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In the last 5 years, ...
Binary BH-BH coalescence
simulations are available!!

INSPIRAL PHASE
Newtonian / Post-Newtonian

Coalescence / Merger

・Pretorius (2005)
・Univ. Texas Brownsville (2006)
・NASA-Goddard (2006)

Innermost Stable Circular Orbit
Post-Newtonian / GR

Breakthrough suddenly occurs.

Black Hole Formation
Quasinormal Ringing

Black Hole

In the last 5 years, ...
Binary BH-BH coalescence
simulations are available!!
・Pretorius (2005)
--> Princeton Univ.
・Univ. Texas Brownsville (2006) --> Rochester Univ.
・NASA-Goddard (2006)
・Louisiana State Univ.
・Jena Univ.
・Pennsylvania State Univ.
"Gold-Rush of parameter searches" (B. Bruegmann, July 2007 @GRG)
But ..... Why it works?

Goals of the Lecture
What is the guiding principle for
selecting evolution equations for
simulations in GR?
Why many groups use the BSSN
equations?
Are there an alternative formulation
better than the BSSN?

The Einstein equation
geodesics

spacetime curvature

matter distribution

1
Rµν − gµν R + Λgµν = 8πG Tµν
2
Einstein tensor

Energy-Momentum tensor

cosmological constant

Solve for metric
gµν (t,x,y,z)
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Chandrasekhar says ...
“Einstein equations are easy to solve. Look at the Exact Solutions book. There are
more than 400 solutions. ”

The Einstein equation:
1
Rµν − gµν R + Λgµν = 8πGTµν
2

Chandrasekhar says ...
“Einstein equations are easy to solve. Look at the Exact Solutions book. There are
more than 400 solutions. ”
Exact Solutions book says ...
1st Edition (1980): “... checked 2000 references, ..., there are now over
100 papers on exact solutions every year, ...”
2nd Edition (2003): “... we looked at 4000 new papers published during
1980-1999, ... ”
D. Kramer, et al, Exact Solutions to Einstein’s Field Equations, (Cambridge, 1980)
H. Stephani, et al, Exact Solutions to Einstein’s Field Equations, (Cambridge, 2003)

Why don’t we solve it using computers?
• dynamical behavior, no symmetry in space, ...

• strong gravitational field, gravitational wave! ...
• any dimension, any theories, ...

Numerical Relativity
= Solve the Einstein equations numerically.
= Necessary for unveiling the nature of strong gravity.
For example:
• gravitational waves from colliding black holes, neutron stars, supernovae, ...
• relativistic phenomena like cosmology, active galactic nuclei, ...
• mathematical feedback to singularity, exact solutions, chaotic behavior, ...
• laboratory for gravitational theories, higher-dimensional models, ...
The most robust way to study the strong gravitational field. Great.

The Einstein equation:
1
Rµν − gµν R + Λgµν = 8πGTµν
2

What are the difficulties?
• for 10-component metric, highly nonlinear partial differential equations.
mixed with 4 elliptic eqs and 6 dynamical eqs if we apply 3+1 decomposition.
• completely free to choose cooordinates, gauge conditions, and even for decomposition of the space-time.
• has singularity in its nature.

How to solve it?

Numerical Relativity – basic issues

HS, APCTP Winter School 2003

0. How to foliate space-time
Cauchy (3 + 1), Hyperboloidal (3 + 1), characteristic (2 + 2), or combined?
⇒ if the foliation is (3 + 1), then · · ·
1. How to prepare the initial data
Theoretical:

Proper formulation for solving constraints? How to prepare realistic initial data?
Effects of background gravitational waves?
Connection to the post-Newtonian approximation?

Numerical:

Techniques for solving coupled elliptic equations? Appropriate boundary conditions?

2. How to evolve the data
Theoretical:

Free evolution or constrained evolution?
Proper formulation for the evolution equations?
Suitable slicing conditions (gauge conditions)?

Numerical:

Techniques for solving the evolution equations? Appropriate boundary treatments?
Singularity excision techniques? Matter and shock surface treatments?
Parallelization of the code?

3. How to extract the physical information
Theoretical:

Gravitational wave extraction? Connection to other approximations?

Numerical:

Identification of black hole horizons? Visualization of simulations?

First Question: How to foliate space-time?

Cauchy approach
or ADM 3+1 formulation

Characteristic approach
(if null, dual-null 2+2 formulation)

time direction

S: Initial 3-dimensional Surface

ingoing
direction

outgoing
direction

S: Initial 2-dimensional Surface

3+1 versus 2+2

pioneers
variables

foliation
initial data
evolution
singularity
disadvantages

Cauchy (3+1) evolution
ADM (1961), York-Smarr (1978)

Characteristic (2+2) evolution
Bondi et al (1962), Sachs (1962),
Penrose (1963)
easy to understand the concept of has geometrical meanings
time evolution
1 complex function related to 2 GW
polarization modes
has Hamilton structure
allows implementation of Penrose’s
space-time compactification
need to solve constraints
no constraints
PDEs
ODEs with consistent conditions
need to avoid constraint violation propagation eqs along the light rays
need to avoid by some method
can truncate the grid
can not cover space-time globally difficulty in treating caustics
hard to treat matter

“3+1” formulation

Numerical Relativity – basic issues
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Procedure of the Standard Numerical Relativity
■

3+1 (ADM) formulation

■

Preparation of the Initial Data
◆ Assume the background metric
◆ Solve the constraint equations

■

Time Evolution
do time=1, time_end
◆ Specify the slicing condition
◆ Evolve the variables
◆ Check the accuracy
◆ Extract physical quantities
end do

The 3+1 decomposition of space-time:

The ADM formulation

[1 ] R. Arnowitt, S. Deser and C.W. Misner, in Gravitation: An Introduction to Current Research,
ed. by L.Witten, (Wiley, New York, 1962).
[2 ] J.W. York, Jr. in Sources of Gravitational Radiation, (Cambridge, 1979)
Dynamics of Space-time = Foliation of Hypersurface
• Evolution of t =const. hypersurface Σ(t).
ds2 = gµν dxµdxν ,
on Σ(t)... dℓ2 = γij dxi dxj ,

(µ, ν = 0, 1, 2, 3)
(i, j = 1, 2, 3)

time direction

• The unit normal vector of the slices, nµ .
nµ = (−α, 0, 0, 0)
nµ = g µν nν = (1/α, −β i/α)
• The lapse function, α. The shift vector, β i.

Σ: Initial 3-dimensional Surface

ds2 = −α2dt2 + γij (dxi + β idt)(dxj + β j dt)

The decomposed metric:
ds2 = −α2dt2 + γij (dxi + β idt)(dxj + β j dt)
= (−α2 + βl β l )dt2 + 2βidtdxi + γij dxidxj

gµν
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• The unit normal vector of the slices, nµ.

• The lapse function, α.
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where α and βj are defined as α ≡ 1/ −g ,

nµ = (−α, 0, 0, 0)
nµ = g µν nν = (1/α, −β i/α)

2

shift vector, βi
surface normal line

lapse function, α

βi dt

coordinate constant line

α dt

• The shift vector, β i.

t = constant hypersurface

Projection of the Einstein equation:
• Projection operator (or intrinsic 3-metric) to Σ(t),
γµν = gµν + nµnν
γνµ = δνµ + nµnν ≡ ⊥µν
• Define the extrinsic curvature Kij ,

Kij ≡ −⊥µi⊥νj nµ;ν
= −(δiµ + nµni)(δjν + nν nj )nµ;ν
= −ni;j

1 
α
= Γij nα = · · · =
−∂tγij + βi|j + βj|i .
2α

• Projection of the Einstein equation:

Gµν nµ nν = 8πG Tµν nµ nν ≡ 8πρH
Gµν nµ ⊥νi = 8πG Tµν nµ ⊥νi ≡ −8πJi
Gµν ⊥µi ⊥νj = 8πG Tµν ⊥µi ⊥νj ≡ 8πSij

⇒ the Hamiltonian constraint eq.
⇒ the momentum constraint eqs.
⇒ the evolution eqs.

The Standard ADM formulation (aka York 1978):
The fundamental dynamical variables are (γij , Kij ), the three-metric and extrinsic
curvature. The three-hypersurface Σ is foliated with gauge functions, (α, β i), the
lapse and shift vector.
• The evolution equations:
∂tγij = −2αKij + Diβj + Dj βi,
∂tKij = α (3)Rij + αKKij − 2αKik K k j − DiDj α
+(Diβ k )Kkj + (Dj β k )Kki + β k Dk Kij
−8πGα{Sij + (1/2)γij (ρH − trS)},

where K = K ii, and (3)Rij and Di denote three-dimensional Ricci curvature,
and a covariant derivative on the three-surface, respectively.
• Constraint equations:
Hamiltonian constr.
momentum constr.
where

(3)

R =(3) Rii.

