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ADM ﬁﬁlb (Arnowitt-Deser-Misner, 1962; York 1978)

341 decomposition of the spacetime.

Evolve 12 variables (7;;, K;) surface normal line

sl:ift vector, Ni
Ni dt %oordinate constant line

with a choice of gauge condition.
/ A"

A 2(t+dt) /

lapse function, N — 7y g4

A

S(t) /

/
/

t = constant hypersurface

Maxwell egs. ADM Einstein eq.
e div E = 47p OR+ (rK)? — KK = 2kppg + 2\
CONSERAINES 1 givB =0 DK’ — DitrK = kJ,

evolution egs.

latE —rot B — 4_7TJ &mj = —QNKZ'j -+ DjNZ‘ == DZ’NJ‘,

¢ ¢ | 9K;j = N( ¥R + wKK;;) — 2NK; K'; — D;D;N

1 -+ (Dij>Km@ ~+ <D2Nm>ij -+ NmDmKw — N’)/Z‘j/\
OB =—rot K — Kka{S; + 3% (pn — t15)}




1 (Nakamura et al, 1987;
BSS N }:l:j Ik Shibata-Nakamura 1995,

Baumgarte-Shapiro 1999)

— define new variables (¢, ‘“y?;j,K,A@j,f‘i), instead of the ADM'’s (7,5, K;;) where
Yy =e Py, Ay =e Ky — (1/3)wK),  T' =I5,
use momentum constraint in [-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0r — Lp)p = —(1/6)aK,
(O = Lp)y; = —2aAy,
(@ — ﬁ@)K = @A@jAéj + (1/3)@[(2 — véj(VZVjoz),
(8,; — Eﬁ)/i@j = —6_4¢<V¢Vj04>TF Si's 6_4¢05RZ(§)) — 6_4¢O{<1/3)’Y¢jR(g) + Oé(K/L’j — 2/]21@/’1'%])
oI = —2(0;0)AY — (4/3)a(0;, K7 + 120 A7 (0;4) — 20 A7 (9,4*) — 2aT* ), A7 A
—0; (87 — A (0hB") — 7M(Ok3”) + (2/3)7" (01 8"))
Ry = akrfj — az'rgj + F;‘?Fﬁzk - Z}Ffm =2 B+ Rg)j

Rj; = =2DiD;¢ — 25, D' Digp + 4(Di9)(D;9) — 49;(D'9)(Dig)
Rij = —(1/2)3"OmGs; + Gu@Onl* + DT (apn + 25 THL i + GlmI g Dy
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Adjusted Systems

General Procedure

1. prepare a set of evolution egs. Opu”

2. add constraints in RHS Ou®

3. choose appropriate /'(C% 9,0, - )
to make the system stable evolution

How to specify F'(C% 0,C% ---) 7

4. prepare constraint propagation egs.

5. and its adjusted version

= fu®, Opu”, - )

= f(us, Bpus, - ) +F(C% 8,C° - - )

0, C* = g(C*, 9pC, - - +)

5,0 = g<0a’ oGe, - - > 7|7C¥<C':7Clﬁ Gpl®, ~ - )

6. Fourier transform and evaluate eigenvalues 8,0*% = A(C*) C*

N
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ADM vs BSSN

Adjusted ADM

Adjusted BSSN




KOZERENLERFDEE (1)

- Constraint propagation D BB {BERHfT

Conjecture on Constraint Amplification Factors (CAFs):

We see more stable evolution, if CAFs have

C " Constraint O _ _
o, —. | Prymgstisn .| (A) n_egz_at!ve real-part (the constraints are forced to be
o ~ Matrix o diminished), or

(B) non-zero imaginary-part (the constraints are prop-

Eigenvalues = CAFs .
agating away).

