rest or continues to move at a constant velocity.

The force F' produces the acceleration a to an object
([m/s?]). The relation (“equation of motion”) is

F = ma, (0.1)

where m is the mass of the object ([kg]).

When one body exerts a force on a second body, the
second body simultaneously exerts a force equal in
magnitude and opposite in direction on the first body.

Figure 4: I[saac
Newton (1642-1726)



http://hikingartist.com/




http://hikingartist.com/




Gravity is universal

Universal Force

=Every objects have attractive force

Mm d?
m—x = F

F=G
re dt?




These laws derive some conservation laws.

~ (A) conservation of linear momentum

When two objects (with mass m4, mp) interact each other
(such as collision, merger, separations, penetration), then the
total linear momentum is conserved:

MAVA +MmpBvR = mavy + mpv'y (0.2)

where v4,vp are velocities of each object before interaction
([m/s] with its directional information), v’,,v}; are those of
after interaction ([m/s| with its directional information).

Figure 7: On the ice, two standing
couple begin pushing each other. How
will they move?

Figure 6: Newton’s
cradle.



r (B) conservation of energy ~N

If there is no friction, the total energy of the system E (sum of
the potential energy and kinetic energy) is conserved:

1 1
E = mghy + Emvf = mghso + §m'v% (0.3)
where m, g, h,v are the mass of an object ([kg]), gravitational ac-
celeration (=9.8 [m/s?]), height location of the object ([m]), and
the speed of the object ([m/s]), respectively.
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Figure 8: Jet coaster does not have its engine. The initial potential energy decides its later velocity.



r (C) conservation of angular momentum

If an object begins rotation, the angular momemtum,

™ XMmv

([m/s] with directional information), respectively.

is conserved, where r,m,v are directional vector from rotating
axis ([m]), mass of an object ([kg]), and the velocity of an object Figure 9: Figure

(0.4)

skater rotates faster
- /) by shrinking her arms.
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Figure 3: Kepler’s first, second and third law of planetary motion.



0.3 Least approaching time of life saver

The next problem is independent from the previous issues.

ing a software.

~ (Prob.) Least approaching time of life saver

A beautiful girl has fallen out of a boat, and she is screaming for
help in the water (at C in the figure). We are at point A on land,
and we see the accident, and we can run and can also swim. We
can run 3 times faster than swim. If we plan to reach C as quick
as we can, we should run a little greater distance on land. Where,
then, is the point B on the shoreline at which we start to swim?

Let the coordinate A(0,—50) and C(100, 50), and find B(z, 0) us-

/

=SQRT(A2*A2+F2°F2)/D2

=SQRT(A3*A3+F3*F3)/D3

=SQRT(A4*A4 +F4*F4)/D4

(= e D E —— i (4)
1 distance a [m] |distance b [m] |distance ¢ [m] |v! [m/s) |v2 [m/s] |distance x [m] [b1 [s) 2 (s) t1+2 [s)
2 50 100 50 3 ] so| , 23570 071 94281 |<~ =G2+H2
3 50 100 50 3 1 51/ ; 23807 70,007 93814
4 50 100 50 3 1 24,046 69.311 93.357 1 =C3+H3
3 50 100 50 3 1 53 24288 68 622 92910

=SQRT((B2-F2)*(B2-F2)+C2"C2)/E2

=SQRT((B3-F3)*(B3-F3)+C3*C3)/E3

(3)




_ A B C D E F [
1 distance a[m] [distance b [m] |distance ¢ [m] |vi [m/s] |v2 [m/s] |distance x [m] [t1 [s] t2 [s] t1+2 [s]
2 | 50 100 50 3 1 50 23570 70.711 94.281
3 | 50 100 50 3 1 51 23.807 70.007 93.814
4 50 100 50 3 1 52 24.046 69.311 93.357
5 50 100 50 3 1 53 24.288 68.622 92.910
6 50 100 50 3 1 54 24531 67.941 92.472
7 | 50 100 50 3 1 55 24777 67.268 92.045
8 50 100 50 3 1 56 25.024 66.603 91.628
9 50 100 50 3 1 57 25.274 65.947 91.221
10 | 50 100 50 3 1 58 25.526 65.299 90.825
11 50 100 50 3 1 59 25.779 64.661 90.440
24 50 100 50 3 1 72 29.219 57.306 86.526
25 | 50 100 50 3 1 73 29.494 56.824 86.318
26 50 100 50 3 1 74 29.769 56.356 86.125
27 50 100 50 3 1 75 30.046 55.902 85.948
28 | 50 100 50 3 1 76 30.324 55.462 85.786
29 50 100 50 3 1 77 30.603 55.036 85.640
30 50 100 50 3 1 78 30.883 54.626 85.509
31 50 100 50 3 1 79 31.164 54.231 85.395
32 50 100 50 3 1 80 31.447 53.852 85.298
33 | 50 100 50 3 1 81 31.730 53.488 85.218
34 50 100 50 3 1 82 32.014 53.141 85.155
35 50 100 50 3 1 83 32.299 52.811 85.110
36 | 50 100 50 3 1 84 32.585 52.498 85.083
37 50 100 50 3 1 85 32.872 52.202 85.073
38 50 100 50 3 1 86 33.160 51.923 85.083
39 50 100 50 3 1 87 33.448 51.662 85.111
40 | 50 100 50 3 1 88 33.738 51.420 85.157
41 | 50 100 50 3 1 89 34.028 51.196 85.223
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1 Special Relativity: Theory of time