HADM := (3)R + K 2 − Kij K ij ≈ 0,
MADM
:= Dj K j i − DiK ≈ 0,
i

strategy 0 The standard approach :: Arnowitt-Deser-Misner (ADM) formulation (1962)
shift vector, βi
3+1 decomposition of the spacetime.
surface normal line
Evolve 12 variables (γij , Kij )
coordinate constant line
βi dt
with a choice of gauge condition.

lapse function, α

α dt

t = constant hypersurface

constraints

evolution eqs.

Maxwell eqs.
div E = 4πρ
div B = 0
1
4π
∂tE = rot B − j
c
c
1
∂tB = −rot E
c

ADM Einstein eq.
(3)
R + (trK)2 − Kij K ij = 2κρH + 2Λ
Dj K ji − DitrK = κJi
∂tγij = −2N Kij + Dj Ni + DiNj ,
∂tKij = N ( (3)Rij + trKKij ) − 2N Kil K l j − DiDj N
+ (Dj N m )Kmi + (DiN m )Kmj + N m DmKij − N γij Λ
− κα{Sij + 12 γij (ρH − trS)}

Procedure of the Standard Numerical Relativity
■

3+1 (ADM) formulation

■

Preparation of the Initial Data
◆ Assume the background metric
◆ Solve the constraint equations

■

Time Evolution
do time=1, time_end
◆ Specify the slicing condition
◆ Evolve the variables
◆ Check the accuracy
◆ Extract physical quantities
end do

Need to solve elliptic PDEs
-- Conformal approach
-- Thin-Sandwich approach
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singularity avoidance,
simplify the system,
GW extraction, ...
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GW extraction, ...

Robust formulation ?
-- modified ADM / BSSN
-- hyperbolization
-- asymptotically constrained

Formulation Problem

strategy 0 The standard approach :: Arnowitt-Deser-Misner (ADM) formulation (1962)
shift vector, βi
3+1 decomposition of the spacetime.
surface normal line
Evolve 12 variables (γij , Kij )
coordinate constant line
βi dt
with a choice of gauge condition.
lapse function, α

α dt

t = constant hypersurface

constraints

evolution eqs.

Maxwell eqs.
div E = 4πρ
div B = 0
1
4π
∂tE = rot B − j
c
c
1
∂tB = −rot E
c

ADM Einstein eq.
(3)
R + (trK)2 − Kij K ij = 2κρH + 2Λ
Dj K ji − Di trK = κJi
∂t γij = −2N Kij + Dj Ni + DiNj ,
∂t Kij = N ( (3)Rij + trKKij ) − 2N Kil K l j − Di Dj N
+ (Dj N m )Kmi + (DiN m )Kmj + N m DmKij − N γij Λ
− κα{Sij + 21 γij (ρH − trS)}

S. Frittelli, Phys. Rev. D55, 5992 (1997)
HS and G. Yoneda, Class. Quant. Grav. 19, 1027 (2002)

The Constraint Propagations of the Standard ADM:
∂tH = β j (∂j H) + 2αKH − 2αγ ij (∂iMj )
+α(∂l γmk )(2γ ml γ kj − γ mk γ lj )Mj − 4γ ij (∂j α)Mi,
∂tMi = −(1/2)α(∂iH) − (∂iα)H + β j (∂j Mi)
+αKMi − β k γ jl (∂iγlk )Mj + (∂iβk )γ kj Mj .

From these equations, we know that
if the constraints are satisfied on the initial slice Σ,
then the constraints are satisfied throughout evolution (in principle).

Primary / Secondary constraint
First-class / Second-class constraint
• Primary Constraints

• Secondary Constraints
= when propagation of constraints require additional constraints

• First-Class Constraints
=

Numerical Relativity in the 20th century
1960s Hahn-Lindquist
May-White
1970s ÓMurchadha-York
Smarr
Smarr-Cades-DeWitt-Eppley
Smarr-York
ed. by L.Smarr
1980s Nakamura-Maeda-Miyama-Sasaki
Miyama
Bardeen-Piran
Stark-Piran
1990 Shapiro-Teukolsky
Oohara-Nakamura
Seidel-Suen
Choptuik
NCSA group
Cook et al
Shibata-Nakao-Nakamura
Price-Pullin
1995 NCSA group
NCSA group
Anninos et al
Scheel-Shapiro-Teukolsky
Shibata-Nakamura
Gunnersen-Shinkai-Maeda
Wilson-Mathews
Pittsburgh group
Brandt-Brügmann
Illinois group
Shibata-Baumgarte-Shapiro
BH Grand Challenge Alliance
Baumgarte-Shapiro
Brady-Creighton-Thorne
Meudon group
Shibata

2 BH head-on collision
spherical grav. collapse
conformal approach to initial data
3+1 formulation
2 BH head-on collision
gauge conditions
“Sources of Grav. Radiation”
axisym. grav. collapse
axisym. GW collapse
axisym. grav. collapse
axisym. grav. collapse
naked singularity formation
3D post-Newtonian NS coalesence
BH excision technique
critical behaviour
axisym. 2 BH head-on collision
2 BH initial data
BransDicke GW collapse
close limit approach
event horizon finder
hyperbolic formulation
close limit vs full numerical
BransDicke grav. collapse
3D grav. wave collapse
ADM to NP
NS binary inspiral, prior collapse?
Cauchy-characteristic approach
BH puncture data
synchronized NS binary initial data
2 NS inspiral, PN to GR
characteristic matching
Shibata-Nakamura formulation
intermediate binary BH
irrotational NS binary initial data
2 NS inspiral coalesence

AnaPhys29(1964)304
PR141(1966)1232
PRD10(1974)428
PhD thesis (1975)
PRD14(1976)2443
PRD17(1978)2529
Cambridge(1979)
PTP63(1980)1229
PTP65(1981)894
PhysRep96(1983)205
unpublished
PRL66(1991)994
PTP88(1992)307
PRL69(1992)1845
PRL70(1993)9
PRL71(1993)2851
PRD47(1993)1471
PRD50(1994)7304
PRL72(1994)3297
PRL74(1995)630
PRL75(1995)600
PRD52(1995)4462
PRD51(1995)4208
PRD52(1995)5428
CQG12(1995)133
PRL75(1995)4161
PRD54(1996)6153
PRL78(1997)3606
PRL79(1997)1182
PRD58(1998)023002
PRL80(1998)3915
PRD59(1998)024007
PRD58(1998)061501
PRL82(1999)892
PRD60(1999)104052

Critical Phenomena in Gravitational Collapse

Choptuik, Phys. Rev. Lett. 70 (1993) 9

Spherical Sym., Massless Scalar Field
(1) scaling
(2) echoing
(3) universality

Discrite
Self-Similarity

Head-on Collision of 2 Black-Holes (Misner initial data)
NCSA group 1995

S. Frittelli, Phys. Rev. D55, 5992 (1997)
HS and G. Yoneda, Class. Quant. Grav. 19, 1027 (2002)
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∂tH = β j (∂j H) + 2αKH − 2αγ ij (∂iMj )
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S. Frittelli, Phys. Rev. D55, 5992 (1997)
HS and G. Yoneda, Class. Quant. Grav. 19, 1027 (2002)

The Constraint Propagations of the Standard ADM:
∂tH = β j (∂j H) + 2αKH − 2αγ ij (∂iMj )
+α(∂l γmk )(2γ ml γ kj − γ mk γ lj )Mj − 4γ ij (∂j α)Mi,
∂tMi = −(1/2)α(∂iH) − (∂iα)H + β j (∂j Mi)
+αKMi − β k γ jl (∂iγlk )Mj + (∂iβk )γ kj Mj .

From these equations, we know that
if the constraints are satisfied on the initial slice Σ,
then the constraints are satisfied throughout evolution (in principle).
But this is NOT TRUE in NUMERICS....

• By the period of 1990s, NR had provided a lot of physics:

Gravitational Collapse, Critical Behavior, Naked Singularity, Event Horizons,
Head-on Collision of BH-BH and Gravitational Wavve, Cosmology, · · ·

However, for the BH-BH/NS-NS inspiral coalescence problem, · · · why ???
Many (too many) trials and errors, hard to find a definit recipe.
Blow up

error

•

t=0

time
Constrained Surface
(satisfies
Einstein's constraints)

Best formulation of the Einstein eqs. for long-term stable & accurate simulation?

“Convergence”
= higher resolution runs approach to the continuum limit.
(All numerical codes must have this property.)
• When the code has 2nd order finite difference scheme,
then the error should be scaled with
.
• “Consistency”, Choptuik, PRD 44 (1991) 3124

,

“Accuracy”
= The numerical results represent the actual solutions.
(All numerical codes must have this property.)
• Check the code with known results.

