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O
u
tlin

e

•
T

h
re

e
a
p
p
ro

a
ch

e
s:

A
D

M
/
B

S
S
N

,
h
y
p
e
rb

o
lic

fo
rm

u
la

tio
n
,
a
ttra

cto
r

sy
ste

m
s

•
P

ro
p
o
sa

ls
:

A
u
n
ifi

e
d

tre
a
tm

e
n
t

a
s

A
d
ju

ste
d

S
y
ste

m
s

A
n
a
ly

tic
S
u
p
p
o
rt:

C
o
n
stra

in
t

P
ro

p
a
g
a
tio

n
e
q
s.

S
o
m

e
p
re

d
ictio

n
s

a
n
d

N
u
m

e
rica

l
e
x
p
e
rim

e
n
ts

P
la

n
o
f
th

e
ta

lk

1
.
In

tro
d
u
ctio

n

2
.
T

h
re

e
a
p
p
ro

a
ch

e
s

(1
)

A
rn

o
w

itt-D
e
se

r-M
isn

e
r

/
B

a
u
m

g
a
rte

-S
h
a
p
iro

-S
h
ib

a
ta

-N
a
k
a
m

u
ra

(2
)

H
y
p
e
rb

o
lic

fo
rm

u
la

tio
n
s

(3
)

A
ttra

cto
r

sy
ste

m
s

–
“
A

d
ju

ste
d

S
y
ste

m
s”

3
.
A

d
ju

ste
d

A
D

M
sy

ste
m

s

F
la

t
b
a
ck

g
ro

u
n
d

S
ch

w
a
rzsch

ild
b
a
ck

g
ro

u
n
d

4
.
A

d
ju

ste
d

B
S
S
N

sy
ste

m
s

F
la

t
b
a
ck

g
ro

u
n
d

5
.
S
u
m

m
a
ry
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F
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la
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n
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P
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b
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N
um
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R
elativity

–
N
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unveiling
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gravity

–
G

ravitationalW
ave

from
colliding

B
lack

H
oles,

N
eutron

S
tars,

S
up

ernovae,
...

–
R
elativistic

P
henom

ena
like

C
osm

ology,
A
ctive

G
alactic

N
uclei,

...

–
M

athem
atical

feedbacks
to

S
ingularity,

E
xact

S
olutions,

C
haotic

b
ehaviors,

...

–
L
ab

oratory
of

G
ravitational

theories,
H

igher
dim

ensional
m

odels,
...

Neutron Stars / 
Neutron Stars / 
Black Holes
Black Holes

Gravitational Waves
Gravitational Waves
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B
est

form
ulation

of
the

E
instein

eqs.
for

long-term
stable

&
accurate

sim
ulation?

M
any

(too
m

any)
trials

and
errors,

not
yet

a
definit

recip
e.

tim
e

tim
e

errorerror
B

low
 up

B
low

 up
B

low
 up

B
low

 up

A
D

M
A

D
M

B
SSN

B
SSN

M
athem

atically
equivalent

form
ulations,

but
diff

er
in

its
stability!

strategy
0:

A
rnow

itt-D
eser-M

isner
form

ulation

strategy
1:

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

strategy
2:

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly

strategy
3:

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

B
y

adding
constraints

in
R
H

S
,
w
e

can
kill

error-grow
ing

m
odes

⇒
H

ow
can

w
e

understand
the

features
system

atically?



strategy
0

T
he

standard
approach

::
A
rnow

itt-D
eser-M

isner
(A

D
M

)
form

ulation
(1962)

3+
1

decom
p
osition

of
the

spacetim
e.

E
volve

12
variables

(γ
ij ,K

ij )

w
ith

a
choice

of
gauge

condition.
coord

inate constant line
surface norm

al line
surface norm

al line
N

i

lapse function, N

shift vector, N
shift vector, N

i

t =
 constant hypersurface

t =
 constant hypersurface

M
axw

ell
eqs.

A
D

M
E
instein

eq.

constraints
div

E
=

4π
ρ

div
B

=
0

(3)R
+

(trK
)
2−

K
ij K

ij
=

2κ
ρ

H
+

2Λ

D
j K

ji −
D

i trK
=

κ
J

i

evolution
eqs.

1c
∂

t E
=

rot
B

−
4πc

j

1c
∂

t B
=
−

rot
E

∂
t γ

ij
=
−

2N
K

ij
+

D
j N

i +
D

i N
j ,

∂
t K

ij
=

N
(

(3)R
ij

+
trK

K
ij )−

2N
K

il K
lj −

D
i D

j N

+
(D

j N
m

)K
m

i +
(D

i N
m

)K
m

j
+

N
m
D

m
K

ij −
N

γ
ij Λ

−
κ
α{S

ij
+

12 γ
ij (ρ

H
−

trS
)}



strategy
1

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

–
define

new
variables

(φ
,γ̃

ij ,K
,Ã

ij ,Γ̃
i),

instead
of

the
A
D

M
’s

(γ
ij ,K

ij )
w

here

γ̃
ij ≡

e −
4φγ

ij ,
Ã

ij ≡
e −

4φ(K
ij −

(1/3)γ
ij K

),
Γ̃

i≡
Γ̃

ijk γ̃
jk,

use
m

om
entum

constraint
in

Γ
i-eq.,

and
im

p
ose

d
etγ̃

ij
=

1
during

the
evolutions.

–
T

he
set

of
evolution

equations
b
ecom

e

(∂
t −

L
β )φ

=
−

(1/6)α
K

,

(∂
t −

L
β )γ̃

ij
=

−
2α

Ã
ij ,

(∂
t −

L
β )K

=
α
Ã

ij Ã
ij

+
(1/3)α

K
2−

γ
ij(∇

i ∇
j α

),

(∂
t −

L
β )Ã

ij
=

−
e −

4φ(∇
i ∇

j α
)
T

F
+

e −
4φα

R
(3)
ij

−
e −

4φα
(1/3)γ

ij R
(3)

+
α

(K
Ã

ij −
2Ã

ik Ã
k
j )

∂
t Γ̃

i
=

−
2(∂

j α
)Ã

ij−
(4/3)α

(∂
j K

)γ̃
ij

+
12α

Ã
ji(∂

j φ
)−

2α
Ã

k
j(∂

j γ̃
ik)−

2α
Γ̃

k
lj Ã

j
k γ̃

il

−
∂

j (β
k∂

k γ̃
ij−

γ̃
k
j(∂

k β
i)−

γ̃
k
i(∂

k β
j)

+
(2/3)γ̃

ij(∂
k β

k) )

R
ij

=
∂

k Γ
kij −

∂
i Γ

kk
j
+

Γ
mij Γ

km
k −

Γ
mk
j Γ

km
i
=

:
R̃

ij
+

R
φij

R
φij

=
−

2D̃
i D̃

j φ
−

2g̃
ij D̃

lD̃
l φ

+
4(D̃

i φ
)(D̃

j φ
)−

4g̃
ij (D̃

lφ
)(D̃

l φ
)

R̃
ij

=
−

(1/2)g̃
lm

∂
lm

g̃
ij

+
g̃

k
(i ∂

j) Γ̃
k

+
Γ̃

kΓ̃
(ij)k

+
2g̃

lm
Γ̃

kl(i Γ̃
j)k

m
+

g̃
lm

Γ̃
kim

Γ̃
k
lj

–
N

o
explicit

explanations
w

hy
this

form
ulation

w
orks

b
etter.

A
E
I
group

(2000):
the

replacem
ent

by
m

om
entum

constraint
is

essential.



strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.

F
or

a
first

order
partial

diff
erential

equations
on

a
vector

u
,

∂
t 

u
1

u
2...


=


A


∂

x



u
1

u
2...


︸

︷︷
︸

characteristic
part

+
B



u
1

u
2...


︸

︷︷
︸

low
er

order
part

if
the

eigenvalues
of

A
are

w
eakly

hyp
erb

olic
all

real.

strongly
hyp

erb
olic

all
real

and
∃

a
com

plete
set

of
eigenvalues.

sym
m

etric
hyp

erb
olic

if
A

is
real

and
sym

m
etric

(H
erm

itian).

Sym
m

etric hyp.
Sym

m
etric hyp.

Strongly hyp.
Strongly hyp.

W
eakly hyp.

W
eakly hyp.

