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Abstract Up to now, in the electromagnetic theory, the electromagnetic field is defined first, and then the elec-

tromagnetic potential is defined. This makes it difficult to draw the concrete picture of the vector potential. At the

time when the electromagnetic theory was constructed, the Lorentz force law was the only law that could be relied

on. Given this situation, it may be natural that the electromagnetic field is defined first. On the other hand, due to

the redefinition of the International System of Units (SI) in May 2019, the unit of mass has been defined by fixing

the Planck constant. It would be worthwhile to reconsider existing theories based on this new definition. In this

paper, Lorentz force and electromagnetic potential are derived based on this new definition, and the essence of the

vector potential is clarified.
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1. Introduction

Up to now, in the electromagnetic theory, the electro-

magnetic field is defined first, and then the electromagnetic

potential is defined. This makes it difficult to draw the con-

crete picture of the vector potential. At the time when the

electromagnetic theory was constructed, the only law that

could be relied upon was the law related to the Lorentz force,

or electric and magnetic forces. The electric and magnetic

fields are related to the electric and magnetic forces, and

therefore, it may be natural that the electromagnetic field is

defined first.

In the special relativity, the following two principles are

employed:

[Principle 1] The light speed is invariant.

[Principle 2] Physical laws do not depend on the inertial

system.

Using Principle 1, we can directly link the dimension of time

and the dimension of length. However, in order to deal with

physical phenomena, the dimension of mass should be fur-

ther linked to them. To cope with this, Einstein employed

the following principle as an instance of Principle 2 in his

first paper [1]:

[Principle 2’] The Maxwell’s equations hold in any inertial

system.

The Maxwell’s equations are related to the electromagnetic

field, and as described above, can be considered to be related

to the Lorentz force. That is, if Principle 2’ is adopted, the

Lorentz force is a principle. In this case, there is no point

in deriving the Lorentz force. In fact, no one did that. It

should be noted here that Einstein could not do the same as

this paper. It is in 1905 that his paper on the light-quantum

hypothesis was published.

Now, light-quantum is not a hypothesis. Light-quantum,

also called photon, has become an experimental fact. With

the revision of the definition of the International System of

Units (SI) in May 2019, the unit of mass has been defined

by fixing the Planck constant. Now, we can employ the fol-

lowing principles:

[Principle 3] The energy of photon and the frequency of

light wave are proportional. The momentum of pho-

ton and the wave vector of light wave are propor-

tional.

Using Principle 3, the dimension of mass can be directly

linked to the dimensions of time and length. Therefore, us-

ing Principles 1 and 3, all the physical phenomena related to

these three dimensions should be able to described in differ-

ent inertial systems.

In this paper, the Lorentz force is derived based on Prin-

ciples 1 and 3. In the process, it can be seen that the elec-

tromagnetic potential is inevitably defined. This clarifies the

essence of the vector potential. In addition, the basic equa-

tions of the electromagnetic theory are derived. The phase

of the matter wave is also derived. For your information, this

is an invariant form version of my previous papers [2]–[4].
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2. Preparation

a ) Notation

Three-dimensional vectors are represented by boldface

letters. The zero vector in three dimensions is represented

by 0 = (0, 0, 0). The light speed in vacuum is represented

by c. Dirac constant (Planck constant divided by 2π) is

represented by ~. The Minkowski metric tensor is repre-

sented by

Y =











−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1











.

The Lorentz factor determined by the velocity v is rep-

resented by γv = (1 − |v|2/c2)−1/2. In the following, I will

refer to two inertial reference frames S and S′. Quantities

without a prime mark are observed in S, and quantities with

a prime mark are observed in S′. I will not use the Einstein

notation since most of the members of IEICE and IEEJ may

not be able to understand it.

b ) Four-position and four-displacement

The four-position s is a column vector of time t and

position r = (x, y, z) such that s = (c t, r)T (The abbre-

viation (c t, r) means (c t, x, y, z), and so on). The four-

displacement is a difference of two four-positions.

c ) Experimental fact

For any four-displacement ∆s, the following equation

(Lorentz transformation) holds: ∆s′ = Λ ∆s, where Λ is

a constant matrix determined for the pair of S and S′.

d ) Experimental fact

The light speed c is invariant in any inertial frame.