Adjusted ADM ADM vs BSSN | | Adjusted BSSN

- Standard ADMIZ (dconstraint violating mode?b“???f]
ADM%ﬂBIE(L. Uiz, &DRERBERMELFET D
TDBSSNE D B S[CEEREDEDFET D




Adjusted ADM formulation (1)

We adjust the standard ADM system using constraints as:

Oryi; = —2aK;; +V,8; + V0, (1

FPH A QF My + 0" (ViH) + %3 (ViMy), (2

&thj = Osz(«j')) + OéKKZ’j = QOdKZkKkj — V@Vj()é + (Vzﬁk)K]w + (Vjﬁk)Km + ﬁkkaij(B
(

FRH A S* My + 15 (ViH) + 8™45(VaMy), A

e N e S

with constraint equations

H = R(g) + Ke — K¢jK®j, (5)
M@' = VjKjZ' — V@K (6)

We can write the adjusted constraint propagation equations as

OH = (original terms) + H™[(2)] + HI™d,[(2)] + HY™8,0;((2)] + H{™[(4))], (7)
ath' E— (original terms) —I— Mlzmnﬁ_))] + Mgﬂm”@.[(_))] + Mgzmn[<4>] + M4Z]mnaj[(4)] <8>




Adjusted ADM formulation (2)

Table 3. List of adjustments we tested in the Schwarzschild spacetime. The column of adjustments are nonzero multipliers in terms of (13) and (14). The column “1st?” and “TRS’ are =
the same as in table 1. The effects to amplification factors (when « > 0) are commented for each coordinate system and for real/imaginary parts of AFs, respectively. The ‘N/A’ means | £
that there is no effect due to the coordinate properties; ‘not apparent’ means the adjustment does not change the AFs effectively according to our conjecture; ‘enl./red./min.’ means
enlarge/reduce /minimize, and ‘Pos./Neg.” means positive /negative, respectively. These judgements are made at the » ~ O (103) region on their { = 0 slice.
No in Schwarzschild/isotropic coordinates iEF/PG coordinates
No table 1 Adjustment 1st? TRS  Real Imaginary Real Imaginary
0 0 - no adjustments yes - - - - -
P-1 2-p Py ﬂq‘asyij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-2 3 Py —KLUVij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-3 - Py Py = —xor Py = —x¢ no no slightly enl.Neg. not apparent  slightly enl.Neg. not apparent
P-4 - Py —KVij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-5 - Py —KVrr no no red. Pos./enl.Neg.  not apparent red.Pos./enl.Neg. not apparent
Q-1 - Qkij /CCY,Bk}/,‘j no no N/A N/A 4~ 1.35 min. vals. notapparent
Q-2 - Qkij Qv =K no yes red. abs vals. not apparent  red. abs vals. not apparent
Q-3 - Qkij Q"ij = wyij or @y = kayyj no yes red. abs vals. not apparent  enl.Neg. enl. vals.
Q-4 - Q% Qv = kv no yes red. abs vals. not apparent  red. abs vals. not apparent
R-1 1 Ryj KEQYij yes yes Kr = —1/4 min. abs vals. Kr = —1/4 min. vals.
R-2 4 Ry; Ryy = —ipet or Ry = —xp, yes no not apparent not apparent  red.Pos./enl.Neg. enl. vals.
R-3 - Rij Rer = —Kypr yes no enl. vals. not apparent  red.Pos./enl.Neg. enl. vals.
S-1 2-S Sk ij ;cLaz[S(a(,-a)B”;) — (@ @)yi; y¥1 yes no not apparent not apparent  not apparent not apparent
S-2 - Sk kY™ (@ Vij) yes no makes 2 Neg. not apparent  makes 2 Neg. not apparent
p-1 - pkij pr,‘j = —KVij no no red. Pos. red. vals. red. Pos. enl. vals.
p-2 - pkl‘j P = ke no no red. Pos. red. vals. red Pos/enl.Neg. enl. vals.
p-3 - pki}‘ Pl = ket no no makes 2 Neg. enl. vals. red. Pos. vals. red. vals.
q-1 - qkli}‘ " = Ky no no i« = 1/2 min. vals.  red. vals. not apparent enl. vals.
q-2 - qkl ij q" = —KCYyy no yes red. abs vals. not apparent  not apparent not apparent
-1 - rkij rip = ey no yes not apparent not apparent  not apparent enl. vals. o
-2 - rkgj ey = —ka no yes red. abs vals. enl. vals. red. abs vals. enl. vals. %
-3 - rk,-j ey = —Ka Yy no yes red. abs vals. enl. vals. red. abs vals. enl. vals. E\..
s-1 2-s sH ;cLa/3[BI(‘i8ff) — (1/3)yi; yH no no makes 4 Neg. not apparent  makes 4 Neg. not apparent E'
s-2 - sklg,- s = —rayy; no no makes 2 Neg. red. vals. makes 2 Neg. red. vals. 2
s-3 - sklij 87 = =Ky no no makes 2 Neg. red. vals. makes 2 Neg. red. vals. 2
o
=
&