E
xp

ectations

–
W

ellp
osed

b
ehaviour

sym
m

etric
hyp

erb
olic

system
=⇒

W
E
L
L
-P

O
S
E
D

,
||u

(t)||≤
e
κ
t||u

(0)||

–
B
etter

b
oundary

treatm
ents⇐

=
∃

characteristic
field.

–
know

n
num

erical
techniques

in
N

ew
tonian

hydrodynam
ics.



form
ulations

num
erical

applications
(0)

T
he

standard
A

D
M

form
ulation

A
D

M
1962

A
rnow

itt-D
eser-M

isner
[12,

78]
⇒

m
any

(1)
T

he
B

SSN
form

ulation
B

SSN
1987

N
akam

ura
et

al
[62,

63,
72]

⇒
1987

N
akam

ura
et

al
[62,

63]
⇒

1995
Shibata-N

akam
ura

[72]
⇒

2002
Shibata-U

ryu
[73]

etc
1999

B
aum

garte-Shapiro
[15]

⇒
1999

B
aum

garte-Shapiro
[15]

⇒
2000

A
lcubierre

et
al

[5,
7]

⇒
2001

A
lcubierre

et
al

[6]
etc

1999
A

lcubierre
et

al
[8]

1999
Frittelli-R

eula
[41]

2002
L
aguna-Shoem

aker
[54]

⇒
2002

L
aguna-Shoem

aker
[54]

(2)
T

he
hyperbolic

form
ulations

B
M

1989
B

ona-M
assó

[17,
18,

19]
⇒

1995
B

ona
et

al
[19,

20,
21]

⇒
1997

A
lcubierre,

M
assó

[2,
4]

1997
B

ona
et

al
[20]

⇒
2002

B
ardeen-B

uchm
an

[16]
1999

A
rbona

et
al

[11]
C

B
-Y

1995
C

hoquet-B
ruhat

and
Y

ork
[31]

⇒
1997

Scheel
et

al
[69]

1995
A

braham
s

et
al

[1]
⇒

1998
Scheel

et
al

[70]
1999

A
nderson-Y

ork
[10]

⇒
2002

B
ardeen-B

uchm
an

[16]
F
R

1996
Frittelli-R

eula
[40]

⇒
2000

H
ern

[43]
1996

Stew
art

[79]
K

ST
2001

K
idder-Scheel-T

eukolsky
[51]

⇒
2001

K
idder-Scheel-T

eukolsky
[51]

⇒
2002

C
alabrese

et
al

[26]
⇒

2002
L
indblom

-Scheel
[57]

2002
Sarbach-T

iglio
[68]

C
F
E

1981
Friedrich[35]

⇒
1998

Frauendiener
[34]

⇒
1999

H
übner

[45]
tetrad

1995
vanP

utten-E
ardley[84]

⇒
1997

vanP
utten

[85]
A

shtekar
1986

A
shtekar

[13]
⇒

2000
Shinkai-Y

oneda
[75]

1997
Iriondo

et
al

[47]
1999

Y
oneda-Shinkai

[90,
91]

⇒
2000

Shinkai-Y
oneda

[75,
92]

(3)
A

sym
ptotically

constrained
form

ulations
λ-system

to
F
R

1999
B

rodbeck
et

al
[23]

⇒
2001

Siebel-H
übner

[77]
to

A
shtekar

1999
Shinkai-Y

oneda
[74]

⇒
2001

Y
oneda-Shinkai

[92]
adjusted

to
A

D
M

1987
D

etw
eiler

[32]
⇒

2001
Y

oneda-Shinkai
[93]

to
A

D
M

2001
Shinkai-Y

oneda
[93,

76]
⇒

2002
M

exico
N

R
W

orkshop
[58]

to
B

SSN
2002

Y
oneda-Shinkai

[94]
⇒

2002
M

exico
N

R
W

orkshop
[58]

⇒
2002

Y
o-B

aum
garte-Shapiro

[88]
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H-code
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strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.
(cont.)

sym
m

etric
hyp

erb
olic⊂

strongly
hyp

erb
olic⊂

w
eakly

hyp
erb

olic
system

s,

•
A
re

they
actually

helpful?
—

if
so,

w
hich

level
of

hyp
erb

olicity
is

necessary?

•
U

nder
w

hat
conditions/situations

the
advantages

w
ill

b
e

observed?

U
nfortunately,

w
e

do
not

have
conclusive

answ
ers

to
them

yet.

•
S
everal

num
erical

exp
erim

ents
indicate

that
the

direction
is

N
O

T
a

full
of

success .

–
E
arlier

num
erical

com
parisons

rep
orted

the
advantages

of
hyp

erb
olic

form
ulations,

but

they
w
ere

against
to

the
standard

A
D

M
form

ulation.
[C

ornell-Illinois,
N

C
S
A
,
...]

–
N

um
erical

evolutions
are

alw
ays

te
rm

in
a
te

d
w

ith
b
lo

w
-u

p
s.

–
If

the
gauge

functions
are

evolved
w

ith
hyp

erb
olic

equations,
then

their
finite

propagation

sp
eeds

m
ay

cause
a

pathological
sh

o
ck

fo
rm

a
tio

n
s

[A
lcubierre].

–
N

o
drastic

num
erical

diff
erences

b
e
tw

e
e
n

three
hyp

erb
olic

levels
[H

S
Y
oneda,

H
ern].

–
P
rop

osed
sym

m
etric

hyp
erb

olic
system

s
w
ere

not
alw

ays
the

b
est

one
for

num
erics.

O
f

course,
these

statem
ents

only
casted

on
a

particular
form

ulation,
therefore

w
e

have
to

b
e

careful
not

to
over-announce

the
results.



strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.
(cont.)

•
R
em

arks
to

hyp
erb

olic
form

ulations

(a)
R
igorous

m
athem

atical
proofs

of
w
ell-p

osedness
of

P
D

E
are

m
ostly

for
a

sim
ple

sym
-

m
etric

or
strongly

hyp
erb

olic
system

s.
Ifthe

m
atrix

com
p
onents

or
coeffi

cients
dep

end

dynam
ical

variables
(like

in
any

versions
of

hyp
erb

olized
E
instein

equations),
alm

ost

nothing
w
as

proved
in

its
general

situations.

(b)
T

he
statem

ent
of

“stability”
in

the
discussion

of
w
ell-p

osedness
m

eans
the

b
ounded

grow
th

of
the

norm
,
and

does
not

m
ean

a
decay

of
the

norm
in

tim
e

evolution.

(c)
T

he
discussion

of
hyp

erb
olicity

only
uses

the
characteristic

part
of

the
evolution

equations,
and

ignore
the

rest.

cf.
R
ecent

discussions

•
K

S
T

form
ulation

w
ith

“kinem
atic”

param
eters

w
hich

enables
us

to
reduce

non-principalpart.

•
links

to
IB

V
P

approach.

•
relations

b
etw

een
convergence

b
ehavior

and
levels

of
hyp

erb
olicity.



strategy
3

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

“
A

sy
m

p
to

tica
lly

C
o
n
stra

in
e
d

S
y
ste

m
”
–

C
onstraint

S
urface

as
an

A
ttractor

t=
0

 

C
o

n
stra

in
e

d
  S

u
rfa

ce
(sa

tisfie
s 

 
E

in
ste

in
's 

co
n

stra
in

ts)

tim
e

tim
e

errorerror

B
low

 up
B

low
 up

Stabilize?
Stabilize? ?

m
ethod

1:
λ
-system

(B
rodb

eck
et

al,
2000)

–
A
dd

aritificialforce
to

reduce
the

violation
of

con-

straints

–
T
o

b
e

guaranteed
if

w
e

apply
the

idea
to

a
sym

-

m
etric

hyp
erb

olic
system

.

m
ethod

2:
A
djusted

system
(Y

oneda
H

S
,
2000,

2001)

–
W

e
can

controlthe
violation

of
constraints

by
ad-

justing
constraints

to
E
oM

.

–
E
igenvalue

analysis
of

constraint
propagation

equations
m

ay
prodict

the
violation

of
error.

–
T

his
idea

is
applicable

even
if

the
system

is
not

sym
m

etric
hyp

erb
olic.⇒

for
the

A
D

M
/B

S
S
N

form
ulation,

too!!



Idea
of

λ
-system

B
rodb

eck,
F
rittelli,

H
übner

and
R
eula,

JM
P
40(99)909

W
e

exp
ect

a
system

that
is

robust
for

controlling
the

violation
of

constraints

R
e
cip

e
1.

