
1 

 - 5 - 

Delta-Cobordism and Weak Self  

Delta-Equivalence for Links 
 

Tetsuo SHIBUYA 
 

Department of General Education, Faculty of Engineering 

（Manuscript received May 30, 2007） 

 

Abstract 
In [5], we defined a weak self Δ-equivalence for links. It is a concept weaker than that of self Δ-equivalence for links. 
It is known that there is no relation between cobordism and self Δ-equivalence for links. On the other hand, we will 

prove that Δ-cobordism and weak self Δ-equivalence for links are equivalent in this paper. 
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1 Introduction.

Throughout this paper, all links will be assumed to be ordered and oriented and

they will be considered up to the ambient isotopy of R3.

Suppose that a link L consists of two n-component links Lj(= Kj1∪...∪Kjn), j =

1, 2, such that L1 is split from L2, which is denoted by L = L1 ◦ L2. Let B =

B1 ∪ ...∪Bn be a disjoint union of bands Bi such that Bi ∩Lj = ∂Bi ∩Kji which

is an arc orientation coherently for each i = 1, ..., n, j = 1, 2. Then B is called a

union of bands of product fusion of L1 ◦ L2 and (L1 ◦ L2) ⊕ ∂B is called the link

obtained by a product fusion of L1 ◦L2 and denote it by L1♯
B
L2 or simply by L1♯L2,

where ⊕ means the homological addition.

There are several papers with respect to the properties of self ∆-move, self

∆-equivalence for links, for example, [1], [2], [4] and [5].

In [5], another relation between links is defined which is called a weak self ∆-

equivalence. Namely, for two n-component links ℓ, L, ℓ and L are said to be weakly

self ∆-equivalent or ℓ is said to be weakly self ∆-equivalent to L if there is a union

B of bands of product fusion of ℓ ◦ (−L) such that ℓ♯
B
(−L) is self ∆-equivalent to

the trivial link, where −L means the reflective inverse of L. Then we see that self

∆-equivalence implies weak self ∆-equivalence in Theorem 2.3 and that weak self

∆-equivalence is an equivalence relation in Lemma 3.1 in [5].

For two n-component links L1(⊂ R3[a]) and L2(⊂ R3[b]) for a < b, if there

is a union A = A1 ∪ ... ∪ An of mutually disjoint annuli in R3[a, b] with ∂A =

L1∪(−L2), ∂Ai∩R3[a] ̸= ∅ and ∂Ai∩R3[b] ̸= ∅ for each i which is locally flat except

finite points, say P1, ..., Pm, in the interior of A such that (∂N(Pi : R4), ∂N(Pi : A))

is the link as illustrated in Fig. 2(a) in [5], we say that L1 and L2 are ∆-cobordant

or that L1 is ∆-cobordant to L2, where N(x : X) means the regular neighborhood

of x in X. Moreover A is called the union of ∆-annuli between L1 and L2 and Pi

is called the singularity of A and the set of singularities of A is denoted by S(A).

Especially if A has no minimal points, [5], we say that L1 is ribbon ∆ -cobordant

to L2 (or if A has no maximal points, we say that L2 is ribbon ∆-cobordant to L1).

For ∆-cobordant links L1 and L2, if S(A) = ∅, we say that L1 and L2 are cobordant

or that L1 is cobordant to L2. Moreover if A has no minimal (or maximal) points,

we say that L1 (resp. L2) is ribbon cobordant to L2 (resp. L1) and denote it by

L1 ≥ L2 (resp. L2 ≥ L1).

In this paper, we will consider a relation between ∆-cobordism and weak self

∆-equivalence for links and prove Theorem. As a result, we obtain Corollaries.
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2 Proof of Theorem.

Since any ribbon link is self ∆-equivalent to the trivial link O, [4], we obtain

the following by the similar proof as that of Lemma 1. 17 in [3].

Lemma 1. For a link L, if L is ribbon ∆-cobordant to the trivial link O, L is

self ∆-equivalent to O.

Lemma 2. Let ℓ, ℓ′ be links which are ∆-cobordant. Then there are links L,L′

satisfying the following.

(1) L ≥ ℓ and L′ ≥ ℓ′.

(2) L and L′ are self ∆-equivalent.

There is no relation between cobordism and self ∆ -equivalence for links. Namely,

there are links which are cobordant but not self ∆-equivalent, [1], [2], and there

are links self ∆-equivalent but not cobordant.

On the other hand, we see the following relation between ∆-cobordism and weak

self ∆-equivalence.