Gauge wave test in BSSN;
Kiuchi, HS, PRD (2008)

Best formulation of the Einstein eqs. for long-term stable & accurate simulation?
• Many (too many) trials and errors, hard to find a definit recipe.
Blow up

Blow up

error

ADM
BSSN

time

Mathematically equivalent formulations, but differ in its stability!
strategy 0: Arnowitt-Deser-Misner (ADM) formulation
strategy 1: Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation
strategy 2: Hyperbolic formulations
strategy 3: “Asymptotically constrained” against a violation of constraints
By adding constraints in RHS, we can kill error-growing modes
⇒ How can we understand the features systematically?
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2000s
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96
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99
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97
86
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Iriondo-Leguizamon-Reula

99
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strategy 1

Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation
T. Nakamura, K. Oohara and Y. Kojima, Prog. Theor. Phys. Suppl. 90, 1 (1987)
M. Shibata and T. Nakamura, Phys. Rev. D 52, 5428 (1995)
T.W. Baumgarte and S.L. Shapiro, Phys. Rev. D 59, 024007 (1999)

The popular approach. Nakamura’s idea in 1980s.
BSSN is a tricky nickname. BS (1999) introduced a paper of SN (1995).
• define new set of variables (φ, γ̃ij ,K,Ãij ,Γ̃i), instead of the ADM’s (γij ,Kij ) where
γ̃ij ≡ e−4φ γij ,

Ãij ≡ e−4φ(Kij − (1/3)γij K),

Γ̃i ≡ Γ̃ijk γ̃ jk ,

and impose detγ̃ij = 1 during the evolutions.
• The set of evolution equations become

(∂t − Lβ )φ = −(1/6)αK,
(∂t − Lβ )γ̃ij = −2αÃij ,
(∂t − Lβ )K = αÃij Ãij + (1/3)αK 2 − γ ij (∇i∇j α),
(3)

(∂t − Lβ )Ãij = −e−4φ(∇i∇j α)T F + e−4φαRij − e−4φ α(1/3)γij R(3) + α(K Ãij − 2Ãik Ãk j )
∂tΓ̃i = −2(∂j α)Ãij − (4/3)α(∂j K)γ̃ ij + 12αÃji(∂j φ) − 2αÃk j (∂j γ̃ ik ) − 2αΓ̃k lj Ãj k γ̃ il


k
ij
kj
i
ki
j
ij
k
−∂j β ∂k γ̃ − γ̃ (∂k β ) − γ̃ (∂k β ) + (2/3)γ̃ (∂k β )
Momentum constraint was used in Γi-eq.

• Calculate Riemann tensor as
φ
k
m k
Rij = ∂k Γkij − ∂i Γkkj + Γm
Γ
−
Γ
Γ
=:
R̃
+
R
ij
ij
ij mk
kj mi

φ
Rij
= −2D̃iD̃j φ − 2g̃ij D̃ l D̃l φ + 4(D̃iφ)(D̃j φ) − 4g̃ij (D̃ l φ)(D̃l φ)
R̃ij = −(1/2)g̃ lm∂lm g̃ij + g̃k(i ∂j)Γ̃k + Γ̃k Γ̃(ij)k + 2g̃ lm Γ̃kl(iΓ̃j)km + g̃ lm Γ̃kim Γ̃klj

• Constraints are H, Mi.
But thre are additional ones, G i , A, S.
Hamiltonian and the momentum constraint equations
HBSSN = RBSSN + K 2 − Kij K ij ,
MBSSN
= MADM
,
i
i

(1)
(2)

Additionally, we regard the following three as the constraints:
G i = Γ̃i − γ̃ jk Γ̃ijk ,
A = Ãij γ̃ ij ,
S = γ̃ − 1,

Why BSSN better than ADM?
Is the BSSN best? Are there any alternatives?

(3)
(4)
(5)

Some known fact (technical):
• Trace-out Aij at every time step helps the stability.
Alcubierre, et al, [PRD 62 (2000) 044034]
• “The essential improvement is in the process of replacing terms by the momentum
constraints”,
Alcubierre, et al, [PRD 62 (2000) 124011]
• Γ̃i is replaced by −∂j γ̃ ij where it is not differentiated,
Campanelli, et al, [PRL96 (2006) 111101; PRD 73 (2006) 061501R]
• Γ̃i-equation has been modified as suggested in Yo-Baumgarte-Shapiro [PRD 66
(2002) 084026]
Baker et al, [PRL96 (2006) 111102; PRD73 (2006) 104002]
Some guesses:
• BSSN has a wider range of parameters that give us stable evolutions in von
Neumann’s stability analysis.
Miller, [gr-qc/0008017]
• The eigenvalues of BSSN evolution equations has fewer “zero eigenvalues” than
those of ADM, and they conjectured that the instability can be caused by “zero
eigenvalues” that violate “gauge mode”.
M. Alcubierre, et al, [PRD 62 (2000) 124011]
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strategy 2

Hyperbolic formulation

Construct a formulation which reveals a hyperbolicity explicitly.
For a first order partial differential equations on a vector u,




u1 

∂t u2  =
.. 
















u1 

A
∂x u2 
.. 
|
{z
}
characteristic part




























u1 

+
B u2 
.. 
|
{z
}
lower order part








Hyperbolic Formulation
(1) Definition

Hyperbolic Formulation
(2) Expectations
• if strongly/symmetric hyperbolic ==> well-posed system
– Given initial data + source terms -> a unique solution exists
– The solution depends continuously on the data
– Exists an upper bound on (unphysical) energy norm

• Better boundary treatments
<== existence of characteristic field
• Known numerical techniques in
Newtonian hydro-dynamics

strategy 2

Hyperbolic formulation

Construct a formulation which reveals a hyperbolicity explicitly.
For a first order partial differential equations on a vector u,
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|
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+
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.. 
|
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lower order part








However,
• ADM is not hyperbolic.

• BSSN is not hyperbolic.

• Many many hyperbolic formulations are presented.
One might ask ...
Are they actually helpful?
Which level of hyperbolicity is necessary?

Why many? ⇒ Exercise.

Exercise 1 of hyperbolic formulation

Wave equation

(∂t∂t − c2∂x∂x)u = 0

Exercise 1 of hyperbolic formulation

Wave equation

(∂t∂t − c2∂x∂x)u = 0

[1a] use u as one of the fundamental variables.



∂t 





2

u  0 c
 =
1 0
v






∂x 



u

v

(6)

Eigenvalues = ±c. Not a symmetric hyperbolic, but a kind of strongly hyperbolic.
[1b]













u  0 c  u 
 =

∂t 
∂  
c 0 x v
v

(7)

Eigenvalues = ±c. Symmetric hyperbolic.
[2a] Let U = u̇, V = u′,

U

∂t 
V



0 c2   U


 =
∂x 
1 0
V




















(8)

Eigenvalues = ±c. Not a symmetric hyperbolic, but a kind of strongly hyperbolic.
[2b] Let U = u̇, V = cu′ ,

U

∂t 
V







0 c  U

 = 
∂ 
c 0 x V

Eigenvalues = ±c. Symmetric hyperbolic.




(9)

Exercise 1 of hyperbolic formulation
[3a] Let v = u̇, w = v ′,






t



∂

u
v
w









(∂t∂t − c2∂x∂x)u = 0

Wave equation







0 0 0 u



= 0 0 c2 
∂
 x
 v


0 1 0
w






















+

v
0
0









(10)

Eigenvalues = 0, ±c. Not a symmetric hyperbolic, nor a strongly hyperbolic.
[3b] Let v = u̇, w = cv ′ ,



 u

 v
∂t 


w









0 0 0  u









 = 
0
c
0
 ∂x 

 v




0 c 0
w






 v




+ 0




0









(11)

Eigenvalues = 0, ±c. Not a symmetric hyperbolic, nor a strongly hyperbolic.
[4] Let f = u̇ − cu′ , g = u̇ + cu′ ,




∂t 

f
g







=





−c 0   f
∂ 
0 c x g

Eigenvalues = ±c. Symmetric hyperbolic, de-coupled.





(12)

Exercise 2 of hyperbolic formulation

Maxwell equations

Consider the Maxwell equations in the vacuum space,
div E
div B
1 ∂E
rot B −
c ∂t
1 ∂B
rot E +
c ∂t

= 0,
= 0,

(1a)
(1b)

= 0,

(1c)

= 0.

(1d)

Exercise 2 of hyperbolic formulation

Maxwell equations

(cont.)

• Take a pair of variables as ui = (E1, E2, E3, B1, B2, B3)T , and write (1c) and
(1d) in the matrix form






Ei  ∼ 
∂t
 = 

Bi




|

Al ij
C lij

B l ij
D l ij
{z

Hermitian?

• In the Maxwell case, we see immediately






}





Ej 
∂l
.
Bj




(2)

0
ǫilm 

 ∂l um
∂tui = c 
lm
−ǫi
0




or with the actual components
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E2 
0





E3 


 = c
l
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0
δ
−δ
B1 

3
2





l
l



−δ
0
δ

B2 
3
1 



l
l
δ2 −δ1
0
B3


That is, symmetric hyperbolic system.









0
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E3 
∂l
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B1 

B2 

B3




















Exercise 2 of hyperbolic formulation

Maxwell equations

(cont.)