P
repare

a
sym

m
etric

hyp
erb

olic
evolution

system
∂

t u
=

J
∂

i u
+

K

2.
Introduce

λ
as

an
indicator

of
violation

of
constraint

w
hich

ob
eys

dissipative
eqs.

of
m

otion
∂

t λ
=

α
C
−

β
λ

(α
�=

0,β
>

0)

3.
T
ake

a
set

of
(u

,λ
)

as
dynam

ical
variables

∂
t 

uλ


�


A

0

F
0


∂

i 
uλ



4.
M

odify
evolution

eqs
so

as
to

form
a

sym
m

etric
hyp

erb
olic

system
∂

t 
uλ


=


A

F̄

F
0


∂

i 
uλ



R
em

arks

•
B
F
H

R
used

a
sym

.
hyp.

form
ulation

by
F
rittelli-R

eula
[P

R
L
76(96)4667]

•
T

he
version

for
the

A
shtekar

form
ulation

by
H

S
-Y

oneda
[P

R
D

60(99)101502]

for
controlling

the
constraints

or
reality

conditions
or

b
oth.

•
S
ucceeded

in
evolution

of
G

W
in

planar
spacetim

e
using

A
shtekar

vars.
[C

Q
G

18(2001)441]

•
D

o
the

recovered
solutions

represent
true

evolution?
by

S
ieb

el-H
übner

[P
R
D

64(2001)024021]



Idea
of

“A
djusted

system
”

and
O

ur
C
onjecture

C
Q

G
18

(2001)
441,

P
R
D

63
(2001)

120419,
C
Q

G
19

(2002)
1027

G
eneral

P
rocedure

1.
prepare

a
set

of
evolution

eqs.
∂

t u
a

=
f
(u

a,∂
b u

a,···)

2.
add

constraints
in

R
H

S
∂

t u
a

=
f
(u

a,∂
b u

a,···)
+

F
(C

a,∂
b C

a,···)
︸

︷︷
︸

3.
choose

appropriate
F

(C
a,∂

b C
a,···)

to
m

ake
the

system
stable

evolution

H
ow

to
sp

ecify
F

(C
a,∂

b C
a,···)

?

4.
prepare

constraint
propagation

eqs.
∂

t C
a

=
g
(C

a,∂
b C

a,···)

5.
and

its
adjusted

version
∂

t C
a

=
g
(C

a,∂
b C

a,···)
+

G
(C

a,∂
b C

a,···)
︸

︷︷
︸

6.
F
ourier

transform
and

evaluate
eigenvalues

∂
t Ĉ

k
=

A
(Ĉ

a)
︸

︷︷
︸
Ĉ

k

C
o
n
je

ctu
re

:
E
valuate

eigenvalues
of

(F
ourier-transform

ed)
constraint

propagation
eqs.

If
their

(1)
real

part
is

non-p
ositive,

or
(2)

im
aginary

part
is

non-zero,
then

the
system

is
m

ore
stable.



T
h
e

A
d
ju

ste
d

sy
ste

m
(e

sse
n
tia

ls):

P
urp

ose:
C
ontrol

the
violation

of
constraints

by
reform

ulating
the

system
so

as
to

have
a

constrained
surface

an
attractor.

P
rocedure:

A
dd

a
particular

com
bination

of
constraints

to
the

evolution
equations,and

adjust

its
m

ultipliers.

T
heoretical

supp
ort:

E
igenvalue

analysis
of

the
constraint

propagation
equations.

A
dvantages:

A
vailable

even
if

the
base

system
is

not
a

sym
m

etric
hyp

erb
olic.

A
dvantages:

K
eep

the
num

b
er

of
the

variable
sam

e
w

ith
the

original
system

.

C
o
n
je

ctu
re

o
n

C
o
n
stra

in
t

A
m

p
lifi

ca
tio

n
F
a
cto

rs
(C

A
F
s):

(A
)

If
C
A
F

has
a

negative
real-part

(the
constraints

are
forced

to
b
e

dim
inished),

then
w
e

see
m

ore

stable
evolution

than
a

system
w

hich
has

p
ositive

C
A
F
.

(B
)

If
C
A
F

has
a

non-zero
im

aginary-part
(the

constraints
are

propagating
aw

ay),
then

w
e

see
m

ore

stable
evolution

than
a

system
w

hich
has

zero
C
A
F
.



E
x
a
m

p
le

:
th

e
M

a
x
w

e
ll

e
q
u
a
tio

n
s

Y
oneda

H
S
,
C
Q

G
18

(2001)
441

M
axw

ell
evolution

equations.

∂
t E

i
=

cε
i jk∂

j B
k

+
P

i C
E

+
Q

i C
B
,

∂
t B

i
=

−
cε

i jk∂
j E

k
+

R
i C

E
+

S
i C

B
,

C
E

=
∂

i E
i≈

0,
C

B
=

∂
i B

i≈
0,



sym
.

hyp
⇔

P
i
=

Q
i
=

R
i
=

S
i
=

0,

strongly
hyp

⇔
(P

i −
S

i )
2
+

4R
i Q

i
>

0,

w
eakly

hyp
⇔

(P
i −

S
i )

2
+

4R
i Q

i ≥
0

C
onstraint

propagation
equations

∂
t C

E
=

(∂
i P

i)C
E

+
P

i(∂
i C

E
)
+

(∂
i Q

i)C
B

+
Q

i(∂
i C

B
),

∂
t C

B
=

(∂
i R

i)C
E

+
R

i(∂
i C

E
)
+

(∂
i S

i)C
B

+
S

i(∂
i C

B
),



sym
.

hyp
⇔

Q
i
=

R
i ,

strongly
hyp

⇔
(P

i −
S

i )
2
+

4R
i Q

i
>

0,

w
eakly

hyp
⇔

(P
i −

S
i )

2
+

4R
i Q

i ≥
0

C
A
F
s?

∂
t 

Ĉ
E

Ĉ
B


=


∂

i P
i+

P
ik

i
∂

i Q
i+

Q
ik

i

∂
i R

i+
R

ik
i

∂
i S

i+
S

ik
i


∂

l 
Ĉ

E

Ĉ
B


≈


P

ik
i

Q
ik

i

R
ik

i
S

ik
i 


Ĉ

E

Ĉ
B


=

:
T


Ĉ

E

Ĉ
B



⇒
C
A
F
s

=
(P

ik
i +

S
ik

i ±
√
(P

ik
i +

S
ik

i )
2
+

4(Q
ik

i R
jk

j −
P

ik
i S

jk
j ))/2

T
herefore

C
A
F
s

b
ecom

e
negative-real

w
hen

P
ik

i +
S

ik
i
<

0,
and

Q
ik

i R
jk

j −
P

ik
i S

jk
j
<

0



E
x
a
m

p
le

:
th

e
A

sh
te

k
a
r

e
q
u
a
tio

n
s

H
S

Y
oneda,

C
Q

G
17

(2000)
4799

A
djusted

dynam
ical

equations:

∂
t Ẽ

ia
=

−
iD

j (ε
cba N∼

Ẽ
jc Ẽ

ib )
+

2D
j (N

[jẼ
i]a
)
+

iA
b0 ε

c
a
b
Ẽ

ic +
X

ia C
H

+
Y

ij
a
C

M
j
+

P
ib
a C

G
b

︸
︷︷

︸
a
dju

st

∂
t A

ai
=

−
iε

a
bc N∼

Ẽ
jb F

cij
+

N
jF

aji +
D

i A
a0

+
Λ
N∼

Ẽ
ai
+

Q
ai C

H
+

R
a
j

i C
M

j
+

Z
a
b

i C
G

b
︸

︷︷
︸

a
dju

st

A
djusted

and
linearized:

X
=

Y
=

Z
=

0,
P

ia
b

=
κ

1 (iN
iδ

ab ),
Q

ai
=

κ
2 (e −

2N∼
Ẽ

ai ),
R

a
j
i
=

κ
3 (−

ie −
2N∼

ε
a
cd Ẽ

di Ẽ
jc )

F
ourier

transform
and

extract
0th

order
of

the
characteristic

m
atrix:

∂
t 

Ĉ
H

Ĉ
M

i

Ĉ
G

a


=



0
i(1

+
2κ

3 )k
j

0

i(1−
2κ

2 )k
i

κ
3 ε

k
j
i k

k
0

0
2κ

3 δ
ja

0





Ĉ
H

Ĉ
M

j

Ĉ
G

b



E
igenvalues:

(0,0,0,±
κ

3 √−
k
x

2−
k
y

2−
k
z

2,±
√
(−

1
+

2κ
2 )(1

+
2κ

3 )(k
x

2
+

k
y

2
+

k
z

2) )

In
order

to
obtain

non-p
ositive

real
eigenvalues:

(−
1

+
2κ

2 )(1
+

2κ
3 )

<
0



A
C

la
ssifi

ca
tio

n
o
f
C

o
n
stra

in
t

P
ro

p
a
g
a
tio

n
s

(C
1
)

A
sy

m
p
to

tica
lly

co
n
stra

in
e
d

:

V
io

la
tio

n
o
f
co

n
stra

in
ts

d
e
ca

y
s

(co
n
v
e
rg

e
s

to
ze

ro
).

