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Inspiral

Merger

Ringdown

BH quasi-normal modes  
⇦  BH perturbation in GR
⇨  (M, a) 

Strong Gravity Effect
⇨  Reasonable for testing GR

“Ringdown part” is quite short (3.7 ms for 60 Msun, a=0.75) 
AR analysis enables to find out waveform without template

Auto-Regressive analysis of GWTC-3 Ringdown data
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Observation 1/2/3a/3b & 4     
Status of GW observation

2015 2016 2017 2018 2019 2020 2021 2022

O1LIGO
Sep12        Jan19         Nov30       Aug25                                                        Apr1̶Sep 30    Nov1̶ Mar27

O2 O3a O3b

Virgo

60-80 Mpc                     60-100 Mpc                                                           120 - 130  Mpc

O2
 Aug 1-25                                                     Apr1̶Sep 30    Nov1̶ Mar27

O3a O3b
30 Mpc                                                                    50  Mpc

KAGRA
1 Mpc  

terminated due 
to COVID-19

O4

O4

O4

GWTC-1
2018/12/3 GWTC-2

2020/10/28
GWTC-2.1
2021/8/2

GWTC-3
2021/11/5

Gravitational Wave Transient Catalog

https://www.gw-openscience.org

Planned to start 
from late Dec.
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https://media.ligo.northwestern.edu/gallery/mass-plot

O1 (2015/9/12 - 2016/1/19)       

GW150914: the first ever detection of gravitational waves from the merger of two black holes more than a billion light years away

3 BHBH 

重力波観測の現状

https://www.ligo.org/detections/GW150914.php
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https://media.ligo.northwestern.edu/gallery/mass-plot

O2 (2016/11/30 - 2017/8/25)           After O2：GWTC1 (2018/12/3 released)

• GW170814: the first GW signal measured by the three-detector network, also from a binary black hole 
(BBH) merger; 

• GW170817: the first GW signal measured from a binary neutron star (BNS) merger — and also the first 
event observed in light, by dozens of telescopes across the entire electromagnetic spectrum.

10 BHBH 
1 NSNS

重力波観測の現状

https://www.ligo.org/detections/GW170814.php
https://www.ligo.org/detections/GW170817.php
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O3a (2019/4/1 - 2019/9/30)           After O3a：GWTC2 (2020/10/28 released)

• GW190412: the first BBH with definitively asymmetric component masses, which also shows evidence for higher 
harmonics 

• GW190425: the second gravitational-wave event consistent with a BNS, following GW170817 
• GW190426_152155: a low-mass event consistent with either an NSBH or BBH 
• GW190514_065416: a BBH with the smallest effective aligned spin of all O3a events 
• GW190517_055101: a BBH with the largest effective aligned spin of all O3a events 
• GW190521: a BBH with total mass over 150 times the mass of the Sun 
• GW190814: a highly asymmetric system of ambiguous nature, corresponding to the merger of a 23 solar mass 

black hole with a 2.6 solar mass compact object, making the latter either the lightest black hole or heaviest 
neutron star observed in a compact binary 

• GW190924_021846: likely the lowest-mass BBH, with both black holes exceeding 3 solar masses

46 BHBH 
2 NSNS 
2 BH+?

重力波観測の現状

https://www.ligo.org/science/Publication-GW190412/
https://www.ligo.org/science/Publication-GW190412/
https://www.ligo.org/science/Publication-GW190412/
https://www.ligo.org/science/Publication-GW190425/
https://www.ligo.org/science/Publication-GW170817BNS/
https://www.ligo.org/science/Publication-GW190521/
https://www.ligo.org/science/Publication-GW190814/
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O3b (2019/11/1 - 2020/3/27)           After O3b：GWTC3 (2021/11/7 released)

重力波観測の現状
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GWTC-1 (O1/O2)
LV PRX 9, 031040 (2019)  arXiv:1811.12907 
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GWTC-2 (O3a)
LV PhysRevX 11 (2021) 021053 arXiv:2010.14527
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GWTC-2 (O3a)
LV PhysRevX 11 (2021) 021053 arXiv:2010.14527

continued
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GWTC-2 (O3a)
LV PhysRevX 11 (2021) 021053 arXiv:2010.14527
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GWTC-2.1 (O3a)
LV arXiv:2108.01045
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GWTC-3 (O3b)
LVK arXiv:2111.03606
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13LVK arXiv:2111.03606

