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strategy 0 The standard approach :: Arnowitt-Deser-Misner (ADM) formulation (1962)

341 decomposition of the spacetime. shift vector, Ni

Evolve 12 variables (v;;, K;;) surface normal line| : :
Ni dt coordinate constant line

with a choice of gauge condition/ ,
A" A'
A A S(t+dt) /

lapse fuinction, N —, N dt /

5 74 >

A
/ t = constant hypersurface
Maxwell egs. ADM Einstein eq.
i — (3) 2 _ KU —
constraints d!v E = 47p R+ (trK)* — Kj; KY = 2rppg + 2/
div B =0 DjKJZ- — DZtI“K = /ﬁJJZ‘
Lo = rot B— 2T | Oy = —2NKy + DN + DN,
. ¢ ¢ | 0K;; = N(®R;; + ttKK;;) —2NKyK', — D;D;N
evolution egs. o - .
1 + (DJN )sz + (DZN )ij + N DmKij — N’}/Z]A
OB =—rot E — ke Sij + 371 (pir — t1S)}




Best formulation of the Einstein eqs. for long-term stable & accurate simulation?

Many (too many) trials and errors, not yet a definit recipe.

Blow up Blow up

ADM

error

BSSN

|

time
Mathematically equivalent formulations, but differ in its stability!

strategy O:
strategy 1:
strategy 2:
strategy 3:

Arnowitt-Deser-Misner formulation

Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM
Apply a formulation which reveals a hyperbolicity explicitly

Formulate a system which is “asymptotically constrained” against a violation of constraints

By adding constraints in RHS, we can kill error-growing modes
= How can we understand the features systematically?
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strategy 3 Formulate a system which is “asymptotically constrained” against a violation of constraints

“Asymptotically Constrained System”— Constraint Surface as an Attractor

Constrained / Surface
(satisfies /Einstein's constraints)

Blow up

error

— Stabilize?

>

time

method 1: A-system (Brodbeck et al, 2000)

— Add aritificial force to reduce the violation of con-
straints

— To be guaranteed if we apply the idea to a sym-
metric hyperbolic system.

method 2: Adjusted system (Yoneda HS, 2000, 2001)

— We can control the violation of constraints by ad-
justing constraints to EoM.

— Eigenvalue analysis of constraint propagation
equations may prodict the violation of error.

— This idea is applicable even if the system is not
symmetric hyperbolic. =

for the ADM/BSSN formulation, too!!




ldea of “Adjusted system” and Our Conjecture
CQG18 (2001) 441, PRD 63 (2001) 120419, CQG 19 (2002) 1027

General Procedure
1. prepare a set of evolution egs. ou® = f(u®, dpu, - - -)

2. add constraints in RHS Brut = f(ul, s, ) +F(C", 9,0, - )

3. choose appropriate F(C*, 0,C%, )
to make the system stable evolution

How to specify F'(C*, 0,C",---) ?
4. prepare constraint propagation egs. 0,C* = g(C*, 9,C", - - )

5. and its adjusted version 0,C = g(C*, 0,C°, - - ) +G(C*,0,C°, -+ )

6. Fourier transform and evaluate eigenvalues 8,C% = A(C?) C*

———

Conjecture: Evaluate eigenvalues of (Fourier-transformed) constraint propagation egs.
If their (1) real part is non-positive, or (2) imaginary part is non-zero, then the system is more stable.




A Classification of Constraint Propagations

(C1) Asymptotically constrained :

Violation of constraints decays (converges to zero).

(C2) Asymptotically bounded :

Violation of constraints is bounded at a certain value.

(C3) Diverge :
At least one constraint will diverge.

Note that (C1) C (C2).

-~

(C1)
Decay

ch) Bounded

(C3)

Diverge

~

/

error

Diverge

Constrained,
\ or Decay
»

time




A Classification of Constraint Propagations (cont.)
gr-qc/0209106

(C1) Asymptotically constrained :
Violation of constraints decays (converges to zero).

< All the real parts of CAFs are negative.

(C2) Asymptotically bounded :
Violation of constraints is bounded at a certain value.

=

(a) All the real parts of CAFs are not positive, and

bl) the CP matrix M“; is diagonalizable, or
p
(b2) the real part of the degenerated CAFs is not zero.

(C3) Diverge :
At least one constraint will diverge.



A flowchart to classify the fate of constraint propagation.

Q1: Isthere a CAF which real part is positive?
NO / YES » Diverge

v

Q2: Are all the real parts of CAFs negative?
NO / YES

v

Q3: Is the constraint propagation matrix diagonalizable?