(C
2
)

A
sy

m
p
to

tica
lly

b
o
u
n
d
e
d

:

V
io

la
tio

n
o
f
co

n
stra

in
ts

is
b
o
u
n
d
e
d

a
t

a
ce

rta
in

v
a
lu

e
.

(C
3
)

D
iv

e
rg

e
:

A
t

le
a
st

o
n
e

co
n
stra

in
t

w
ill

d
iv

e
rg

e
.

N
o
te

th
a
t

(C
1
)
⊂

(C
2
).

(C
1) 

D
ecay

(C
2) B

ounded

(C
3) 

D
ive

rg
e

tim
e

tim
e

errorerror

D
iverge

D
iverge

C
onstrained

, 
C

onstrained
, 

  or  D
ecay

  or  D
ecay



A
C

la
ssifi

ca
tio

n
o
f
C

o
n
stra

in
t

P
ro

p
a
g
a
tio

n
s

(co
n
t.)

g
r-q

c/
0
2
0
9
1
0
6

(C
1
)
A

sy
m

p
to

tica
lly

co
n
stra

in
e
d

:
V

io
la

tio
n

o
f
co

n
stra

in
ts

d
e
ca

y
s

(co
n
v
e
rg

e
s

to
ze

ro
).

⇔
A

ll
th

e
re

a
l
p
a
rts

o
f
C

A
F
s

a
re

n
e
g
a
tiv

e
.

(C
2
)
A

sy
m

p
to

tica
lly

b
o
u
n
d
e
d

:
V

io
la

tio
n

o
f
co

n
stra

in
ts

is
b
o
u
n
d
e
d

a
t

a
ce

rta
in

v
a
lu

e
.

⇔(a
)
A

ll
th

e
re

a
l
p
a
rts

o
f
C

A
F
s

a
re

n
o
t

p
o
sitiv

e
,
a
n
d

(b
1
)
th

e
C

P
m

a
trix

M
α
β

is
d
ia

g
o
n
a
liza

b
le

,
o
r

(b
2
)
th

e
re

a
l
p
a
rt

o
f
th

e
d
e
g
e
n
e
ra

te
d

C
A

F
s

is
n
o
t

ze
ro

.

(C
3
)
D

iv
e
rg

e
:

A
t

le
a
st

o
n
e

co
n
stra

in
t

w
ill

d
iv

e
rg

e
.



T
h
e

n
e
ce

ssa
ry

a
n
d

su
ffi

cie
n
t

co
n
d
itio

n
s

fo
r

(C
1
)

a
n
d

(C
2
)?

P
re

p
a
ra

tio
n

W
ith

o
u
t

lo
ss

o
f
g
e
n
e
ra

lity,
th

e
C

P
m

a
trix

M
ca

n
b
e

a
ssu

m
e
d

to
b
e

a
tria

n
g
u
la

r
m

a
trix

.
S
u
p
p
o
se

w
e

h
a
v
e

a
n

e
x
p
re

ssio
n
,

∂
t



C
n...C
1


=



λ
n

∗
∗

0
...

∗
0

0
λ

1





C
n...C
1


,

(1)

w
h
e
re

λ
s

a
re

th
e

e
ig

e
n
v
a
lu

e
s

o
f

M
,

a
n
d

th
e

in
d
ice

s
a
re

fo
rm

a
lly

la
b
e
le

d
in

th
is

o
rd

e
r.

P
ro

p
o
sitio

n
1

T
h
e

so
lu

tio
n

o
f
(1

)
ca

n
b
e

e
x
p
re

sse
d

fo
rm

a
lly

a
s

C
j (t)

=
j∑i=
1

 exp
(λ

i t)
n

i −
1

∑k
=

0 (a
(i)
k

t
k) 

,
(2)

w
h
e
re

λ
i
is

th
e

i-th
e
ig

e
n
v
a
lu

e
o
f

M
,
a
n
d

n
i
is

th
e

m
u
ltip

licity
o
f

λ
i
u
p

to
i≤

j.



P
ro

p
o
sitio

n
1

T
h
e

so
lu

tio
n

o
f
(1

)
ca

n
b
e

e
x
p
re

sse
d

fo
rm

a
lly

a
s

C
j (t)

=
j∑i=
1

 exp
(λ

i t)
n

i −
1

∑k
=

0 (a
(i)
k

t
k) 

,
(2)

w
h
e
re

λ
i
is

th
e

i-th
e
ig

e
n
v
a
lu

e
o
f

M
,
a
n
d

n
i
is

th
e

m
u
ltip

licity
o
f

λ
i
u
p

to
i≤

j.

F
o
r

e
x
a
m

p
le

:
λ

1
<

λ
2

=
λ

3
=

λ
4
<

λ
5

=
λ

6
<

···,
C

1
=

exp
(λ

1 t)(@
)

C
2

=
exp

(λ
1 t)(@

)
+

exp
(λ

2 t)(@
)

C
3

=
exp

(λ
1 t)(@

)
+

exp
(λ

2 t)(@
+

@
t)

C
4

=
exp

(λ
1 t)(@

)
+

exp
(λ

2 t)(@
+

@
t
+

@
t
2)

C
5

=
exp

(λ
1 t)(@

)
+

exp
(λ

2 t)(@
+

@
t
+

@
t
2)

+
exp

(λ
5 t)(@

)

C
6

=
exp

(λ
1 t)(@

)
+

exp
(λ

2 t)(@
+

@
t
+

@
t
2)

+
exp

(λ
5 t)(@

+
@

t)

T
h
e

h
ig

h
e
st

p
o
w

e
r

N
in

a
ll

co
n
stra

in
ts

is
b
o
u
n
d
e
d

b
y

N
≤

m
ax

1≤
i≤

n (m
u
ltip

licity
o
f

λ
i )−

1.
(3)



A
sy

m
p
to

tica
lly

C
o
n
stra

in
e
d

C
P

–
(C

1
)

–

T
h
e
o
re

m
1

A
sy

m
p
to

tica
lly

co
n
stra

in
e
d

e
v
o
lu

tio
n

(v
io

la
tio

n
o
f

co
n
stra

in
ts

co
n
v
e
rg

e
s

to
ze

ro
)

⇔
A

ll
th

e
re

a
l
p
a
rts

o
f
C

A
F
s

a
re

n
e
g
a
tiv

e
.

p
ro

o
f
o
f⇐

)
W

e
u
se

th
e

e
x
p
re

ssio
n

(2
).

If
�

e(λ
i )

<
0

fo
r
∀
i,

th
e
n

C
w

ill
co

n
-

v
e
rg

e
to

ze
ro

a
t

t→
∞

n
o

m
a
tte

r
w

h
a
t

t−
p
o
ly

n
o
m

ia
l
te

rm
s

a
re

.

p
ro

o
f
o
f⇒

)
W

e
sh

o
w

th
e

co
n
tra

p
o
sitiv

e
.

S
u
p
p
o
se

th
e
re

e
x
ists

a
n

e
ig

e
n
v
a
lu

e
λ

1
su

ch
a
s

w
h
ich

re
a
l-p

a
rt

is
n
o
n
-n

e
g
a
tiv

e
.

B
y

se
ttin

g
λ

1
a
t

th
e

lo
w

e
r-e

n
d

o
f
th

e
tria

n
g
u
la

r
m

a
trix

M
in

(1
),

th
e
n

w
e

g
e
t

∂
t C

1
=

λ
1 C

1
w

h
ich

so
lu

tio
n

is
C

1
=

C
1 (0)

exp
(λ

1 t).
C

1
d
o
e
s

n
o
t

co
n
v
e
rg

e
to

ze
ro

.