GWTC-3 (O3b) continued
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14LVK arXiv:2111.03606

GWTC-3 (O3b)
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ringdown search 
60 mockdata

matched filtering

Hilbert-Huan Transformation

Auto-Regression Method

Neural Network method

Independent Ring-down Search (Mockdata challenge)



  Auto-Regressive analysis of GWTC-3 ringdown data   

 Hisaaki Shinkai (OIT)  2022/01/23  A01 Boot Camp

Fitting data with linear func.

e.g. 
Z1 = e�(r�j!)�t

Z2 = e�(r+j!)�t

xn = Ae�rn�t cos(!n�t)

5 10 15 20 25 30

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

5 10 15

-0.5

0.5

1.0

can be applied also to noisy data by adjusting M 

Auto-Regressive model (Method, general) I

16
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Fitting data with linear func.

• find  aj   (Burg method)
• find  M   (FPE final prediction error method)  
• re-construct wave signal from fitted function
• apply FFT with arbitrary precision.

power spectrum

Auto-Regressive model (Method, general) II

・・・・・

・・・・・

17
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Auto-Regressive model　vs   Short FFT

segment = 1/64 sec = 64 points

shift = 1/512 sec = 8 points

freq.

P(f)

AR
FFT

Even for short segment, 
AR model shows precise power-
spectrum.

[mock data, SNR=40, inspiral part]

h(t)

The order M can be fixed at 2～8.

18

sampling rate=4096
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Fitting data with linear func.

• find  aj   (Burg method)
• find  M   (FPE final prediction error method)  
• re-construct wave signal from fitted function
• apply FFT with arbitrary precision.

power spectrum

Auto-Regressive model (Method, general) III

characteristic eq.

19
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Procedures

Data ̶>  Ringdown part  
Specify (freq., damping rate) by AR method 
    for each segment, a couple of combinations are available.  

Look for the segments with constant frequencies. 
Convert (freq., damping rate) to (M_final, a_final) using GR formula. 
(Berti-Cardoso-Will). (Uses the redshift z by LVK catalog.) 

Compare with the value (M_final, a_final) by LVK catalog. 

would be possible to find multi-modes

LVK paper 
(AR) Hanford 
(AR) Livingston 
(AR) Virgo

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW190828_063405

Mass M

Spin a

check if three data (Hanford, Livingston, Virgo)  
converges

check if the analysis is consistent with GR 
or having a shift
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GW150914

LIGO paper

AR model

freq.
4096 sampling rate
150-450 Hz filter
1 segment = 1/64 sec= 64 points
1 shift = 1/512 sec = 8 points

Hanford

time

freq [Hz]

▲mergerbefore whitening

after whitening
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Hanford (SNR=20.6)

GW150914

Livingston (SNR=14.2)

f [Hz] f [Hz]

A
SD

 [1
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H
z]

A
SD

 [1
/√

H
z]

time

f [
H

z]

f [
H

z]

time



23  Auto-Regressive analysis of GWTC-3 ringdown data   

Hanford (SNR=20.6)

L100_SpectrogramAR

H100_SpectrogramAR

GW150914

Livingston (SNR=14.2)

LV paper
(AR) Hanford
(AR) Livingston

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW150914

(M,a) = (63.1+3.4
�3.0, 0.69

+0.05
�0.04)

f220 = 271.8 Hz, f221 = 266.0 Hz, f222 = 254.7 Hz

f210 = 380.7 Hz, f211 = 225.7 Hz, f200 = 252.8 Hz

f330 = 430.9 Hz, f331 = 427.4 Hz, f332 = 421.1 Hz

f320 = 387.9 Hz, f310 = 351.1 Hz, f300 = 320.3 Hz

fQNM▶︎

LV paper ▶︎

100 200 300 400 500
f_real (Hz)

20

40

60

80

100
f_imag (Hz)

GW150914

LV paper
(AR) Hanford
(AR) Livingston

f_real

f_imag

Mass

Kerr 
param
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LV paper
(AR) Hanford
(AR) Livingston

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW150914

Mass

Kerr 
param

Hanford (SNR=20.6)
Livingston (SNR=14.2)

LV paper
(AR) Hanford
(AR) Livingston
(AR) Virgo

Mass

Kerr 
param

Hanford (SNR=5.9)
Livingston (SNR=10.7)
Virgo (SNR=1.1)