Asymptotically
Constrained

NO / YES » Asymptotically
* Bounded
Q4: Is areal part of the degenerated CAFs is zero?
YES /' NO > Asymptotically
* Bounded
Q5: Is the associated Jordan matrix diagonal?
NO / YES » Asymptotically
* Bounded

Diverge



3 Adjusted ADM systems

We adjust the standard ADM system using constraints as:

Oy = —2aKi;+ ViB; + Vb, (1)
+PyH A+ Q"M+ p* i (ViH) + ¢35 (ViMy), (2)
0K, = aRY +aKKy — 20K K", — VVa+ (Vi3 Ky + (V85 K + 85V, K5 (3)
+RiiH + Skij./\/lk + Tkij(ka) + Sklij(vk/\/lz), (4)

with constraint equations
H = R® 4+ K? - K;; K", (5)
M; = V,K’; — VK. (6)

We can write the adjusted constraint propagation equations as

O/H = (original terms) + H{""[(2)] + H;m“&[@)] + HY™0:0,](2)] + HZ‘"[(KL)], (7)
Oy M,; = (original terms) + M;;""[(2)] + Ma/""0;[(2)] + M3,""[(4)] + My?™"0;[(4)]. (8)



Example 1: standard ADM vs original ADM (in Schwarzschild coordinate)

a) (b)
no adjustments (standard ADM)
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Figure 1: Amplification factors (AFs, eigenvalues of homogenized constraint propagation equations) are shown for the standard
Schwarzschild coordinate, with (a) no adjustments, i.e., standard ADM, (b) original ADM (kr = —1/4). The solid lines and
the dotted lines with circles are real parts and imaginary parts, respectively. They are four lines each, but actually the two

eigenvalues are zero for all cases. Plotting range is 2 < r < 20 using Schwarzschild radial coordinate. We set £k = 1,1 = 2, and
m = 2 throughout the article.

Orvij = —2ak;+ Vb + V0,
0K; = aR? +aKK;j — 20K K", — V,V,a+ (V8" Ky + (V8" K + 8V K + kpav H,



Example 2: Detweiler-type adjusted (in Schwarzschild coord.)
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Figure 2: Amplification factors of the standard Schwarzschild coordinate, with Detweiler type adjustments. Multipliers used in
the plot are (b) k;, = +1/2, and (c¢) Kk, = —1/2.

Oyyij = (original terms) + P,;’H.
0, K;; = (original terms) + R;;/H + Skz‘,jMIg - s"’lijw,f/\/u),
where P,; = —rkpa’y;;, Rij= ko’ (K — (1/3)K7;),
S*ij = kLa’3(0u)df) — (Bra)yy™], 8™y = ka0 — (1/3)7iM],



HS original GR code (2002/0ctober)
Use the Cactus-code base structure (ht t p: / / cact uscode. or g)
-- parallelize, parameter control, 1/0, PUGH, elliptic solvers, ...

-- original module for all GR part (initial data/ADMevolution)
Cact us/ arrangenent s/ GR/

PC cluster with 4 (2002/September)
Pentium 4, 2.53GHz, 2GB each, 80 GHD each, gigabit ether

-- about 1.2 x 106 yen for total parts
-- TurboLinux 7, Intel Fortran compiler, MPICH, ... al free
-- possible up to 120"3 grid full GR simulation

Grant-in-Aid for Scientific Research Fund of JSPS, N0.14740179 (2002-2005)



Comparisons of Adjusted ADM systems (Teukolsky wave) :: Detweiler type
3-dim, harmonic slice, periodic BC HS original Cactus/GR code

. ADM vs Detweiler-type B Detweiler-type k=0.005 . Detweiler-type, nx * k= const.
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Figure 2: Violation of Hamiltonian constraints versus time: Adjusted ADM (Detweiler-type) system is applied for Teukolsky wave initial data
evolution with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. (x,y,z) = [—3, 3], iterative
Crank-Nicholson method.

Irvij
O Iy

= —2aK;;+V,;3; + V8 — kpa’y; H

— aRY + oK K — 20K K", — VYV 0+ (Vi85 Ky + (V65 Ky + 8V K
+ra’ (K — (1/3)Kvij) H + £.0°[3(90) 85 — (Gia)3in™] My,
+ra° (8005 — (1/3)iy™] (VM)



Comparisons of Adjusted ADM systems (Teukolsky wave) :: Simplified-Detweiler type
3-dim, harmonic slice, periodic BC

ADM vs Simplified Detweiler-type
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Figure 3: Violation of Hamiltonian constraints versus time: Adjusted ADM (Simplified Detweiler-type) system is applied for Teukolsky wave
initial data evolution with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. (z,y, z) = [—3, 3],
iterative Crank-Nicholson method.

5’t%‘j =
5tKZ-j —

—QOéKij + Vzﬁj + Vjﬁz — KLQY; H

OzRZ(?) + OzKKij — QQKikKkj — V@'Vja + (Vzﬁk)KkJ + (V]ﬁk)K]m + ﬁkkaw



Comparisons of Adjusted ADM systems (Teukolsky wave)
3-dim, harmonic slice, periodic BC

ADM vs adjusted ADMs (nx=24"3)
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Figure 1: Violation of Hamiltonian constraints versus time: Adjusted ADM systems are applied for Teukolsky wave initial data evolution with
harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. Grid = 243 and 483, with (z,y,2) = [-3, 3],
iterative Crank-Nicholson method. Adjusted parameters x = 0.005.