A
sy

m
p
to

tica
lly

B
o
u
n
d
e
d

C
P

–
(C

2
)

–

T
h
e
o
re

m
2

A
sy

m
p
to

tica
lly

b
o
u
n
d
e
d

e
v
o
lu

tio
n

(a
ll

th
e

co
n
stra

in
ts

a
re

b
o
u
n
d
e
d

a
t

a
ce

rta
in

v
a
lu

e
)

⇔
(a

)
A

ll
th

e
re

a
l
p
a
rts

o
f
C

A
F
s

a
re

n
o
t

p
o
sitiv

e
,
a
n
d

(b
1
)
th

e
C

P
m

a
trix

M
α
β

is
d
ia

g
o
n
a
liza

b
le

,
o
r

(b
2
)
th

e
re

a
l
p
a
rt

o
f
th

e
d
e
g
e
n
e
ra

te
d

C
A

F
s

is
n
o
t

ze
ro

.

p
ro

o
f

o
f
⇐

fo
r

th
e

ca
se

(a
+

b
1
):

B
y

a
d
ia

g
o
n
a
liza

tio
n
,
w

e
o
b
ta

in
∂

t C
i
=

λ
i C

i ,
w

h
ich

so
lu

tio
n

is
C

i
=

C
i (0)

exp
(λ

i t).
T

h
is

is
b
o
u
n
d
e
d

sin
ce

�
e(λ

i )≤
0.

p
ro

o
f
o
f⇐

fo
r

th
e

ca
se

(a
+

b
2
):

W
e

u
se

th
e

e
x
p
re

ssio
n

(2
).

W
h
e
n

λ
is

d
e
g
e
n
e
ra

te
d
,

th
e

t-p
o
ly

n
o
m

ia
ls

h
a
v
e

n
o
n
-ze

ro
p
o
w

e
r.

H
o
w

-
e
v
e
r,

th
e

a
ssu

m
p
tio

n
,�

e(λ
)
<

0,
in

d
ica

te
s

exp
(λ

t)(t-p
o
ly

n
o
m

ia
ls)

w
ill

co
n
v
e
rg

e
to

ze
ro

.
W

h
e
n

λ
is

n
o
t

d
e
g
e
n
e
ra

te
d
,
th

e
re

is
o
n
ly

a
co

n
-

sta
n
t

te
rm

ra
th

e
r

th
a
n

t-p
o
ly

n
o
m

ia
ls.

S
o

th
a
t

(2
)

re
m

a
in

s
fi
n
ite

fo
r

�
e(λ

)≤
0.



p
ro

o
f
o
f⇒

)
W

e
sh

o
w

th
e

co
n
tra

p
o
sitiv

e
.

(a
)

a
n
d

{
(b

1
)

o
r

(b
2
)

}
⇔

(a
)

o
r
{(a

)
a
n
d{(b

1
)

a
n
d

(b
2
)}}

(a
)⇒

d
iv

e
rg

e
::

triv
ia

l.
(a

)
a
n
d{(b

1
)

a
n
d

(b
2
)}

⇒
d
iv

e
rg

e
::

B
y

trian
gu

latin
g

th
e

m
atrix

,
w

e
can

set
th

e
d
egen

erated
C

A
F
s

λ
w

h
ich

real-p
art

is
zero.

L
et

u
s

con
sid

er
n

=
3

case,

M
=


λ

i
a

b
0

λ
c

0
0

λ


,

a
,b,c

=
con

stan
t.

T
h
en

w
e

get
fi
rst

C
1

=
C

1 (0)
ex

p
(λ

t)
w

h
ich

is
a

con
stan

t
or

a
trigon

al
fu

n
ction

,
an

d

∂
t C

2
=

λ
C

2
+

c
C

1
=

λ
C

2
+

c
C

1 (0)
ex

p
(λ

t)

⇒
C

2
=

C
2 (0)

ex
p
(λ

t)
+

c
C

1 (0)
ex

p
(λ

t)t.

T
h
erefore

C
2

w
ill

d
iverge

w
h
en

c�=
0,

an
d

rem
ain

fi
n
ite

w
h
en

c
=

0.
S
in

ce
w

e
are

assu
m

in
g

th
e

m
atrix

is
n
ot

d
iagon

alizab
le,

th
e

m
in

im
al

p
oly

n
om

ial
d
o
es

n
ot

take
th

e
form

as
th

e
p
ro

d
u
ct

of
(M

−
λ

i E
)

for
d
iff

eren
t

eigen
valu

es
λ

i .
W

h
en

th
ere

ex
ists

λ
i �=

λ
,
w

e
see

th
at

(M
−

λ
E

)(M
−

λ
i E

)
=


λ

i −
λ

a
b

0
0

c
0

0
0




0

a
b

0
λ
−

λ
i

c
0

0
λ
−

λ
i 

=


0

0
a

c
0

0
c(λ

−
λ

i )
0

0
0


,

w
h
ich

sh
ou

ld
n
ot

eq
u
al

to
zero

m
atrix

,
th

at
in

d
icates

c�=
0.

T
h
erefore

C
2

w
ill

d
iverge.

W
h
en

λ
=

λ
i ,

som
e

of

a
,b,c

is
n
on

-zero
in

ord
er

n
ot

to
van

ish
(M

−
λ
E

).
T

h
erefore

related
C

i
w

ill
d
iverge.



A
fl
o
w

ch
a
rt

to
cla

ssify
th

e
fa

te
o
f
co

n
stra

in
t

p
ro

p
a
g
a
tio

n
.

Q
1:  Is th

ere a C
A

F w
h

ich
 real p

art is p
ositive?

N
O
 
/
 
Y
E
S

Q
2:  A

re all th
e real p

arts of C
A

Fs n
egative?

Q
3:  Is th

e con
strain

t p
rop

agation
 m

atrix d
iagon

alizab
le?

Q
4:  Is a real p

art of th
e d

egen
erated

 C
A

Fs is zero?

N
O
 
/
 
Y
E
S

N
O
 
/
 
Y
E
S

N
O
 
/
 
Y
E
S

D
iverge

A
sym

ptotically 
C

on
strain

ed

A
sym

ptotically 
B

ounded

D
iverge

A
sym

ptotically B
ounded



C
o
n
stru

ctin
g

A
sy

m
p
to

tica
lly

C
o
n
stra

in
e
d

S
y
ste

m
s

H
isa

a
k
i
S
h
in

k
a
i

1
.
In

tro
d
u
ctio

n

2
.
T

h
re

e
a
p
p
ro

a
ch

e
s

(1
)
A

rn
o
w

itt-D
e
se

r-M
isn

e
r
/

B
a
u
m

g
a
rte

-S
h
a
p
iro

-S
h
ib

a
ta

-N
a
k
a
m

u
ra

(2
)

H
y
p
e
rb

o
lic

fo
rm

u
la

tio
n
s

(3
)

A
ttra

cto
r

sy
ste

m
s

–
“
A

d
ju

ste
d

S
y
ste

m
s”

3
.
A

d
ju

ste
d

A
D

M
sy

ste
m

s

4
.
A

d
ju

ste
d

B
S
S
N

sy
ste

m
s

5
.
S
u
m

m
a
ry



3
A

d
ju

ste
d

A
D

M
sy

ste
m

s

W
e

adjust
the

standard
A
D

M
system

using
constraints

as:

∂
t γ

ij
=

−
2α

K
ij

+
∇

i β
j
+
∇

j β
i ,

(1)

+
P

ij H
+

Q
k
ij M

k
+

p
k
ij (∇

k H
)
+

q
k
lij (∇

k M
l ),

(2)

∂
t K

ij
=

α
R

(3)
ij

+
α
K

K
ij −

2α
K

ik K
k
j −

∇
i ∇

j α
+

(∇
i β

k)K
k
j
+

(∇
j β

k)K
k
i +

β
k∇

k K
ij ,(3)

+
R

ij H
+

S
k
ij M

k
+

r
k
ij (∇

k H
)
+

s
k
lij (∇

k M
l ),

(4)

w
ith

constraint
equations

H
:=

R
(3)

+
K

2−
K

ij K
ij,

(5)

M
i

:=
∇

j K
j
i −

∇
i K

.
(6)

W
e

can
w

rite
the

adjusted
constraint

propagation
equations

as

∂
t H

=
(original

term
s)

+
H

m
n

1
[(2)]+

H
im

n
2

∂
i [(2)]+

H
ijm

n
3

∂
i ∂

j [(2)]+
H

m
n

4
[(4)],

(7)

∂
t M

i
=

(original
term

s)
+

M
1
i m

n[(2)]+
M

2
i jm

n∂
j [(2)]+

M
3
i m

n[(4)]+
M

4
i jm

n∂
j [(4)].