• The eigen-equation of the characteristic matrix becomes


 
l
l
l 
0
−δ
δ
−λ
0
0


3
2 
 



 




l
l
l
 

 δ

0
−λ
0
c
0
−δ







3
1
 





l j
j
l j
l
l
l
l


 A

− λ δi
Bi


0
0
−λ
−δ
δ
0
i


2
1

 = det 



 
det 
 = 0
l
l
l

l j
l j


l j
0
δ
−δ
−λ
0
0

Ci
D i − λ δi


 

3
2



 




 

l
l
l


 

−δ
0
δ
0
−λ
0
c


 

3
1




 
l
l
l
δ2 −δ1
0
0
−λ
0
We therefore obtain the eigenvalues as
0 (2 multi),

s

±c (δ1l )2 + (δ2l )2 + (δ3l )2 ≡ ±c (2 each)

Exercise 3 of hyperbolic formulation

Adjusted Maxwell equations

By adding constraints (1a) and (1b) in the RHS of equations, and see what will be
happend.


∂tui = c 

0
ǫi

lm

−ǫilm 
 z 
x
 ∂k Bk ,
 ∂l um + c 
 ∂k Ek + c 
0
y
w

where x, y, z, w are parameters.











(3)

Exercise 3 of hyperbolic formulation

Adjusted Maxwell equations

(cont.)

By adding constraints (1a) and (1b) in the RHS of equations, and see what will be
happend.


∂tui = c 

0
ǫilm

−ǫilm 
x
 z 
 ∂k Ek + c 
 ∂l um + c 
∂ B ,
y
0
w k k


where x, y, z, w are parameters.
• The actual components are





E1



E 

 2




E 

 3
 = c
∂t 
  l
B 
δ

 1
  1



l
B 
y
 δ1
 2
δ1l
B3

 l
δ
 1l
x
 δ1
δ1l

δ2l δ3l

δ2l δ3l 
+
l
l
δ2 δ3

δ2l
δ2l
δl
2



δ3l

δ3l 

δ3l

0

 −δ l

3
δ2l



δ3l
0
−δ1l

z


−δ2l

δ1l 

0



 l
δ
 1l
δ
 1
δ1l



δ2l
δ2l
δ2l







δ3l
0
−δ3l

 l

δ3l 
0
 +  δ3
l
l
δ3
−δ2  δ1l
δ l δ2l δ3l
 1l
l
l 

w
 δ1 δ2 δ3 
δ1l δ2l δ3l

(3)



δ2l

−δ1l 



0 






E1


E 
 2


E 
 3
.
 ∂l 
B 

1









 B2 
B3

We see that adding constraint terms break the symmetricity of the characteristic
matrix.
• The eigenvalues will be changed as
!
r
c
2
2
x + w ± x − 2xw + w + 4yz (δ1l + δ2l + δ3l ) (1 each),
±c (2 each).
2
The zero eigenvalues disappear by adding constraints, and they can be also |c| if
the parameters have the relation (yz − xw − 1)2 = (x + w)2.
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Kidder-Scheel-Teukolsky hyperbolic formulation (Anderson-York + Frittelli-Reula)
Phys. Rev. D. 64 (2001) 064017
• Construct a First-order form using variables (Kij , gij , dkij ) where dkij ≡ ∂k gij
Constraints are (H, Mi , Ckij , Cklij ) where Ckij ≡ dkij − ∂k gij , and Cklij ≡ ∂[k dl]ij
• Densitize the lapse, Q = log(N g −σ )
• Adjust equations with constraints

∂ˆ0gij = −2N Kij
∂ˆ0Kij = (· · ·) + γN gij H + ζN g ab Ca(ij)b
∂ˆ0dkij = (· · ·) + ηN gk(i Mj) + χN gij Mk

• Re-deining the variables (Pij , gij , Mkij )
Pij ≡ Kij + ẑgij K,
ˆ j))],
Mkij ≡ (1/2)[k̂dkij + êd(ij)k + gij (âdk + b̂bk ) + gk(i (ĉdj) + db

dk = g ab dkab , bk = g ab dabk

The redefinition parameters
– do not change the eigenvalues of evolution eqs.
– do not effect on the principal part of the constraint evolution eqs.
– do affect the eigenvectors of evolution system.
– do affect nonlinear terms of evolution eqs/constraint evolution eqs.

FIG. 7. L 2 norms of the errors for the metric.

FIG. 8. Fourier components of the numerical metric for )
FIG. 11. Amplification factor associated with the difference
!0,4,8. Some of the components grow exponentially from the very
scheme &12' approximating the ill posed equation v t !i v x .
beginning.

Numerical experiments of KST hyperbolic formulation

lutions the coarsest one gives smaller errors after a while,
and the time at which this occurs decreases as one increases
resolution. This indicates that the difference scheme is not
convergent. Note that one could be easily misled to think that
the code is convergent if one did not evolve the system for
long enough time, or without high enough resolution. For
example, if one performs two runs, with 120 and 240 gridpoints, one has to evolve until, roughly, 150 crossing times,
in order to notice the lack of convergence. To put these numbers in context, suppose one had a similar situation in a 3D
black hole evolution. To give some usual numbers, suppose
the singularity is excised, with the inner boundary at, say, r
!M , and the outer boundary is at 20M !which is quite a
modest value if one wants to extract waveforms". In this case
120 and 240 gridpoints correspond to grid spacings of, approximately, M /5 and M /10, respectively !usual values as
well in some simulations". If one had to evolve up to 150
crossing times in order to notice the lack of convergence,
that would correspond to t!3000M , which is several times
more than what present 3D evolutions last. Of course, the
situation presented in this simple example need not appear in
exactly
the same way
in anSARBACH,
evolution AND
of a different
CALABRESE,
PULLIN,
TIGLIO spacetime, or with a different discretization; in fact, in the next
subsection we show an example where the instability becomes obvious sooner. Also, there are some ways of noticing
in advance that the code is not converging. Namely, it seems
that the numerical solution has the expected power law
growth that the continuum linearized analysis predicts until
all of a sudden an exponential growth appears. But if one
looks at the Fourier components of the numerical solution,
one finds that there are nonzero components growing exponentially from the very beginning, starting at the order of
truncation error !see Fig. 8".
One might expect that, since for WH systems the
frequency-dependent growth at the continuum is a power law
one, it is possible to get convergence by adjusting the dissipation. In #2$ we show that even though certain amount of
dissipation might help, the code is never convergent and,
indeed, adding too much dissipation violates the von Neumann condition, which leads to a much more severe numeriL 2 norms
of the errors
for the
metric. excal instability.FIG.
We 7.have
systematically
done
numerical

Weak wave on flat spacetime.
-> No non-principal part.
-> We can observe the
features of hyperbolicity.

-> Using constraints in RHS
may improve the blow-up.

periments changing the value of %̃ without being able to reaches the value ˜! !0.32 the instability is even worse than
stabilize the simulations !more details are given below", veri- adding less dissipation, and the same thing happens if one
fying, thus, the discrete predictions.
PHYSICAL REVIEWkeeps
D 66,on
064011
!2002"˜
! beyond 0.32. So we next narrow the
increasing
interval in which the dissipation is fine tuned, we start at ˜!
3. The CIP case (!ÄÀ1Õ2)
Stability properties of a formulation
of increase
Einstein’s
equations
!0.24, and
at intervals
of 0.01. We find the same
Figure 9 shows the error in the metric, for different reso- result; at ˜! "0.25 there is already too much dissipation and
†
lutions. As in the WH case,Gioel
the errors
originate
mostly
from
* Jorge
Calabrese,
Pullin,
Olivier Sarbach,‡ and Manuel Tiglio§
the situation is worse. Fine tuning even more, we change ˜!
the nonzero
frequencies
!i.e.
ones thatLouisiana
typicallyState
grow
in
Department
of Physics
andthe
Astronomy,
University,
202 Nicholson Hall, Baton Rouge, Louisiana 70803-4001
in intervals
of 0.001 around 0.250, but it is also found that
an unstable numerical scheme". But!Received
now they
morepublished
27 grow
May 2002;
19 September 2002"
!
"0.250
the effect of more dissipation is adverse, as
for
than 10 orders of magnitude in much less than one crossing
We study the stability properties of the Kidder-Scheel-Teukolsky
!KST"
also
shown
in
Fig.
14.many-parameter formulation of
time and it is quite obvious that the code is not converging.
Einstein’s equations for weak gravitational waves on flat space-time
from
a
continuum and numerical point of
This is so because in the CIP case the instability grows ex- The fact that beyond ˜! !0.250 the situation becomes
view. At the continuum, performing a linearized analysis
of
the
equations
around
flat space-time, it turns out
ponentially with the number of gridpoints !see Fig. 10". This worse is in perfect agreement with the discrete analysis of
that they have, essentially, no non-principal terms. As
a
consequence,
in
the
weak
field limit the stability
can be seen performing a discrete analysis for the single ill "2#. There we show that a necessary condition for the von
properties of this formulation depend only on the level of hyperbolicity of the system. At the discrete
level we
posed equation in 1D, v t !i v x . One gets that the symbol Neumann condition to be satisfied is ˜! $%1/8. Here the uppresent some simple one-dimensional simulations using the KST family. The goal is to analyze the type of
& ( ' (x) is real and cannot be bounded by 1 in magnitude, per limit of 1/8 corresponds to, precisely, ˜! !1/4. Exceeding
instabilities that appear as one changes parameter values in the formulation. Lessons learned in this analysis
making the difference scheme unstable !independently of this value results in a violation of the von Neumann condican be applied in other formulations with similar properties.
resolution". If one changed to characteristic variables exactly tion; as explained in "2#, when this happens there is a nuthis equationDOI:
would
appear in 1D as a subset of the system merical instability that grows
with the number
10.1103/PhysRevD.66.064011
PACSexponentially
number!s": 04.25.Dm
REVIEW
D 66, is,
064011
that we are considering,PHYSICAL
so this model
equation
in the!2002"
of gridpoints &i.e. as in the CIP case', much faster than when
I. INTRODUCTION