strategy 1 Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM

— define new variables (gb,%ijl”fz) instead of the ADM's (;;,K;;) where
Yij = 6_4¢%’j7 zzlz'j = 6_4¢(Kij — (1/3)i; K), [ = féﬂjk,
use momentum constraint in ["-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0, Lo = —(1/6)ak,
(00— Lp)7yy = —2aAy,
0y — Lo)K = aAj ;A7 4+ (1/3)aK? — 47 (V;V;a),
(0 — Ls)Ay = —e(V;V,a)"F + 6_4¢QR§?) — e a(1/3)7;R® + a(K Ay; — 2A4. A%))
O = —2(0;0)AY — (4/3)a(0; K)7" + 120 A7 (9;0) — 20A (0;7'F) — 2al™); A1 4"
=0, (B* 07" — A0k = A (Ou) + (2/3)77(015Y))

Ry = OIf — o}, + Tk, — T = Ry + Ry,
Rj; = =2D:iD;¢ — 2§;;D' Dig + 4(D;6)(D;0) — 45;;(D'o) (D)
Rij = —(1/2)3" 0mii; + Gra0nL" + DT + 26" T3 L jyem + glmIy, Drgj
— No explicit explanations why this formulation works better.
AEI group (2000): the replacement by momentum constraint is essential.




Constraint Amplification Factors with each adjustment

adjustment CAFs diag? effect of the adjustment

ohdp  KenaH (0,0, v/ —k2(%3), 8k k?) no | ke < 0 makes 1 Neg.
09  keg aDLG" (0,0, £/ —k?(*2), long expressions) yes | kyg < 0 makes 2 Neg. 1 Pos.
O¥ij ksp oM (0,0, £v/—Kk2(x3), (3/2)kspk?) yes | ksp < 0 makes 1 Neg. Case (B)
Oii  Kygi a%jDka (0,0, £+ —k?(*2), long expressions) yes | kygi > 0 makes 1 Neg.

s o | (00, (/4R R & K21+ K26/ 16)(2), N
OYi;  Kyg2 vk DjG long expressions) yes | kyga < 0 makes 6 Neg. 1 Pos. Case (E1)
8{%]' K381 Od’N}iij‘? (O, 0, :|:\/ —k’z(*g), 3/‘6@51) no R3S1 < 0 makes 1 Neg
0@2-]- K582 CEDZ'D]'S (0, 0, £v —k’z(*g), —HiSQkQ) no K382 > 0 makes 1 Neg

s 0,0,0, £v/—k2(x2)

oK k(D (0,0,0, ’ < 0 makes 2 Neg.

; N Krm R ( N]Mk) (1/3)srenh? + (1/3)\/k2(—9 TRRL) no | Kgm makes 2 Neg
DA Karm aFij(DFMy) | (0,0, v/ —k2(%3), =k ap1k?) yes | kami1 > 0 makes 1 Neg.

i - s (0,0, —k2kapia/4 £ \JK2(—1 + K2k ap2/16)(+2) |

01 Aij Kamez (D Mjy) long expressions) yes | Kam2 > 0 makes 7 Neg Case (D)
OtAij  Kaa i A (0,0, £v —k?(%3), 3Kk 441) yes | ka41 < 0 makes 1 Neg.
OtAij KaasaD;D;A (0,0, v/ —k2(x3), —k 442k?) yes | k442 > 0 makes 1 Neg.
oI Ky aD'H (0,0, £V —k2(%3), —k 4.42k?) no | Kpy > 0 makes 1 Neg.
O Kpgy oG’ (0,0, (1/2)”rg1 J—k2 + mfgl( 2) , long.) yes | kpg; < 0 makes 6 Neg. 1 Pos. Case (E2)
oI Kgo aD’D;G (0,0, =(1/2)kpgy £/ —K* + meQ( 2) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.
O KpgyaD'D;GI (0,0, =(1/2)Kpgs £/—k* + /{fgg(*Q) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.

Yoneda-HS, PRD66 (2002) 124003



An Evolution of Adjusted BSSN Formulation
by Yo-Baumgarte-Shapiro, PRD 66 (2002) 084026

MassM Congtraint residual
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6 —— Ham. 4 0.5
10 0.92 ---- Mom 1
104
8 0.91 1
10 103
Og _____________________ i | 02
10 1
210 0.89 0.1
4 Angular momentum/M rms of Af
g
< 12
10 096 ——— 7 4
Innersurface + volume 10
---- Outersurface 105
10 0.94 \
10
1010
1016 0.92 ' 1012
14
18 0.9 |I||I||~'|l ——————————————————— B 10
10 it 1016
0 2000 4000 6000 058 B B o
/M 0 2000 4000 60000 2000 4000 6000
t /M M

Kerr-Schild BH (0.9 J/M), excision with cube, 1+ log-lapse, ['-driver shift.

_ 2. 9
OF = ()4 D8, — (x+ )0, x=2/3 for (A4)-(A8)
8{%]' = ( . ) — IiOz’%jH k=0.1~0.2 for (A5), (AG) and (A8)
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