1.1 Confusions from Maxwell’s equation
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Maxwell’s equation (1864)
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V- E = d4mp, (2.20)
V-B = |, (2.21)
10F 47 |
Figure 12: James C. VX B - c ot ?], (2.22)
Maxwell (1831-1879) 1B
VXE+-— = 0 2.23
BT c Ot ’ (2.23)
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1. Special Relativity >> 1.1 Confusion from the Maxwell els
Ether? Why c in eqgs?
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e First one is why the wave propagates in the vacuum. We need
some medium, like molecules of air for sound wave. Physicists,
therefore, named the medium, Ether !, and began experiments to
detect it.

e Second question is the appearance of the speed of light in the equa-
tions. The measure of speed certainly depends on the observers,
so physicists had to define some special observer.
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Michelson-Morley experiment 1887

] I.Juminifeg'ous .Ethgr

Movable

Beam  compensator
Splitter

Sodium

IR Y
If Ether exists, its effect will change by

.| seasons. Such a tiny differences can be
measured by interferometer.




double slit experiment of light

Experiment | Interference of waves
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Figure 15: Double-slit experiment of light.



Michelson Interferometer

Michelson Interferometer

MIT Department of Physics
Technical Services Group b



Michelson-Morley experiment 1887
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Lorentz’s idea “contraction”

The result of Michelson and Morley made physicists in confusion.
The result indicated that the wind of Ether is not observable. Many
physicists proposed explanations for this fact which were ‘consistent’
with the existence of Ether. For example, if Ether will circulate together
with the Earth, the experiment had no contradiction. This explanation
predicts that Ether moves due to the gravity of the Earth. Michelson
tried his experiment again with the heavy gravity source at one arm of
interferometer, but there was no differences in the interference patterns.

The theory of Ether became difficult. FitzGerald and Lorentz began
changing the Newton’s physics. They proposed that all the matter will
shrink its length if they move at large speed, which is called the Lorentz-
FitzGerald contraction. If we suppose that the matter of length L at
the speed v = 0 will change its length if it moves with the speed v in its
moving direction as

L' =/1-(v/c)2L (1.5)

where ¢ is the speed of light, then there is no contradiction with the
experiments. This relation can be interpreted also as the clock timing
of the observer who moves at the speed v will be longer with the factor

1/y/1— (v/e)?.

Figure 16: Hendrik
A. Lorentz
(1853-1928)

George F. FitzGerald
(1851-1901)




Lorentz’s idea “contraction”

[Detail explanation] (you can skip this part)
Lorentz explained this proposal with coordinate transformation
(1904). That is, if we change our coordinate (¢,z,y, z) into the
new coordinate (t’',z’,7/, 2") which moves in z-direction with the
speed v, then we obtain

, o b=/
V1-(v/c)?
— vt
g = i , (1.6)
VI= (/P
y =, Figure 16: Hendrik
) A. Lorentz
£ = & (1853-1928)
These relation can be written in a matrix form as
. —v/e g
t'l ( Vi—(@/o)?  /1=(v/c)? \ t
T —v 0 0 T
yl = \/l—(‘v/c)2 \/1—(‘v/c)2 y (17)
o 0 0 1 0 .
\ 0 0 0 1)




Einstein’s idea “principle of relativity”

Two principles by Einstein

Albert Einstein proposed a new interpretation to the problem. He starts
from proposing two principles, which derive the Lorentz transformation
(1.7), and also conclude that we do not need Ether for explaining the
Maxwell equations. Two principles are the followings:

(a) Principle of Relativity : All the physics laws should be the same
equation, independent from the observers’ coordinate.

(b) Prmmple f)f the constant speed of. llght.! The sp(?ed of light  p. gure 17: Albert
in vacuum is the constant at any coordinate in the Universe. Einstein (1879-1955)

By assuming these two simple principles,
we do not have any problem.
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cCtcec=c

In our daily life, if we throw a ball with speed v; in the train with
speed wve, then the ball moves at the speed v; + v2 (measured from the
ground observer). Einstein’s theory, however, says that this is not true.
The true additive calculation should be

V1 + V2
1 + (vive/c?)