FIG. 13.
stopped once

the von Ne
growth goe
Finally,
tried with s
often used
!0.25, wit
gent simula

Finally h
but now w
thus, the sy
exponential
merical sch

Perform
method yie
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the lapse, a
with two it
the minim
scheme for
unstable fo
factor and
have also t
dissipation
to confirm
WH or CIP
tions rewrit
convergenc
ten as seco
same initia

nonconvergent, but it might appear to converge for a significant range of resolutions. We will see that the addition of
dissipation does not fix these problems, but actually can exNumerical simulations of the Einstein equations for situacerbate them. It is often the case in numerical relativity that
ations of interest in the binary black hole problem do not run
discretization schemes that are convergent for strongly hyforever. The codes either stop due to the development of
perbolic equations are applied to weakly hyperbolic formufloating point overflows, or even if they do not crash, they
lations. The examples of this section will teach us how danproduce answers that after a while are clearly incorrect. It is
gerous such a practice is and confirm the analytic results of
usually very difficult to pinpoint a clear reason why a code
Ref. #2$. This part of the paper is also instructive in that the
stops working. Recently, Kidder, Scheel and Teukolsky
KST system has only been evolved with pseudospectral
!KST" #1$ introduced a twelve-parameter family of evolution
methods. We use ordinary integration via the method of
equations for general relativity. Performing an empirical palines.
rameter study within a certain two-parameter subfamily, they
The plan of this paper is as follows. In the next section we
were able to evolve single black hole space-times for over
will discuss several notions of stability that are present in the
1000 M, where M is the mass of the black hole, something
literature, mostly to clarify the notation. In Sec. III we disthat had been very difficult to achieve in the past. It is of
We hav
cuss the stability of the KST equations in the continuum
interest to try to understand what makes some of the paramequations i
linearized perturbations. In Sec. IV we discuss the nueter choices
better
others,
in of
particular
given metric
that afor )under FIG.
FIG.
8.9.Fourier
components
thethenumerical
FIG.
L 2 than
norm
of the errors
for
metric.
coordinates
12. L 2 norm of the errors for the metric.
merical
simulations.
twelve!0,4,8.
dimensional
parameter
study
appears
prohibitive
at
Some of the components grow exponentially from the very
lutions the coarsest one gives smaller errors after a 064011-8
while,present.
The intention of this paper is to take some steps in
beginning.
064011-10
and the time at which this occurs decreases as one increasesthis direction. We will first perform a linearized analysis of
II. DIFFERENT DEFINITIONS OF STABILITY
resolution. This indicates that the difference scheme is notthe KST
equations
in the the
continuum,
small
without being
able to
periments
changing
value ofby%̃ considering
convergent. Note that one could be easily misled to think thatperturbations
around
flat
space-time.
We
will
observe
that
the veri- The term stability is used in numerical relativity in several
stabilize the simulations !more details are given below",
the code is convergent if one did not evolve the system forstability
of thus,
flat space-time
entirely characterized by the
different ways. We therefore wanted to make the notation
fying,
the discreteispredictions.
long enough time, or without high enough resolution. Forlevel of hyperbolicity of the system. Since the latter is conclear at least in what refers to this paper. Sometimes the

Class. Quantum Grav. 17 (2000) 4799–4822. Printed in the UK

PII: S0264-9381(00)50711-4

Hyperbolic formulations and numerical relativity

4811

Hyperbolic formulations and numerical relativity:
experiments using Ashtekar’s connection variables
Hisa-aki Shinkai† and Gen Yoneda‡
† Centre for Gravitational Physics and Geometry, 104 Davey Laboratory, Department of Physics,
The Pennsylvania State University, University Park, PA 16802-6300, USA
‡ Department of Mathematical Sciences, Waseda University, Shinjuku, Tokyo, 169-8555, Japan

4803

Hyperbolic
formulations and
numerical relativity
E-mail: shinkai@gravity.phys.psu.edu
and yoneda@mn.waseda.ac.jp
Received 3 May 2000, in final form 13 September 2000

N i , Aa0 , which we call the densitized lapse function, shift vector and the triad lapse function.
Abstract. In order to perform accurate and stable long-time numerical integration of the Einstein
system has three
constraint equations,
equation, several hyperbolic systems have been proposed. Here we present a numerical comparison
between weakly hyperbolic, strongly hyperbolic and symmetric hyperbolic systems based on

ASH
ab
i primarycadvantage for using this connection formulation in
Ashtekar’s
connection variables.
The
CH
:=
(i/2)!
≈ 0, variables for all levels of hyperbolicity.
Ẽ
ẼtheFsame
c
a
ij dynamical
this experiment is that we can keep using b

(7)

and we compare the
the simulation by monitoring the violation of the constraints.
ASH
a accuracy
CMi
:= −F
≈of 0,
Ẽaj obtained
By comparing
with
from the weakly hyperbolic system, we observe that the
ij results

(8)

j

Our numerical code demonstrates gravitational wave propagation in plane-symmetric spacetimes,

strongly and symmetric hyperbolic system show better numerical performance (yield less constraint
violation), but not so much difference between the latter two. Rather, we find that the symmetric
ASH
i
hyperbolic system is not always the best in terms of numerical performance.
i a first to present full numerical simulations using Ashtekar’s variables. We
Ga
This study is the
also describe our procedures in detail.

C

:= D Ẽ ≈ 0,

(9)

ch are called the
Hamiltonian, momentum and Gauss constraint equations, respectively.
(Some figures in this article are in colour only in the electronic version; see www.iop.org)
Figure 2. Images of gravitational wave propagation and comparisons of dynamical behaviour of
dynamical equations
for a set of (Ẽai , Aai ) are
Ashtekar’s variables and ADM variables. We applied the same initial data of two +-mode pulse
PACS numbers: 0420C, 0425, 0425D
∂t Ẽai
1. Introductiona

= −iDj (!

∂t Ai = −i!

ab

cb

j i
a N Ẽc Ẽb )

˜

j c
c N Ẽb Fij

˜

+ 2Dj (N

[j

Ẽai] )

+ N j Fjai + Di Aa0 ,

+

iAb0 !ab c

Numerical relativity—solving the Einstein equation numerically—is now an essential field in
agravity research. aAs is well aknown, critical
c collapse in gravity systems was first discovered by
Abi A
[i Aj ] [1]. Thebc
ijnumerical simulation
j
current
mainstream
of numerical relativity is to demonstrate the
final phase of compact binary objects related to gravitational wave observations†, and these
efforts are now again shedding light on the mathematical structure of the Einstein equations.
Up to a couple of years ago, the standard Arnowitt–Deser–Misner (ADM) decomposition
of the Einstein equation was taken as the standard formulation for numerical relativists.
Difficulties in accurate/stable long-term evolutions were supposed to be overcome by choosing
proper gauge conditions and boundary conditions. Recently, however, several numerical

Ẽci ,

waves (a = 0.2, b = 2.0, c = ±2.5 in equation (21) and K0 = −0.025), and the same slicing
condition, the standard geodesic slicing condition (N = 1). (a) Image of the 3-metric component
gyy of a function of proper time τ and coordinate x. This behaviour can be seen identically both
in ADM and Ashtekar evolutions, and both with the Brailovskaya and Crank–Nicholson timeintegration scheme. Part (b) explains this fact by comparing the snapshot of gyy at the same proper
time slice (τ = 10), where four lines at τ = 10 are looked at identically. Parts (c) and (d) are of the
y
real part of the densitized triad Ẽ2 , and the real part of the connection A2y , respectively, obtained
from the evolution of the Ashtekar variables.

(10)

(11)

ere F := 2∂
− i!
is the curvature 2-form.
We have to consider the reality conditions when we use this formalism
to describe the
When the pulses collide, then the amplitude seems simply to double, as they are superposed,
and will
the pulses
keep travelling
sical Lorentzian spacetime. As we review in appendix A.2, the metric
remain
on itsin their original propagation direction. That is, we observe
something like solitonic wave pulse propagation.
-valued constraint surface during time evolution automatically if we prepare
initial
data3.2, we have to assume our background not to be flat, therefore
As we mentioned
in section
there the
are notriad
exact solutions.
The reader might think that if we set | tr K| to be small and pulse
ch satisfy the reality condition. More practically, we also require that
be real-
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Abstract. In order to perform accurate and stable long-time numerical integration of the Einstein
5. Experiments
2: another way to control the accuracy/stability
equation, several hyperbolic systems have been proposed. Here we present a numerical comparison
between weakly hyperbolic, strongly hyperbolic and symmetric hyperbolic systems based on
Ashtekar’s connection variables. The primary advantage for using this connection formulation in
this experiment is that we can keep using the same dynamical variables for all levels of hyperbolicity.
Our numerical code demonstrates gravitational wave propagation in plane-symmetric spacetimes,
and we compare the accuracy of the simulation by monitoring the violation of the constraints.
By comparing with results obtained from the weakly hyperbolic system, we observe that the
strongly and symmetric hyperbolic system show better numerical performance (yield less constraint
violation), but not so much difference between the latter two. Rather, we find that the symmetric
hyperbolic system is not always the best in terms of numerical performance.
This study is the first to present full numerical simulations using Ashtekar’s variables. We
also describe our procedures in detail.