Theorem. Let ℓ, ℓ′ be links in R3. Then ℓ and ℓ′ are ∆-cobordant if and only

if they are weakly self ∆-equivalent.

Proof. Suppose that ℓ and ℓ′ are ∆-cobordant. Then there are links L,L′

satisfying the conditions of Lemma 2. By Lemma 3.2 in [5], both ℓ and L, ℓ′

and L′ are weakly self ∆-equivalent. Furthermore as self ∆-equivalence implies

weak self ∆-equivalence, Theorem 2.3 in [5], and weak self ∆-equivalence is an

equivalence relation, Lemma 3.1 in [5], we obtain that ℓ and ℓ′ are weakly self

∆-equivalent.

Conversely, suppose that ℓ and ℓ′ are weakly self ∆-equivalent. Then there is a

union B of bands of product fusion of ℓ ◦ (−ℓ′) such that L(= ℓ♯
B
(−ℓ′))(⊂ R3[0]) is

self ∆-equivalent to the trivial link O(⊂ R3[1]). Hence there are level-preserving

∆-annuli A between L and O. Let D be a union of mutually disjoint non-singular

disks in R3[1] with ∂D = O. Then A ∪ B ∪ D is a union of mutually disjoint

∆-annuli in R3[0, 1] with ∂(A∪B ∪D) = ℓ ◦ (−ℓ′). Hence we see that ℓ and ℓ′ are

∆-cobordant.

By Theorem, we obtain the following which was proved in [5].

Corollary 1. If ℓ and ℓ′ are cobordant, they are weakly self ∆-equivalent. Es-

pecially, if ℓ is cobordant to the trivial link O, ℓ is weakly self ∆-equivalent to

O.
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For two n-component links ℓ, ℓ′, it is easily seen that, if there is a union B of

bands of product fusion of ℓ ◦ (−ℓ′) such that the link ℓ♯
B
(−ℓ′) is cobordant to the

trivial link, then ℓ and ℓ′ are cobordant. But the converse of it is open.

With respect to ∆-cobordism, we obtain the following by Theorem.

Corollary 2. ℓ and ℓ′ are ∆-cobordant if and only if there is a union B of bands

of product fusion of ℓ◦ (−ℓ′) such that ℓ♯
B
(−ℓ′) is ∆-cobordant to the trivial link O.

Proof. If ℓ♯
B
(−ℓ′) is ∆-cobordant to O, we easily see that ℓ and ℓ′ are ∆-

cobordant.

Conversely, if ℓ and ℓ′ are ∆-cobordant, they are weakly self ∆-equivalent by

Theorem. Hence ℓ♯(−ℓ′) is self ∆-equivalent to O by some product fusion and so

ℓ♯(−ℓ′) is ∆-cobordant to O.

For a link ℓ = k1 ∪ ... ∪ kn, ℓ is said to be free-homotopic to O if each ki is

null-homotopic in R3 − (ℓ − ki).

It is known that there are links which are cobordant (indeed ribbon cobordant)

but not self ∆-equivalent, [2]. But for links free homotopic to O, the following is

proved in [2].

Lemma 3. Let L0 and L1 be links such that L0 ≥ L1. If L1 is free homotopic

to O, then L0 and L1 are self ∆-equivalent.

Now we give a partial answer to the following in Corollary 3.

Conjecture 1. Let ℓ be a link in R3. If ℓ is cobordant to the trivial link O, ℓ

is self ∆-equivalent to O.

Corollary 3. Let ℓ be a link which is cobordant to the trivial link O. If ℓ is

free-homotopic to O, then ℓ is self ∆-equivalent to O.

Proof. Since ℓ is cobordant to O, ℓ is weakly self ∆-equivalent to O by Corollary

1. Namely, there is a product fusion of ℓ◦O such that L(= ℓ♯O) is self ∆-equivalent

to O. Since L ≥ ℓ and ℓ is free homotopic to O, L is self ∆-equivalent to ℓ by

Lemma 3. Hence ℓ is self ∆-equivalent to O.

It is known that there are links which are weakly self ∆-equivalent but not self

∆-equivalent, see Fig. 2 in [2].

But the following is open.

Conjecture 2. If ℓ is weakly self ∆-equivalent to O, ℓ is self ∆-equivalent to

O.

5



 Delta-Cobordism and Weak Self Delta-Equivalence 5 

 - 9 - 

 If Conjecture 2 is true, Conjecture 1 is also true by Corollary 1. (If the number

of components of ℓ is 2, Conjecture 2 holds by Theorem 2.5 in [5]).
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