(8)



O
rig

in
a
l
A

D
M

T
he

original
construction

by
A
D

M
uses

the
pair

of
(h

ij ,π
ij).

L
=

√
−

g
R

=
√

h
N

[ (3)R
−

K
2
+

K
ij K

ij],
w

here
K

ij
=

12
£

n h
ij

then
π

ij
=

∂L
∂
ḣ

ij

=
√

h
(K

ij−
K

h
ij),

T
he

H
am

iltonian
density

gives
us

constraints
and

evolution
eqs.

H
=

π
ijḣ

ij −
L

=
√

h
{N

H
(h

,π
)−

2N
j M

j(h
,π

)
+

2D
i (h

−
1/2N

j π
ij) }

,


∂
t h

ij
=

δHδπ
ij

=
2

N√
h

(π
ij −

12
h

ij π
)
+

2D
(i N

j) ,

∂
t π

ij
=

−
δHδh

ij
=

−
√

h
N

(
(3)R

ij−
12

(3)R
h

ij)
+

12

N√
h
h

ij(π
m

n π
m

n−
12
π

2)−
2

N√
h

(π
inπ

n
j−

12
π
π

ij)

+ √
h
(D

iD
jN

−
h

ijD
m
D

m
N

)
+
√

h
D

m
(h

−
1/2N

m
π

ij)−
2π

m
(iD

m
N

j)

S
ta

n
d
a
rd

A
D

M
(b

y
Y

o
rk

)
N

R
ists

refer
A
D

M
as

the
one

by
Y
ork

w
ith

a
pair

of
(h

ij ,K
ij ).


∂

t h
ij

=
−

2N
K

ij
+

D
j N

i +
D

i N
j ,

∂
t K

ij
=

N
(

(3)R
ij

+
K

K
ij )−

2N
K

il K
lj −

D
i D

j N
+

(D
j N

m
)K

m
i +

(D
i N

m
)K

m
j
+

N
m
D

m
K

ij

In
the

process
of

converting,H
w
as

used,
i.e.

the
standard

A
D

M
has

already
adjusted.



3
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
o
f
A

D
M

sy
ste

m
s

3
.1

O
rig

in
a
l
A

D
M

v
s

S
ta

n
d
a
rd

A
D

M

T
ry

the
adjustm

ent
R

ij
=

κ
1 α

γ
ij

and
other

m
ultiplier

zero,
w

here
κ

1
=


0

the
standard

A
D

M

−
1/4

the
original

A
D

M

•
T

he
constraint

propagation
eqs

keep
the

first-order
form

(cf
F
rittelli,

P
R
D

55(97)5992):

∂
t 

HM
i 

�


β
l

−
2α

γ
jl

−
(1/2)α

δ
li
+

R
li −

δ
li R

β
lδ

ji


∂

l 
HM

j 
.

(5)

T
he

eigenvalues
of

the
characteristic

m
atrix:

λ
l

=
(β

l,β
l,β

l±
√
α

2γ
ll(1

+
4κ

1 ))

T
he

hyp
erb

olicity
of

(5):



sym
m

etric
hyp

erb
olic

w
hen

κ
1

=
3/2

strongly
hyp

erb
olic

w
hen

α
2γ

ll(1
+

4κ
1 )

>
0

w
eakly

hyp
erb

olic
w

hen
α

2γ
ll(1

+
4κ

1 )≥
0

•
O

n
the

M
inkow

skii
background

m
etric,

the
linear

order
term

s
of

the
F
ourier-transform

ed

constraint
propagation

equations
gives

the
eigenvalues

Λ
l
=

(0,0,±
√−

k
2(1

+
4κ

1 )).

T
hat

is, 
(tw

o
0s,

tw
o

pure
im

aginary)
for

the
standard

A
D

M
B
E
T

T
E
R

S
T
A
B
IL

IT
Y

(four
0s)

for
the

original
A
D

M



4
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
s

in
sp

h
e
rica

lly
sy

m
m

e
tric

sp
a
ce

tim
e

4
.1

T
h
e

p
ro

ce
d
u
re

T
he

discussion
b
ecom

es
clear

if
w
e

expand
the

constraint
C

µ
:=

(H
,M

i )
T

using
vector

harm
onics.

C
µ

=
∑l,m

(A
lm

(t,r)a
lm

(θ,ϕ
)
+

B
lm

b
lm

+
C

lm
c
lm

+
D

lm
d

lm

)
,

(1)

w
here

w
e

choose
the

basis
of

the
vector

harm
onics

as

a
lm

=



Y
lm000


,b

lm
=



0Y
lm00


,c

lm
=

r
√
l(l

+
1)



00

∂
θ Y

lm

∂
ϕ Y

lm


,d

lm
=

r
√
l(l

+
1)



00

−
1

sin
θ ∂

ϕ Y
lm

sin
θ
∂

θ Y
lm


.

T
he

basis
are

norm
alized

so
that

they
satisfy

〈C
µ ,C

ν 〉
=

∫
2π

0
d
ϕ

∫
π0

C
∗µ C

ρ
η

ν
ρ
sin

θd
θ,

w
here

η
ν
ρ

is
M

inkow
skii

m
etric

and
the

asterisk
denotes

the
com

plex
conjugate.

T
herefore

A
lm

=
〈a

lm(ν
) ,C

ν 〉,
∂

t A
lm

=
〈a

lm(ν
) ,∂

t C
ν 〉,

etc.

W
e

also
express

these
evolution

equations
using

the
F
ourier

expansion
on

the
radial

coordinate,

A
lm

=
∑k

Â
lm(k

) (t)
e
ik

r
etc.

(2)

S
o

that
w
e

w
ill

b
e

able
to

obtain
the

R
H

S
of

the
evolution

equations
for

(Â
lm(k

) (t),···,D̂
lm(k

) (t))
T

in
a

hom
ogeneous

form
.
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x
a
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1
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n
d
a
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D

M
v
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o
rig
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a
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D
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S
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w
a
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o
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a
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Real / Imaginary  parts of Eigenvalues (AF)
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2
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M
 (κ
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 - 1

/4
)

rsch

(b
)

Real / Imaginary  parts of Eigenvalues (AF)

F
igu

re
1:

A
m

p
lifi
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(−

)

=
κ

1
α︸︷︷︸
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(K
Ã

ij −
2Ã

ik Ã
k
j )

∂
t Γ̃

i
=

−
2(∂

j α
)Ã

ij−
(4/3)α

(∂
j K

)γ̃
ij

+
12α

Ã
ji(∂

j φ
)−

2α
Ã

k
j(∂

j γ̃
ik)−

2α
Γ̃

k
lj Ã

j
k γ̃

il

−
∂

j (β
k∂

k γ̃
ij−

γ̃
k
j(∂

k β
i)−

γ̃
k
i(∂

k β
j)

+
(2/3)γ̃

ij(∂
k β

k) )

R
ij

=
∂

k Γ
kij −

∂
i Γ

kk
j
+

Γ
mij Γ

km
k −

Γ
mk
j Γ

km
i
=

:
R̃

ij
+

R
φij

R
φij

=
−

2D̃
i D̃

j φ
−

2g̃
ij D̃

lD̃
l φ

+
4(D̃

i φ
)(D̃

j φ
)−

4g̃
ij (D̃

lφ
)(D̃

l φ
)

R̃
ij

=
−

(1/2)g̃
lm

∂
lm

g̃
ij

+
g̃

k
(i ∂

j) Γ̃
k

+
Γ̃

kΓ̃
(ij)k

+
2g̃

lm
Γ̃

kl(i Γ̃
j)k

m
+

g̃
lm

Γ̃
kim

Γ̃
k
lj

–
N

o
explicit

explanations
w

hy
this

form
ulation

w
orks

b
etter.

A
E
I
group

(2000):
the

replacem
ent

by
m

om
entum

constraint
is

essential.