The results we have presented in the previous section indicate that both strongly and symmetric
hyperbolic systems show better performance than the original weakly hyperbolic system.
These systems are obtained by adding constraint terms (or ‘adjusted’ terms) to the right-hand
side of the original equations, (10) and (11). In this section, we report on simple experiments
in changing the magnitude of the multipliers of such adjusted terms.
We consider the following system, where the equations of motion are adjusted in the same
(Some
figures
in this
are in colour only
in the electronic
version; seeκ:
www.iop.org)
way as before,
but
with
a article
real-valued
constant
multiplier
PACS numbers: 0420C, 0425, 0425D

ASH b
Figure(31)
6. Comparisons of the ‘adjusted’ system with the different multiplier, κ, in equations (31)
∂t Ẽai = −iDj (# cb a N Ẽcj Ẽbi ) + 2Dj (N [j Ẽai] ) + iAb0 #ab c Ẽci + κP i ab CG
,
and (32). The model uses +-mode pulse waves (a = 0.1, b = 2.0, c = ±2.5) in equation (21) in a
˜
background K0 = −0.025. Plots are of the L2 norm of the Hamiltonian and momentum constraint
ASH
ASH
where
P i ab ≡ N i δab + iN #ab c Ẽci ,
equations, CH
and CM
((a) and (b), respectively). We see some κ produce a better performance
than
the
symmetric
hyperbolic
system.
1. Introduction
˜
j c
a
ab
j a
a
a ASH
j a ASH
∂tNumerical
Ai = −i#
N Fj i +equation
Di A0 numerically—is
+ κQi CH now
+ κR
CMj field
, in
(32)
c N Ẽb Fij +
relativity—solving
the Einstein
aniessential
˜
gravity research. As is well known, critical
collapse inagravity systems
was first−2
discovered
byb j Our numerical code demonstrates gravitational wave propagation in plane-symmetric
N # ac b Ẽ
where
Qaimainstream
≡ e−2 NofẼnumerical
Ri j a ≡
.
numerical simulation
[1]. The current
relativity
is toiedemonstrate
thei Ẽcspacetime,
i,
and we compare the ‘accuracy’ and/or ‘stability’ by monitoring the violation of
˜
˜
final phase of compact binary objects related to gravitational wave observations†, and these
the
constraints.
The
setareofnow
equations
(31)light
andon(32)
becomes structure
the original
weakly
hyperbolic system if κActually,
= 0, our experiments in section 4 were the comparisons of accuracy
efforts
again shedding
the mathematical
of the Einstein
equations.
in evolutions, while in section 5 we observed cases of unstable evolution. By comparing
Up to the
a couple
of years ago,
the standard system
Arnowitt–Deser–Misner
becomes
symmetric
hyperbolic
if κ = 1 and(ADM)
N =decomposition
constant, andwith
remains
a strongly
the results
obtained from the weakly hyperbolic system, we observe that the strongly
of the Einstein equation was taken as the standard formulation for
1 numerical relativists.
hyperbolic
system
for
other
choices
of
κ
except
κ
=
which
only
forms
a
weakly
hyperbolic
and
symmetric
hyperbolic
system show better properties with little differences between them.
2 overcome by choosing
Difficulties in accurate/stable long-term evolutions were supposed to be
Therefore, we
may conclude that higher levels of hyperbolic formulations help the numerics
system.
Weconditions
again remark
that conditions.
the coefficients
constructing
the symmetric
hyperbolic
proper gauge
and boundary
Recently, for
however,
several numerical

No drastic differences in stability
between 3 levels of hyperbolicity.

BSSN Pros:
• With Bona-Masso-type α (1+log), and frozon β (∂tΓi ∼ 0), BSSN plus auxiliary
variables form a 1st-order symmetric hyperbolic system,
Heyer-Sarbach, [PRD 70 (2004) 104004]
• If we define 2nd order symmetric hyperbolic form, principal part of BSSN can be
one of them,
Gundlach-MartinGarcia, [PRD 70 (2004) 044031, PRD 74 (2006) 024016]

BSSN Cons:
• Existence of an ill-posed solution in BSSN (as well in ADM)
Frittelli-Gomez [JMP 41 (2000) 5535]
• Gauge shocks in Bona-Masso slicing is inevitable. Current 3D BH simulation is
lack of resolution.
Garfinke-Gundlach-Hilditch [arXiv:0707.0726]

strategy 2

Hyperbolic formulation (cont.)

Are they actually helpful?
“YES” group
“Well-posed!”, ||u(t)|| ≤ eκt||u(0)||
Mathematically Rigorous Proofs
IBVP in future

Initial Boundary Value Problem
Consistent treatment is available
only for symmetric hyperbolic
systems.
GR-IBVP
Stewart, CQG15 (98) 2865

Tetrad formalism
Friedrich & Nagy, CMP201 (99) 619

Linearized Bianchi eq.
Buchman & Sarbach, CQG 23 (06) 6709

Constraint-preserving BC
Kreiss, Reula, Sarbach & Winicour, CQG 24 (07) 5973

Higher-order absorbing BC
Ruiz, Rinne & Sarbach, CQG 24 (07) 6349
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Hyperbolic formulation (cont.)

Are they actually helpful?
“YES” group

“Really?” group

“Well-posed!”, ||u(t)|| ≤ eκt||u(0)||

“not converging”, still blow-up

Mathematically Rigorous Proofs

Proofs are only simple eqs.
Discuss only characteristic part.
Ignore non-principal part.
...

IBVP in future
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IBVP in future
Which level of hyperbolicity is necessary?

symmetric hyperbolic ⊂ strongly hyperbolic ⊂ weakly hyperbolic systems,
Advantages in Numerics (90s)
Advantages in sym. hyp.
– KST formulation by LSU

strategy 2

Hyperbolic formulation (cont.)

Are they actually helpful?
“YES” group

“Really?” group

“Well-posed!”, ||u(t)|| ≤ eκt||u(0)||

“not converging”, still blow-up

Mathematically Rigorous Proofs

Proofs are only simple eqs.
Discuss only characteristic part.
Ignore non-principal part.
...

IBVP in future
Which level of hyperbolicity is necessary?

symmetric hyperbolic ⊂ strongly hyperbolic ⊂ weakly hyperbolic systems,
Advantages in Numerics (90s)

These were vs. ADM

Advantages in sym. hyp.
– KST formulation by LSU

Not much differences in hyperbolic 3 levels
– FR formulation, by Hern
– Ashtekar formulation, by HS-Yoneda
sym. hyp. is not always the best

80s

90s

Nakamura-Oohara
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Baumgarte-Shapiro

Shibata-Nakamura
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Shibata
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UWash
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Shibata-Nakamura
G-code
H-code

ADM

Illinois

99

95

87
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Shibata
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BSSN-code
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Alcubierre
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Bona-Masso
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adjusted-system

80s

UWash

ChoquetBruhat-York Anderson-York
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Cornell-Illinois
96

Kidder-Scheel
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Caltech

Frittelli-Reula
Hern

99

LSU

lambda-system
Shinkai-Yoneda

97
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Ashtekar

Iriondo-Leguizamon-Reula

99

Yoneda-Shinkai

Summary up to here (1st half)
[Keyword 1] Formulation Problem
Although mathematically equivalent, different set of equations
shows different numerical stability.
[Keyword 2] ADM formulation
The starting formulation (Historically & Numerically).
Successes in 90s, but not for binary BH-BH/NS-NS problems.
[Keyword 3] BSSN formulation
New variables and gauge fixing to ADM, shows better stability.
The reason why it is better was not known at first.
Many simulation groups uses BSSN. Technical tips are accumulated.
[Keyword 4] hyperbolic formulations
Mathematical classification of PDE shows "well-posedness", but its meaning
is limited.
Many versions of hyperbolic Einstein equations are available.
Some group try to show the advantage of BSSN using "hyperbolicity".
But are they really helpful in numerics?

strategy 3 “Asymptotically Constrained” system /“Constraint Damping” system
Formulate a system which is “asymptotically constrained” against a violation of constraints
Constraint Surface as an Attractor
method 1: λ-system (Brodbeck et al, 2000)
• Add aritificial force to reduce the violation of
constraints
• To be guaranteed if we apply the idea to a symmetric hyperbolic system.
method 2: Adjusted system (Yoneda HS, 2000,
2001)

t=0

Constrained Surface
(satisfies
Einstein's constraints)

• Eigenvalue analysis of constraint propagation
equations may prodict the violation of error.