V] + UV = (1.8)

which is derived from Lorentz transformation, (1.7). This rule says if
the speed is small compared with ¢, then v + vo is approximately true.
Actually, this approximation is valid unless speed is close to c.

Exercise 1

Using the additive rule (1.8), fill in the blanks.
V1 V2 V1 + V2
0.1% of light 0.1% of light | 0.1999998% of light
0.10c 0.10c
0.50c 0.50c
0.90c 0.90c
0.99¢ 0.99¢

C C




Special Relativity

Physics at near speed of light
'Time is relative,

Newton’s Mechanics

F = ma




1.3 Time is Relative
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Figure 18: (Left) A light-clock. (Right) When the clock is in a rocket at
large speed, a light-ray has to move longer distance for traveling between two
mirrors, which means one second in a rocket is longer than that on the Earth.

Moving-clock delays than a clock on the Earth.



Time Travel to the Future

Time travel to the future
Actual difference of time can be expressed by the equation

T' = \/1— (v/c)2T (1.9)

where T is the clock time (say, one second) in a rocket moving at speed
v and T is the time (say, one second) at rest observer.

The right table is examples of the value of /1 — (v/c)?. This table
shows that the difference of time will crucially large when the speed v
is close to c.

Exercise 2a | The ISS (International Space Station) circulates around
the Earth with a speed 7.8 km/s|, which is 0.000026¢c. How much is the
difference of time for a staff who stayed a year in ISS comparing to a
person on the Earth?

v Vv1—(v/e)?
0.1c 0.99499
0.5 ¢ 0.86603
09c¢c 0.43589
0.99¢ 0.14107
Ex.2 | Time travel to

the future.



Time Travel to the Future

Story of Mr. Taro Urashima



Time Travel to the Future

Exercise 2b | According to a story of Mr. Taro Urashima, a famous
fairy-tale in Japan, Mr. Urashima spended three-years travel to Ryugu
castle and traveled back to his town, but he found that he suddenly got
old and all the people he knew turned out to have died. If we interpreted
this story as a time travel to the future (say 300 years) using a rocket,
what is the speed of the rocket? Use the approximation,

Ji= /e~ - % (9)2 (1.10)

if your calculator is not smart.




Exercise 2a | The ISS (International Space Station) circulates around |Ex.2|Time travel to
the Earth with a speed 7.8 [km/s|, which is 0.000026¢. How much is the the future.
difference of time for a staff who stayed a year in ISS comparing to a

person on the Earth?

n5)= 365 %24 *60 *60 % (1 - Sqrt[1 - 0.000026"2])

out51= 0.0106592

Exercise 2b | According to a story of Mr. Taro Urashima, a famous
fairy-tale in Japan, Mr. Urashima spended three-years travel to Ryugu
castle and traveled back to his town, but he found that he suddenly got
old and all the people he knew turned out to have died. If we interpreted
this story as a time travel to the future (say 300 years) using a rocket,
what is the speed of the rocket? Use the approximation,

J1— (v/e)? ~1- % (’-’)2 (1.10)

c
if your calculator is not smart.
In[7:= NSolve[300 »Sgrt[1l- (v/c) " 2] == 3, v]
outi7l= {{v>-0.99995c¢c}, {v—->0.99995c}}



Lifetime of high-speed particle is longer !
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The most famous physics formula

E = mc?

Energy mass X light-speed A2
Energy = mass
mass can be converted to energy!

(ma = F) :
E = chﬁ —m ¢

dr 1 - (v/c)?

:: mCQ)Jr %m’v2 + ng—Q +




E =mc2 Dby Albert Einstein himself

It followed from the special theory
of relativity that mass and energy
are both but different
manifestations of the same thing —
a somewhat unfamiliar conception
for the average mind.

Furthermore, the equation E = mc?,
In which energy is put equal to
mass, multiplied by the square of
the velocity of light, showed that
very small amounts of mass may
be converted into a very large
amount of energy and vice versa.

The mass and energy were in fact
equivalent, according to the
formula mentioned before.

This was demonstrated by
Cockcroft and Walton in 1932,
experimentally.



Special Relativity (1905)

o Motivation -
Why the light speed c appears in Maxwell equation?
Why the light propagates in vacuum?

The light propagates in Ether.
The speed ¢ changes by observers.
But Ether can not be observed ---.

The light propagates in vacuum.
The speed c is constant in any observers.



General Relativity

Physics of heavy objects
Gravity is produced by the warp of spacetime}

Special Relativity

Physics at near speed of light
'Time is relative,

Newton’s Mechanics

F = ma