C
o
n
stra

in
ts

in
B

S
S
N

sy
ste

m

T
he

norm
al

H
am

iltonian
and

m
om

entum
constraints

H
B

S
S
N

=
R

B
S
S
N

+
K

2−
K

ij K
ij,

(1)

M
B

S
S
N

i
=

M
A

D
M

i
,

(2)

A
dditionally,

w
e

regard
the

follow
ing

three
as

the
constraints:

G
i

=
Γ̃

i−
γ̃

jkΓ̃
ijk ,

(3)

A
=

Ã
ij γ̃

ij,
(4)

S
=

γ̃
−

1,
(5)

A
d
ju

stm
e
n
ts

in
e
v
o
lu

tio
n

e
q
u
a
tio

n
s

∂
Bt
ϕ

=
∂

At
ϕ

+
(1/6)αA

−
(1/12)γ̃

−
1(∂

j S
)β

j,
(6)

∂
Bt
γ̃

ij
=

∂
At
γ̃

ij −
(2/3)α

γ̃
ij A

+
(1/3)γ̃

−
1(∂

k S
)β

kγ̃
ij ,

(7)

∂
Bt
K

=
∂

At
K

−
(2/3)α

K
A

−
αH

B
S
S
N

+
α
e −

4ϕ(D̃
j G

j),
(8)

∂
Bt
Ã

ij
=

∂
At
Ã

ij
+

((1/3)α
γ̃

ij K
−

(2/3)α
Ã

ij )A
+

((1/2)α
e −

4ϕ(∂
k γ̃

ij )−
(1/6)α

e −
4ϕγ̃

ij γ̃
−

1(∂
k S

))G
k

+
α
e −

4ϕγ̃
k
(i (∂

j) G
k)−

(1/3)α
e −

4ϕγ̃
ij (∂

k G
k)

(9)

∂
Bt
Γ̃

i
=

∂
At
Γ̃

i−
((2/3)(∂

j α
)γ̃

ji+
(2/3)α

(∂
j γ̃

ji)
+

(1/3)α
γ̃

jiγ̃
−

1(∂
j S

)−
4α

γ̃
ij(∂

j ϕ
))A

−
(2/3)α

γ̃
ji(∂

j A
)

+
2α

γ̃
ijM

j −
(1/2)(∂

k β
i)γ̃

k
jγ̃

−
1(∂

j S
)
+

(1/6)(∂
j β

k)γ̃
ijγ̃

−
1(∂

k S
)
+

(1/3)(∂
k β

k)γ̃
ijγ̃

−
1(∂

j S
)

+
(5/6)β

kγ̃
−

2γ̃
ij(∂

k S
)(∂

j S
)
+

(1/2)β
kγ̃

−
1(∂

k γ̃
ij)(∂

j S
)
+

(1/3)β
kγ̃

−
1(∂

j γ̃
ji)(∂

k S
).

(10)



A
F
u
ll

se
t

o
f
B

S
S
N

co
n
stra

in
t

p
ro

p
a
g
a
tio

n
e
q
s.

∂
B

S
t

 H
B

S

M
i

G
i

SA



=



A
11

A
12

A
13

A
14

A
15

−
(1/3)(∂

i α
)
+

(1/6)∂
i

α
K

A
23

0
A

25

0
α
γ̃

ij
0

A
34

A
35

0
0

0
β

k(∂
k S

)
−

2α
γ̃

0
0

0
0

α
K

+
β

k∂
k



 H
B

S

M
j

G
j

SA



A
1
1

=
+

(2/3)α
K

+
(2/3)αA

+
β

k∂
k

A
1
2

=
−

4e −
4
ϕ
α
(∂

k ϕ
)γ̃

k
j−

2e −
4
ϕ
(∂

k α
)γ̃

jk

A
1
3

=
−

2α
e −

4
ϕ
Ã

k
j ∂

k −
α
e −

4
ϕ
(∂

j Ã
k
l )γ̃

k
l−

e −
4
ϕ
(∂

j α
)A

−
e −

4
ϕ
β

k∂
k ∂

j −
(1/2)e −

4
ϕ
β

kγ̃
−

1(∂
j S

)∂
k

+
(1/6)e −

4
ϕ
γ̃
−

1(∂
j β

k)(∂
k S

)−
(2/3)e −

4
ϕ
(∂

k β
k)∂

j

A
1
4

=
2α

e −
4
ϕ
γ̃
−

1γ̃
lk(∂

l ϕ
)A

∂
k
+

(1/2)α
e −

4
ϕ
γ̃
−

1(∂
l A

)γ̃
lk∂

k
+

(1/2)e −
4
ϕ
γ̃
−

1(∂
l α

)γ̃
lkA

∂
k
+

(1/2)e −
4
ϕ
γ̃
−

1β
m

γ̃
lk∂

m
∂

l ∂
k

−
(5/4)e −

4
ϕ
γ̃
−

2β
m

γ̃
lk(∂

m S
)∂

l ∂
k
+

e −
4
ϕ
γ̃
−

1β
m

(∂
m

γ̃
lk)∂

l ∂
k
+

(1/2)e −
4
ϕ
γ̃
−

1β
i(∂

j ∂
i γ̃

jk)∂
k

+
(3/4)e −

4
ϕ
γ̃
−

3β
iγ̃

jk(∂
i S

)(∂
j S

)∂
k −

(3/4)e −
4
ϕ
γ̃
−

2β
i(∂

i γ̃
jk)(∂

j S
)∂

k
+

(1/3)e −
4
ϕ
γ̃
−

1γ̃
p
j(∂

j β
k)∂

p ∂
k

−
(5/12)e −

4
ϕ
γ̃
−

2γ̃
jk(∂

k β
i)(∂

i S
)∂

j
+

(1/3)e −
4
ϕ
γ̃
−

1(∂
k γ̃

ij)(∂
j β

k)∂
i −

(1/6)e −
4
ϕ
γ̃
−

1γ̃
m

k(∂
k ∂

l β
l)∂

m

A
1
5

=
(4/9)α

K
A

−
(8/9)α

K
2
+

(4/3)α
e −

4
ϕ
(∂

i ∂
j ϕ

)γ̃
ij

+
(8/3)α

e −
4
ϕ
(∂

k ϕ
)(∂

l γ̃
lk)

+
α
e −

4
ϕ
(∂

j γ̃
jk)∂

k

+
8α

e −
4
ϕ
γ̃

jk(∂
j ϕ

)∂
k
+

α
e −

4
ϕ
γ̃

jk∂
j ∂

k
+

8e −
4
ϕ
(∂

l α
)(∂

k ϕ
)γ̃

lk
+

e −
4
ϕ
(∂

l α
)(∂

k γ̃
lk)

+
2e −

4
ϕ
(∂

l α
)γ̃

lk∂
k

+
e −

4
ϕ
γ̃

lk(∂
l ∂

k α
)

A
2
3

=
α
e −

4
ϕ
γ̃

k
m

(∂
k ϕ

)(∂
j γ̃

m
i )−

(1/2)α
e −

4
ϕ
Γ̃

mk
l γ̃

k
l(∂

j γ̃
m

i )

+
(1/2)α

e −
4
ϕ
γ̃

m
k(∂

k ∂
j γ̃

m
i )

+
(1/2)α

e −
4
ϕ
γ̃
−

2(∂
i S

)(∂
j S

)−
(1/4)α

e −
4
ϕ
(∂

i γ̃
k
l )(∂

j γ̃
k
l)

+
α
e −

4
ϕ
γ̃

k
m

(∂
k ϕ

)γ̃
ji ∂

m

+
α
e −

4
ϕ
(∂

j ϕ
)∂

i −
(1/2)α

e −
4
ϕ
Γ̃

mk
l γ̃

k
lγ̃

ji ∂
m

+
α
e −

4
ϕ
γ̃

m
kΓ̃

ijk ∂
m

+
(1/2)α

e −
4
ϕ
γ̃

lkγ̃
ji ∂

k ∂
l

+
(1/2)e −

4
ϕ
γ̃

m
k(∂

j γ̃
im

)(∂
k α

)
+

(1/2)e −
4
ϕ
(∂

j α
)∂

i
+

(1/2)e −
4
ϕ
γ̃

m
kγ̃

ji (∂
k α

)∂
m

A
2
5

=
−

Ã
k
i (∂

k α
)
+

(1/9)(∂
i α

)K
+

(4/9)α
(∂

i K
)
+

(1/9)α
K

∂
i −

α
Ã

k
i ∂

k

A
3
4

=
−

(1/2)β
kγ̃

ilγ̃
−

2(∂
l S

)∂
k −

(1/2)(∂
l β

i)γ̃
lkγ̃

−
1∂

k
+

(1/3)(∂
l β

l)γ̃
ikγ̃

−
1∂

k −
(1/2)β

lγ̃
in(∂

l γ̃
m

n )γ̃
m

kγ̃
−

1∂
k

+
(1/2)β

kγ̃
ilγ̃

−
1∂

l ∂
k

A
3
5

=
−

(∂
k α

)γ̃
ik

+
4α

γ̃
ik(∂

k ϕ
)−

α
γ̃

ik∂
k



B
S
S
N

C
o
n
stra

in
t

p
ro

p
a
g
a
tio

n
a
n
a
ly

sis
in

fl
a
t

sp
a
ce

tim
e

•
T

he
set

of
the

constraint
propagation

equations,
∂

t (H
B

S
S
N
,M

i ,G
i,A

,S
)
T

?