Blow up

error

?
Stabilize?

time

• We can control the violation of constraints by
adjusting constraints to EoM.

• This idea is applicable even if the system is not
symmetric hyperbolic. ⇒
for the ADM/BSSN formulation, too!!

Idea of λ-system
Brodbeck, Frittelli, Hübner and Reula, JMP40(99)909
We expect a system that is robust for controlling the violation of constraints
Recipe
1. Prepare a symmetric hyperbolic evolution system
∂t u = J∂iu + K
2.

Introduce λ as an indicator of violation of constraint
which obeys dissipative eqs. of motion

3.

Take a set of (u, λ) as dynamical variables

4.

Modify evolution eqs so as to form
a symmetric hyperbolic system

Remarks

∂t λ = αC − βλ
(α 6= 0, β > 0)






u
A
0
u
∂ 

∂t   ≃ 
i
F 0
λ
λ












u
A F̄   u 
∂t   = 
∂i
λ
F 0
λ

• BFHR used a sym. hyp. formulation by Frittelli-Reula [PRL76(96)4667]
• The version for the Ashtekar formulation by HS-Yoneda [PRD60(99)101502]
for controlling the constraints or reality conditions or both.
• Succeeded in evolution of GW in planar spacetime using Ashtekar vars. [CQG18(2001)441]
• Do the recovered solutions represent true evolution? by Siebel-Hübner [PRD64(2001)024021]
• The version for Z4 hyperbolic system by Gundlach-Calabrese-Hinder-MartinGarcia [CQG22(05)3767]
⇒ Pretorius noticed the idea of ”constraint damping” [PRL95(05)121101]
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2.2. Analysis ofeigenvalues.
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thei j evolution
Cwe
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E and CB
α1control
δ li equations
0 stability,for
−c#
E i propose a0new
E jtheweconstraints
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to
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which
call the0‘adjusted
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eigenvalues
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This
here ' = ∂i ∂ i . We
the Fourier
and2‘adjusted
λB take
λequations.
λλs,
δjl
0 for constraints
0propagation Cs
0 of theαadjusted
B (2.16) −β
B (2.12) and
2integrals
system’ is also tested in
the Maxwell system and in the Ashtekar system. This
2.13), in the form of (2.7),
to obtain
mechanism affects more than the system’s symmetric hyperbolicity.


of eigenvalues. Now
  equations

2.2.2.ĈAnalysis
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for the constraints CE and CB
0 evolution
0 0 −α1 k 2
ĈE
E
PACS numbers: 0420C, 0425, 0425D
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  Ĉ 
−αin2 kthe2 electronic
B  see www.iop.org)
 B (Some figures
 in this article are0in colour only
  version;
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(2.17) (2.16)
=
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∂t CE = α1 ('λE ),
∂t CB=α2 ('λ
 λ̂E   α1 0
−β1
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Figure 1. Demonstration of the λ system in the Maxwell equation. (a) Constraint violation (L2
where ' = ∂i ∂ i . We take the Fourier integrals for constraints Cs (2.16) and λs, (2.12) and
0 α2
λ̂B
0
−β2
λ̂B
norm of CE ) versus time with constant β (= 2.0) but changing α. Here α = 0 means no λ system.
(2.13), in the form of (2.7), to obtain
(b) The same plot with constant α (= 0.5) but changing β. We see better performance for β > 0,
which is the case of negative eigenvalues of the constraint propagation equation. The constants in
 
 expression.
here k 2 = ki k i . We find the 
matrix
Note
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Numerical
relativity,
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2
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where αi "= 0 (possibly complex) and βi > 0 (real) are constants.
If we take yα := (Ẽai , Aai , λ, λi , λa ) as a set of dynamical variables, then the principal
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˜
∂
λ
=
α
−
β
λ
,
(2.27)
C
t
i
2
2
i
Mi
We introduce new variables (λ, λi , λa ), obeying the dissipative evolution equations,
l
∼
∂II.
(2.31)
t λa = α3 ∂l Ẽa .
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2
d (∂l λ)+ ᾱ 2 (−eγ Ẽi +eδi Ẽ )(∂l λm ) to the equation of ∂t Ai . The final principal
Gen
Yoneda
and
Hisa-aki
Shinkai
where αi "= 0 (possibly complex) and βi > 0 (real) are constants.
part is then written as
j
b
∼
If we take yα ∂:=
(Department
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Ẽb 0


j
b
 0
c l
la j
a d0425D
lj a
PACS
numbers:
0420C,iᾱ0425,
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∼×∂ relativity, ,
solution ofisthe
Ashtekar
(2.32) system.
l  λ  an approach to solving the Einstein equations numerically,

Idea of “Adjusted system” and Our Conjecture
CQG18 (2001) 441, PRD 63 (2001) 120419, CQG 19 (2002) 1027
General Procedure
1.

prepare a set of evolution eqs.

∂t ua = f (ua , ∂bua , · · ·)

2.

add constraints in RHS

a
a
(C
,
∂
C
, · · ·)}
∂t ua = f (ua , ∂bua , · · ·) +F
b
|
{z

3.

choose appropriate F (C a, ∂bC a, · · ·)
to make the system stable evolution

How to specify F (C a, ∂b C a, · · ·) ?
4.

prepare constraint propagation eqs.

∂t C a = g(C a, ∂b C a, · · ·)

5.

and its adjusted version

6.

a
a
∂t C a = g(C a, ∂b C a, · · ·) +G(C
,
∂
C
, · · ·)}
b
|
{z

a
Fourier transform and evaluate eigenvalues ∂tĈ k = A(
Ĉ
) Ĉ k
| {z }

Conjecture: Evaluate eigenvalues of (Fourier-transformed) constraint propagation eqs.
If their (1) real part is non-positive, or (2) imaginary part is non-zero, then the system is more stable.

Example: the Maxwell equations
Yoneda HS, CQG 18 (2001) 441
Maxwell evolution equations.
jk

∂tEi = c"i ∂j Bk + Pi CE + Qi CB ,
∂tBi = −c"ijk ∂j Ek + Ri CE + Si CB ,
CE = ∂iE i ≈ 0, CB = ∂iB i ≈ 0,

Constraint propagation equations

CAFs?

















sym. hyp
⇔ Pi = Qi = Ri = Si = 0,
strongly hyp ⇔ (Pi − Si)2 + 4RiQi > 0,
weakly hyp ⇔ (Pi − Si)2 + 4RiQi ≥ 0

∂tCE = (∂iP i)CE + P i(∂iCE ) + (∂iQi)CB + Qi(∂iCB ),
(∂iRi)CE + Ri(∂iCE ) + (∂iS i)CB + S i(∂iCB ),
∂tCB = 



sym. hyp
⇔ Qi = Ri,



strongly hyp ⇔ (Pi − Si)2 + 4RiQi > 0,





 weakly hyp
⇔ (Pi − Si)2 + 4RiQi ≥ 0


Ĉ
∂t  E  =
ĈB



















ĈE 
∂ P i + P iki ∂iQi + Qiki   ĈE   P iki Qiki   ĈE 
 i

∂
≈
=:
T
l
ĈB
ĈB
ĈB
∂iRi + Riki ∂iS i + S iki
R i k i S i ki
i

i

)

⇒ CAFs = (P ki + S ki ± (P iki + S iki)2 + 4(QikiRj kj − P ikiS j kj ))/2

Therefore CAFs become negative-real when
P iki + S iki < 0,

and

QikiRj kj − P ikiS j kj < 0
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a symmetric hyperbolic
system (e.g. [2–5, 10]).
We believe, however, that the above guidelines
yield the essential mechanism for our purpose of constructing a stable dynamical system.
Received 27 July 2000, in final form 13 December 2000
In the following subsections and appendix A, we demonstrate that this adjusted system
actually worksAbstract
as desired in the Maxwell system and in the Ashtekar system of the Einstein
equations, in which
the above
two guidelines
are applied,
respectively.
We study
asymptotically
constrained
systems
for numerical integration of the