GW170809

GW150914
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tried in this study

list overlapped 

AR filtering N/A (due to large M)

AR filtering N/A (due to small M)

AR filtering N/A (due to small M)

https://www.gw-openscience.org/eventapi/html/allevents/

Event List ordered by SNR
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GW190925
GW190910
GW190707 AR filtering N/A (due to small M)

AR filtering N/A (due to small M)

AR filtering N/A (due to small M)

AR filtering N/A (due to small M)

https://www.gw-openscience.org/eventapi/html/allevents/

Event List ordered by SNR  (continued)
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GW200129_065458

Livingston

LVK paper

Hanford

Virgo

Network SNR=26.8

<latexit sha1_base64="nam+QkRHLWt55DoaOJ80ia2jOco="></latexit>

(M,a, z) = (60.3+4.
�3.3, 0.73

+0.06
�0.06, 0.18

+0.05
�0.07)

<latexit sha1_base64="PnT9zr/BDcRs3ktAuor2Tmw1kBU="></latexit>

f220 = 293.8 Hz, f221 = 288.4 Hz, f222 = 277.8 Hz

f210 = 394.1 Hz, f211 = 240.9 Hz, f200 = 263.3 Hz

f330 = 464.9 Hz, f331 = 461.7 Hz, f332 = 455.8 Hz

f320 = 414.4 Hz, f310 = 371.8 Hz, f300 = 336.8 Hz

Expected fQNM 
(detector frame)
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GW200129_065458

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LVK paper

Hanford

V1_SpectrogramARVirgo

303 Hz 
◀296 Hz 
291 Hz

224 Hz 
◀206 Hz 
189 Hz

Network SNR=26.8

355Hz 
◀323Hz 
300Hz

<latexit sha1_base64="nam+QkRHLWt55DoaOJ80ia2jOco="></latexit>

(M,a, z) = (60.3+4.
�3.3, 0.73

+0.06
�0.06, 0.18

+0.05
�0.07)
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GW200129_065458

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LVK paper

Hanford

V1_SpectrogramARVirgo

303 Hz 
◀296 Hz 
291 Hz

224 Hz 
◀206 Hz 
189 Hz

Network SNR=26.8

355Hz 
◀323Hz 
300Hz

<latexit sha1_base64="nam+QkRHLWt55DoaOJ80ia2jOco="></latexit>

(M,a, z) = (60.3+4.
�3.3, 0.73

+0.06
�0.06, 0.18

+0.05
�0.07)

252Hz 
◀242Hz 
234Hz

208 Hz 
◀192 Hz 
183 Hz

229 Hz 
◀212 Hz 
201 Hz
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GW200129_065458 LVK paper

Network SNR=26.8

<latexit sha1_base64="nam+QkRHLWt55DoaOJ80ia2jOco="></latexit>

(M,a, z) = (60.3+4.
�3.3, 0.73

+0.06
�0.06, 0.18

+0.05
�0.07)

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW200129_065458

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW200129_065458
Spin a

Mass M

Spin a

Mass M

estimated from the merger time for 0.25 sec estimated from 0.10 sec after the merger for 0.15 sec

LVK paper 
(AR) Hanford 
(AR) Livingston 
(AR) Virgo

LVK paper 
(AR) Hanford 
(AR) Livingston 
(AR) Virgo
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GW190828_063405

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LV paper
<latexit sha1_base64="z6CxwJ3+n6F6xV8IuM3bkvxc6ao="></latexit>

(M,a, z) = (54.9+7.2
�4.3, 0.61

+0.18
�0.19, 0.38

+0.1
�0.15)

Hanford

V1_SpectrogramARVirgo

369Hz 
◀354Hz 
344Hz

425Hz 
◀407Hz 
389Hz

379Hz 
◀366Hz 
355Hz

203Hz 
◀198Hz 
195Hz

210Hz 
◀204Hz 
200Hz

214Hz 
◀207Hz 
201Hz

Network SNR=15.182
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GW190828_063405 LV paper

Expected fQNM 
(source frame)

LVK paper 
(AR) Hanford 
(AR) Livingston 
(AR) Virgo

<latexit sha1_base64="z6CxwJ3+n6F6xV8IuM3bkvxc6ao="></latexit>

(M,a, z) = (54.9+7.2
�4.3, 0.61

+0.18
�0.19, 0.38

+0.1
�0.15)