HS, Yoneda, CQG 19 (2002) 1027



KXOZERBRENLZR"ZDiEE (2)

- Constraint propagationD & AFEFRAZIE D FHKE Z k(T D

e If RHS of the constraint propagation accidentally includes C* terms,
({)/C = —aC =t b(—d

the solution will blow-up as

—aCyexp(—at)

S

In the ADM system, we have not to put too much confidence for the adjustments using p. ¢, P, ()-
terms for the ADM formulation.

Oy = =26l -t NG Ml
+P;H + Q My + 0" (ViH) + ¢*;(ViM,)),

O,K;; = avaf) + aKK;j — 20Ky K*; — V,Via+ (V8" Ky + (V,;8%) Ky + BV LK
+RH 4 S* M +75(ViH) + s¥3(ViMy),




Numerical Tests (method)

- Cactus-based original “GR” code
http://www.cactuscode.org/
[CactusBase+CactusPUGH+GR]

- 3+1dim, linear wave evolution

(Teukolsky wave)

- harmonic slice

- periodic boundary, [-3,+3]

- iterative Crank-Nicholson method
- 1273, 2473, 4873, 963

Towards standard testbeds for numerical relativity
Mexico Numerical Relativity Workshop 2002 Participants
CQG 21 (2004) 589-613



error (norm of Hamiltonian constraint)

Oy = —2aKy+ VB + V0 —
815[{71? = OZRS)) == OZKKZ':,' — QOZK@'kKk'

107
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10 L
10° L

10

Numerical Tests (Detweiler-type)

KO
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Numerical Tests (Simplified Detweiler)

error (norm of Hamiltonian constraint)
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Numerical Tests (Modified Detweiler)

Oryij = —2aKij+ Vi + Vi — kaa’vi/H

8iKi; = aRY) + aKKij — 20K K*; — ViV + (Vi85 Ky + (V65 Ky + 8V K
+r1a®(Kij — (1/3)Kij)H + Kkoaryijy™ OcM,
+f;.1(r2[3(0(/(\?)5?}) — (1) M + kil W 8y — (1/3)viy™)(ViMy)

(27)

ADM (standard)
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|

error (norm of Hamiltonian constraint)
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Numerical Tests (Detweiler, k-adjust)

Oy = —2aKy+ VB + V8, — kra’yi; H
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Numerical Tests (Detweiler, k-adjust)

Bry; = —20Ky;+ Vil + V8 — ko vy H
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Numerical Tests (Detweiler, k-adjust)

Bry; = —20Ky;+ Vil + V8 — ko vy H
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Numerical Tests (Detweiler, k-adjust)

Oy = —2aKy+ VB + V8, — kra’yi; H
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Summary & Outlook

- BERXEEDENLRERE (Formulation problem)
- Adjusted ADMFZZ, (ADM+LagrangeZE#4@#1E)
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