Einstein equations, which are intended to be robust against perturbative errors
Adjusted-Maxwell
system
as well.
3.2. Example for
1: Maxwell
the free equations
evolution of the initial
data. First, weworks
examine the previously
proposed
system’,
whichconsider
introduces
to constraint
surfaces
3.2.1. Adjusted
system.‘λ Here
we again
theartificial
Maxwellflows
equations
(2.9)–(2.11).
We
based
on
the
symmetric
hyperbolic
formulation.
We
show
that
this
system
start from the adjusted dynamical equations
works as expected for the wave propagation problem in the Maxwell system
j
∂t Eini =
c"i j k ∂relativity
Qi CB + q jformulation.
j Bk + P i C
E + pAshtekar’s
i (∂j CE ) +connection
i (∂j CB ),
and
general
using
Second,(3.7)
we
j kmechanism to control
j
j
propose
a
new
the
stability,
which
we
call
the
‘adjusted
(3.8)
∂t Bi = −c"i ∂j Ek + Ri CE + r i (∂j CE ) + Si CB + s i (∂j CB ),
system’. This is simply obtained by adding constraint terms in the dynamical
where P , Q, equations
R, S, p, q,and
r and
s are their
multipliers.
These
dynamical
adjust
the
adjusting
multipliers.
We explain
whyequations
a particular
choice
Figure 4. Demonstrations of the adjusted system in the Maxwell equation. We perform the same
constraint propagation
equations
as
experiments with section 2.2.3 (figure 1). Constraint violation (L2 norm of CE ) versus time are
of multiplier reduces the numerical errors from non-positive or pure-imaginary
i
i
plotted for various κ (= p j i = s j i ). We see that κ > 0 gives a better performance (i.e. negative
∂t CE = (∂i P ieigenvalues
)CE + P i (∂i C
) + (∂
Q
)C
+
Q
(∂
C
)
ofEthe
adjusted
constraint
propagation
equations.
This
‘adjusted
i
B
i B
real part eigenvalues for the constraint propagation equation), while excessively large positive κ
system’
testedjin
and in the
i the Maxwell system
ji
j i Ashtekar system. This
makes the system divergent again.
)(∂also
(3.9)
+(∂i p j iis
j CE ) + p (∂i ∂j CE ) + (∂i q )(∂j CB ) + q (∂i ∂j CB ),
mechanism affects more than the system’s symmetric hyperbolicity.
∂t CB = (∂i R i )CE + R i (∂i CE ) + (∂i S i )CB + S i (∂i CB )
PACS numbers:
0420C, 0425, 0425D
(3.10) 3.3. Example 2: Einstein equations (Ashtekar equations)
+(∂i r j i )(∂j CE ) + r j i (∂i ∂j CE ) + (∂i s j i )(∂j CB ) + s j i (∂i ∂j CB ).
(Some figures in this article are in colour only in the electronic version; see www.iop.org)

This will be expressed using Fourier components by
!
" !
"
ĈE
∂i P i + iP i ki + ikj (∂i p j i ) − ki kj p j i ∂i Qi + iQi ki + ikj (∂i q j i ) − ki kj q j i
∂t
=
ĈB
∂i R i + iR i ki + ikj (∂i r j i ) − ki kj r j i
∂i S i + iS i ki + ikj (∂i s j i ) − ki kj s j i
"
!
"
!
ĈE
ĈE
=: T
.
(3.11)
×
1. Introduction
ĈB
ĈB
Assuming the multipliers are constants or functions of E and B, we can truncate the principal
Numerical relativity, an approach to solving the Einstein equations numerically, is supposed
matrix as

3.3.1. Adjusted system for controlling constraint violations. Here we only consider the
adjusted system which controls the departures from the constraint surface. In the appendix,
we present an advanced system which controls the violation of the reality condition together
with a numerical demonstration.
Even if we restrict ourselves to adjusted equations of motion for (Ẽai , Aai ) with constraint
terms (no adjustment with derivatives of constraints), generally, we could adjust them as
Ẽcj Ẽbi ) + 2Dj (N [j Ẽai] ) + iAb0 #ab c Ẽci + Xai CH + Yaij CMj + Paib CGb ,
∂t Ẽai = −iDj (# cb a N
∼

Example: the Ashtekar equations
HS Yoneda, CQG 17 (2000) 4799
Adjusted dynamical equations:
j i
[j i]
b
c i
i
ij
ib
)
+
2D
(N
)
+
iA
"
+X
C
+
Y
C
+
P
CGb
Ẽ
Ẽ
Ẽ
Ẽ
∂tẼai = −iDj ("cb aN
j
H
M
j
c
b
a
0
ab
c
a
a
a
∼
!

"#

adjust

Ẽbj Fijc + N j Fjia + DiAa0 + ΛN
Ẽia +QaiCH + Riaj CM j + ZiabCGb
∂tAai = −i"abcN
∼
∼
!

Adjusted and linearized:

"#

$

$

adjust

Ẽia), Raj i = κ3(−ie−2N
"acdẼidẼcj )
X = Y = Z = 0, Pbia = κ1(iN iδba), Qai = κ2(e−2N
∼
∼
Fourier transform and extract 0th order of the characteristic matrix:


ˆH  
ˆH 
C
C
0
i(1
+
2κ
)k
0
3
j










kj
ˆ
ˆ






i(1
−
2κ
C
C
)k
κ
"
k
0
=
∂t 




Mi 
2 i
3
i k
Mj 




0
2κ3δ j
CˆGa
CˆGb
0
a

Eigenvalues:
+

0, 0, 0, ±κ3

,

−kx2

−

ky 2

−

,

kz 2, ±

(−1 + 2κ2)(1 + 2κ3

In order to obtain non-positive real eigenvalues:
(−1 + 2κ2)(1 + 2κ3) < 0

)(kx2

+

ky 2

+

kz 2)

-
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Abstract
Adjusted-Ashtekar
system works as well.
3.3. Example 2: Einstein equations (Ashtekar equations)
We study asymptotically constrained systems for numerical integration of the
Einstein
which constraint
are intended
to be robustHere
against
errors
3.3.1. Adjusted
systemequations,
for controlling
violations.
we perturbative
only consider
the
the free
evolution
of the initial
First, wesurface.
examineInthe
adjusted systemforwhich
controls
the departures
fromdata.
the constraint
thepreviously
appendix,
proposed system
‘λ system’,
introduces
artificial
flows
to constraint
we present an advanced
whichwhich
controls
the violation
of the
reality
condition surfaces
together
based
on the symmetric hyperbolic formulation. We show that this system
with a numerical
demonstration.
expectedtofor
the wave
propagation
problem
inai the
system
Even if weworks
restrictasourselves
adjusted
equations
of motion
for (Ẽ
, AaiMaxwell
) with constraint
and
in
general
relativity
using
Ashtekar’s
connection
formulation.
Second,
terms (no adjustment with derivatives of constraints), generally, we could adjust them
as we
propose a new mechanism to control the stability, which we call the ‘adjusted
cb
b
c i
ij
ib
Ẽcj This
Ẽbi ) +is2simply
Dj (N [jobtained
Ẽai] ) + iAby
Ẽc +constraint
Xai CH + Yterms
+ Pthe
∂t Ẽai = −iDj (#system’.
Gb ,
adding
aN
0 #ab
a CMj in
a Cdynamical
∼
equations and adjusting their multipliers. We explain why a particular choice
(3.14)
reduces
the numerical
or pure-imaginary
j c
ja
a
ab of multiplier
j a
a
aerrorsa from non-positive
ab
∂t Ai = −i# ceigenvalues
Ẽb Fij + NofFthe
Ẽi + Qpropagation
N
Di A0 + $N
, ‘adjusted
(3.15)
Mj + Zi CGb
j i +adjusted
i CH + Ri Cequations.
∼
∼
constraint
This
is also
tested in
ij system’
aj the Maxwell system and in the Ashtekar system. This
a
where Xai , Ya ,mechanism
Ziab , Paib , Qaffects
Ri are
order to simplify the
i and more
thanmultipliers.
the system’s However,
symmetricin
hyperbolicity.
discussion, we restrict multipliers so as to reproduce the symmetric hyperbolic equations
of motion [10, 11],
i.e.numbers: 0420C, 0425, 0425D
PACS
(Some figures in this article are in colour only in the electronic version; see www.iop.org)

X = Y = Z = 0,

Paib = κ1 (N i δab + iN
#a bc Ẽci ),
∼

Qai = κ2 (e−2 N
Ẽia ),
∼

(3.16)

ja
−2
# ac b Ẽib Ẽcj ).
1. IntroductionRi = κ3 (ie N
∼

Numerical relativity, an approach to solving the Einstein equations numerically, is supposed

Figure 5. Demonstration of the adjusted system in the Ashtekar equation. We plot the violation of
the constraint for the same model as figure 3(b). An artificial error term was added at t = 6, in the
form of A2y → A2y (1 + error), where error is + 20% as before. (a), (b) L2 norm of the Hamiltonian
constraint equation, CH , and momentum constraint equation, CMx , respectively. The full curve is
the case of κ = 0, that is the case of ‘no adjusted’ original Ashtekar equation (weakly hyperbolic
system). The dotted curve is for κ = 1, equivalent to the symmetric hyperbolic system. We see
that the other curve (κ = 2.0) shows better performance than the symmetric hyperbolic case.

The Adjusted system (essentials):
Purpose:

Control the violation of constraints by reformulating the system so as to have a
constrained surface an attractor.

Procedure:

Add a particular combination of constraints to the evolution equations, and adjust
its multipliers.

Theoretical support: Eigenvalue analysis of the constraint propagation equations.
Advantages:

Available even if the base system is not a symmetric hyperbolic.

Advantages:

Keep the number of the variable same with the original system.

Conjecture on Constraint Amplification Factors (CAFs):
(A) If CAF has a negative real-part (the constraints are forced to be diminished), then we see more
stable evolution than a system which has positive CAF.
(B) If CAF has a non-zero imaginary-part (the constraints are propagating away), then we see more
stable evolution than a system which has zero CAF.
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