•
F
or

the
flat

background
m

etric
g

µ
ν

=
η

µ
ν ,

the
first

order
p
erturbation

equations
of

(6)-(10):

∂
t (1)ϕ

=
−

(1/6) (1)K
+

(1/6)κ
ϕ
(1)A

(11)

∂
t (1)γ̃

ij
=

−
2 (1)Ã

ij −
(2/3)κ

γ̃ δ
ij (1)A

(12)

∂
t (1)K

=
−

(∂
j ∂

j (1)α
)
+

κ
K

1 ∂
j (1)G

j−
κ

K
2 (1)H

B
S
S
N

(13)

∂
t (1)Ã

ij
=

(1)(R
B

S
S
N

ij
)
T

F
−

(1)(D̃
i D̃

j α
)
T

F
+

κ
A

1 δ
k
(i (∂

j) (1)G
k)−

(1/3)κ
A

2 δ
ij (∂

k (1)G
k)

(14)

∂
t (1)̃Γ

i
=

−
(4/3)(∂

i (1)K
)−

(2/3)κ
Γ̃
1 (∂

i (1)A
)
+

2κ
Γ̃
2 (1)M

i
(15)

W
e

express
the

adjustem
ents

as

κ
a
dj

:=
(κ

ϕ ,κ
γ̃ ,κ

K
1 ,κ

K
2 ,κ

A
1 ,κ

A
2 ,κ

Γ̃
1 ,κ

Γ̃
2 ).

(16)

•
C
onstraint

propagation
equations

at
the

first
order

in
the

flat
spacetim

e:

∂
t (1)H

B
S
S
N

=
(κ

γ̃ −
(2/3)κ

Γ̃
1 −

(4/3)κ
ϕ

+
2)

∂
j ∂

j (1)A
+

2(κ
Γ̃
2 −

1)(∂
j (1)M

j ),
(17)

∂
t (1)M

i
=

(−
(2/3)κ

K
1
+

(1/2)κ
A

1 −
(1/3)κ

A
2
+

(1/2))
∂

i ∂
j (1)G

j

+
(1/2)κ

A
1 ∂

j ∂
j (1)G

i+
((2/3)κ

K
2 −

(1/2))
∂

i (1)H
B

S
S
N
,

(18)

∂
t (1)G

i
=

2κ
Γ̃
2 (1)M

i +
(−

(2/3)κ
Γ̃
1 −

(1/3)κ
γ̃ )(∂

i (1)A
),

(19)

∂
t (1)S

=
−

2κ
γ̃ (1)A

,
(20)

∂
t (1)A

=
(κ

A
1 −

κ
A

2 )(∂
j (1)G

j).
(21)



E
ff
e
ct

o
f
a
d
ju

stm
e
n
ts

N
o.

C
onstraints

(num
b
er

of
com

p
onents)

diag?
C
onstr.

A
m

p.
F
actors

H
(1)

M
i
(3)

G
i
(3)

A
(1)

S
(1)

in
M

inkow
skii

background

0.
standard

A
D

M
use

use
-

-
-

yes
(0,0,�

,�
)

1.
B
S
S
N

no
adjustm

ent
use

use
use

use
use

yes
(0,0,0,0,0,0,0,�

,�
)

2.
the

B
S
S
N

use+
adj

use+
adj

use+
adj

use+
adj

use+
adj

no
(0,0,0,�

,�
,�

,�
,�

,�
)

3.
no

S
adjustm

ent
use+

adj
use+

adj
use+

adj
use+

adj
use

no
no

diff
erence

in
fl
at

background
4.

no
A

adjustm
ent

use+
adj

use+
adj

use+
adj

use
use+

adj
no

(0,0,0,�
,�

,�
,�

,�
,�

)
5.

no
G

i
adjustm

ent
use+

adj
use+

adj
use

use+
adj

use+
adj

no
(0,0,0,0,0,0,0,�

,�
)

6.
no

M
i
adjustm

ent
use+

adj
use

use+
adj

use+
adj

use+
adj

no
(0,0,0,0,0,0,0,�

,�
)

G
row

ing
m

o
des

7.
no

H
adjustm

ent
use

use+
adj

use+
adj

use+
adj

use+
adj

no
(0,0,0,�

,�
,�

,�
,�

,�
)

8.
ignore

G
i,A

,S
use+

adj
use+

adj
-

-
-

no
(0,0,0,0)

9.
ignore

G
i,A

use+
adj

use+
adj

use+
adj

-
-

yes
(0,�

,�
,�

,�
,�

,�
)

10.
ignore

G
i

use+
adj

use+
adj

-
use+

adj
use+

adj
no

(0,0,0,0,0,0)
11.

ignore
A

use+
adj

use+
adj

use+
adj

-
use+

adj
yes

(0,0,�
,�

,�
,�

,�
,�

)
12.

ignore
S

use+
adj

use+
adj

use+
adj

use+
adj

-
yes

(0,0,�
,�

,�
,�

,�
,�

)



N
e
w

P
ro

p
o
sa

ls
::

Im
p
ro

v
e
d

(a
d
ju

ste
d
)

B
S
S
N

sy
ste

m
s

T
R

S
b
re

a
k
in

g
a
d
ju

stm
e
n
ts

In
order

to
break

tim
e

reversal
sym

m
etry

(T
R
S
)

of
the

evolution
eqs,

to
adjust

∂
t φ

,∂
t γ̃

ij ,∂
t Γ̃

i
using

S
,G

i,
or

to
adjust

∂
t K

,∂
t Ã

ij
using

Ã
.

∂
t φ

=
∂

B
S

t
φ

+
κ

φH
αH

B
S

+
κ

φG α
D̃

k G
k

+
κ

φS
1 αS

+
κ

φS
2 α

D̃
jD̃

j S
∂

t γ̃
ij

=
∂

B
S

t
γ̃

ij
+

κ
γ̃H

α
γ̃

ij H
B

S
+

κ
γ̃G

1 α
γ̃

ij D̃
k G

k
+

κ
γ̃G

2 α
γ̃

k
(i D̃

j) G
k

+
κ

γ̃S
1 α

γ̃
ij S

+
κ

γ̃S
2 α

D̃
i D̃

j S
∂

t K
=

∂
B

S
t

K
+

κ
K
M

α
γ̃

jk(D̃
j M

k )
+

κ
K
Ã

1 αÃ
+

κ
K
Ã

2 α
D̃

jD̃
j Ã

∂
t Ã

ij
=

∂
B

S
t

Ã
ij

+
κ

AM
1 α

γ̃
ij (D̃

kM
k )

+
κ

AM
2 α

(D̃
(i M

j) )
+

κ
AÃ

1 α
γ̃

ij Ã
+

κ
AÃ

2 α
D̃

i D̃
j Ã

∂
t Γ̃

i
=

∂
B

S
t

Γ̃
i+

κ
Γ̃H

α
D̃

iH
B

S
+

κ
Γ̃G

1 αG
i+

κ
Γ̃G

2 α
D̃

jD̃
j G

i+
κ

Γ̃G
3 α

D̃
iD̃

j G
j
+

κ
Γ̃S

α
D̃

iH
B

S

or
in

the
flat

background

∂
A

D
J

t
(1)φ

=
+

κ
φH

(1)H
B

S
+

κ
φG ∂

k (1)G
k

+
κ

φS
1 (1)S

+
κ

φS
2 ∂

j ∂
j (1)S

∂
A

D
J

t
(1)γ̃

ij
=

+
κ

γ̃H
δ
ij (1)H

B
S

+
κ

γ̃G
1 δ

ij ∂
k (1)G

k
+

(1/2)κ
γ̃G

2 (∂
j (1)G

i+
∂

i (1)G
j)

+
κ

γ̃S
1 δ

ij (1)S
+

κ
γ̃S

2 ∂
i ∂

j (1)S
∂

A
D

J
t

(1)K
=

+
κ

K
M
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