<latexit sha1_base64="YAkv2Gb1eLeybXah1tjQbfwzBik="></latexit>

f220 = 213.6 Hz, f221 = 207.8 Hz, f222 = 196.8 Hz

f210 = 323.2 Hz, f211 = 181.2 Hz, f200 = 212.2 Hz

f330 = 339.7 Hz, f331 = 336.2 Hz, f332 = 329.7 Hz

f320 = 311.2 Hz, f310 = 286.2 Hz, f300 = 264.6 Hz

Expected fQNM 
(detector frame)

<latexit sha1_base64="RBcu4BfkeadqKy3pLVjOcksnkAI="></latexit>

f220 = 294.8 Hz, f221 = 286.7 Hz, f222 = 271.6 Hz

f210 = 446.1 Hz, f211 = 250.1 Hz, f200 = 292.9 Hz

f330 = 468.8 Hz, f331 = 463.9 Hz, f332 = 455.0 Hz

f320 = 429.4 Hz, f310 = 394.9 Hz, f300 = 365.2 Hz

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW190828_063405

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW190828_063405

Mass M

Spin a

Mass M

Spin a

203Hz 
198Hz 
195Hz

210Hz 
204Hz 
200Hz

214Hz 
207Hz 
201Hz

369Hz 
◀354Hz 
344Hz

425Hz 
◀407Hz 
389Hz

379Hz 
◀366Hz 
355Hz

Network SNR=15.182
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GW200311_115853

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LVK paper

Hanford

V1_SpectrogramARVirgo

363Hz 
◀350Hz 
337Hz

357Hz 
◀341Hz 
327Hz

206Hz 
◀196Hz 
191Hz

190Hz 
◀185Hz 
180Hz

<latexit sha1_base64="FB8lBfafZBhUa73bX1+b3X0Nenc="></latexit>

(M,a, z) = (59.0+4.8
�3.9, 0.69

+0.07
�0.07, 0.23

+0.05
�0.07)



20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW200311_115853
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Network SNR=17.8

Expected fQNM 
(source frame)

LVK paper 
(AR) Hanford 
(AR) Livingston 
(AR) Virgo

Expected fQNM 
(detector frame)

Mass M

Spin a

Mass M

Spin a

GW200311_115853 LVK paper
<latexit sha1_base64="FB8lBfafZBhUa73bX1+b3X0Nenc="></latexit>

(M,a, z) = (59.0+4.8
�3.9, 0.69

+0.07
�0.07, 0.23

+0.05
�0.07)

<latexit sha1_base64="D2UHzuOUtW3NI7AanN3M44ITXKA="></latexit>

f220 = 236.3 Hz, f221 = 231.3 Hz, f222 = 221.5 Hz

f210 = 331.0 Hz, f211 = 196.3 Hz, f200 = 219.8 Hz

f330 = 374.7 Hz, f331 = 371.6 Hz, f332 = 366.1 Hz

f320 = 337.3 Hz, f310 = 305.3 Hz, f300 = 278.5 Hz

<latexit sha1_base64="brvwrA5YlYisVl496ZCu6PtVgmg="></latexit>

f220 = 290.7 Hz, f221 = 284.5 Hz, f222 = 272.4 Hz

f210 = 407.2 Hz, f211 = 241.4 Hz, f200 = 270.4 Hz

f330 = 460.9 Hz, f331 = 457.1 Hz, f332 = 450.3 Hz

f320 = 414.9 Hz, f310 = 375.5 Hz, f300 = 342.6 Hz

206Hz 
◀196Hz 
191Hz

190Hz 
◀185Hz 
180Hz

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW200311_115853

363Hz 
◀350Hz 
337Hz

357Hz 
◀341Hz 
327Hz
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GW190630_185205

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LV paper

Hanford

V1_SpectrogramARVirgo

298 Hz 
◀270Hz 
262 Hz 206 Hz 

◀197 Hz 
187 Hz

◀filter 

Network SNR=15.6

<latexit sha1_base64="pIf64utp7ZmKPJiaxfUVZnyEGvg="></latexit>

(M,a, z) = (56.4+4.4
�4.6, 0.70

+0.05
�0.07, 0.18

+0.1
�0.07)

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW190630_185205
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GW200112_155838

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LVK paper

Hanford

V1_SpectrogramARVirgo

210 Hz 
◀193 Hz 
183 Hz

190 Hz 
◀185 Hz 
182 Hz

<latexit sha1_base64="Xm4dtJIY7ttStPAYzi4I3oaBJWQ="></latexit>

(M,a, z) = (60.8+5.3
�4.3, 0.71

+0.06
�0.06, 0.24

+0.07
�0.08)

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW200112_155838

◀filter 

◀filter 

Network SNR=19.8



37  Auto-Regressive analysis of GWTC-3 ringdown data   

GW190910_112807

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LV paper

Hanford

V1_SpectrogramARVirgo

324 Hz 
◀314 Hz 
304 Hz

167 Hz 
◀165 Hz 
163 Hz◀filter 

◀filter 

Network SNR=13.4

<latexit sha1_base64="RZ/7tn99kW0wBQkVNadlJ/3tA9k="></latexit>

(M,a, z) = (75.8+8.5
�8.6, 0.70

+0.08
�0.07, 0.28

+0.16
�0.1 )

174 Hz 
◀172 Hz 
169 Hz
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GW190910_112807 LV paper

167 Hz 
◀165 Hz 
163 Hz

Network SNR=13.4

<latexit sha1_base64="RZ/7tn99kW0wBQkVNadlJ/3tA9k="></latexit>

(M,a, z) = (75.8+8.5
�8.6, 0.70

+0.08
�0.07, 0.28

+0.16
�0.1 )

174 Hz 
◀172 Hz 
169 Hz

20 40 60 80 100
Mass

0.2

0.4

0.6

0.8

1.0
Kerr parameter a

GW190910_112807

Livingston

Virgo

<latexit sha1_base64="v/cy88F7MS13ia1fzao04708kCU="></latexit>

f220 = 228.1 Hz, f221 = 223.4 Hz, f222 = 214.2 Hz

f210 = 316.1 Hz, f211 = 188.8 Hz, f200 = 210.2 Hz

f330 = 361.4 Hz, f331 = 358.6 Hz, f332 = 353.4 Hz

f320 = 324.5 Hz, f310 = 293.1 Hz, f300 = 267.0 Hz

Expected fQNM 
(detector frame)
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GW190408_181802

L1_SpectrogramAR

H1_SpectrogramAR

Livingston

LV paper

Hanford

V1_SpectrogramARVirgo

388 Hz 
◀356 Hz 
334 Hz

358 Hz 
◀347 Hz 
337 Hz

Network SNR=14.7

<latexit sha1_base64="vzyPq3382X5DgGeyJ/oe41vUnJQ="></latexit>

(M,a, z) = (41.1+3.9
�2.8, 0.67

+0.06
�0.07, 0.29

+0.06
�0.1 )

367Hz 
◀349Hz 
337Hz



40  Auto-Regressive analysis of GWTC-3 ringdown data   

GW190408_181802

Livingston

LV paper

Hanford

Virgo

388 Hz 
◀356 Hz 
334 Hz

358 Hz 
◀347 Hz 
337 Hz

Network SNR=14.7

<latexit sha1_base64="vzyPq3382X5DgGeyJ/oe41vUnJQ="></latexit>

(M,a, z) = (41.1+3.9
�2.8, 0.67

+0.06
�0.07, 0.29

+0.06
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f220 = 410.9 Hz, f221 = 401.6 Hz, f222 = 383.5 Hz

f210 = 587.5 Hz, f211 = 343.3 Hz, f200 = 388.9 Hz

f330 = 652.1 Hz, f331 = 646.4 Hz, f332 = 636.1 Hz

f320 = 589.7 Hz, f310 = 536.0 Hz, f300 = 490.8 Hz
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Applied to LIGO/Virgo O1/O2/O3a & LVK O3b: Try to extract ring-down parts

Summary & Outlook

AR model x(t)

Effective for finding frequencies and damping rates of short-time data (～ 60 pts)．
Data-base finding method, no templates are required.

Would be available for S/N >= 15, but some parameter tunings are necessary.
(Time width [merger time + X ms], Band Filterings [150-450Hz] )

Analysis of GWTC-3 events are ongoing.
AR results of (M_final, a_final) are around the values of LV (LVK), i.e GR.  