The value of c is defined in SI, and used to define the unit of

length. Therefore, we can directly link the dimension of time

and the dimension of length, and can derive many things in-

cluded in this section. However, due to page limitations,

their derivation is omitted. Refer to the textbook of special

relativity, if necessary.

e ) Concepts and terminology

A scalar d is called a Lorentz scalar if d′ = d, in other

words, if invariant to the inertial frame of reference. A 4-

element column vector a is called a contravariant vector

if a′ = Λ a. The four-displacement is a contravariant vector.

For two contravariant vectors a1, a2, if a1 = a2 holds, then

a1
′ = a2

′ holds. A 4-element row vector b is called a co-

variant vector if b′ = b Λ−1. If a is a contravariant vector

and b is a covariant vector, then (b a) is a Lorentz scalar and

(aT Y ) is a covariant vector.

The field is a mapping from a four-position to a quan-

tity. Given a field, we can define partial derivatives. The

vector

∂4 =
(

−
∂

c ∂t
, grad

)T

is called the four-gradient. The four-gradient is a con-

travariant vector. Given a small four-displacement ∆s =

s2 − s1 and a field a, and let a1 and a2 be the quantities as-

sociated with s1 and s2, the difference, or total differential,

is ∆a = a2 − a1 = (∆sT Y ∂4) a. The expression (∆sT Y ∂4)

is a Lorentz scalar.

When the phase of a wave at four-position (c t, r)T is

expressed as θ = −ω t + k · r + θ0 with a constant θ0, ω

is called the angular frequency and k is called the wave

vector. θ is a Lorentz scalar field since it is observed equally

from any inertial frame. The four-wavevector is the fol-

lowing vector: k = ∂4 θ = (ω/c, k)T . The four-wavevector is

a contravariant vector.

In the following, assume that an object P is moving with

velocity v. The proper time interval of P is ∆τv = ∆tv/γv ,

where ∆tv is the time interval. The proper time interval is

a Lorentz scalar. The four-velocity of P is wv = γv(c, v)T .

The four-velocity is a contravariant vector. Note that if

v = 0 then wv = (c, 0)T .

When many particles are distributed with volume den-

sity field ρ and flow density field j, the column vector (c ρ, j)T

will be referred to as the four-density field. The four-

density field is a contravariant vector field.

In the following, assume that the inertial frame S′ is

moving with velocity u. Its four-velocity is wu = γu(c, u)T .

If the particles are stationary with respect to S′, the four-

density is observed as j′ = (c ρ′, 0)T in S′, and j = ρ′ wu in

S. Moreover, ∂4
′T

Y j′ = ∂ρ′/∂t′ = 0 holds, and therefore

∂4

T Y j =
∂ρ

∂t
+ div j = 0 (1)

holds since it is a Lorentz scalar field. It should be strongly

noticed here that, in this case, ρ′ is a Lorentz scalar field,

because ρ′ always means the quantities observed in the ref-

erence frame S′ where the particles are at rest, whatever

frame the observer is in.

3. Derivation

3. 1 Work and impulse

a ) Experimental fact

If the angular frequency of light wave is ω, then the en-

ergy of photon is E = ~ω. If the wave vector of light wave

is k, then the momentum of photon is p = ~k. The value

of h = 2π~ (Planck constant) is defined in SI, and used to

define the unit of mass. As a matter of course, here the term

‘energy’ or ‘momentum’ strictly refers to the concept in daily

life.
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b ) The four-momentum of a photon

When the energy and momentum of a photon are E

and p, respectively, the column vector p = (E/c, p)T is re-

ferred to as the four-momentum of the photon. The

four-momentum of a photon is a contravariant vector since

it is a four-wavevector multiplied by ~.

c ) The four-momentum of an object

When the energy and momentum of an object are E

and p, respectively, the column vector p = (E/c, p)T is re-

ferred to as the four-momentum of the object. Since the

four-momentum of a photon is a contravariant vector, the

four-momentum of an object should be also a contravariant

vector. Here, let v and wv = γv(c, v)T be the velocity and

four-velocity of the object, respectively. When v = 0 holds,

we should suppose that p = 0 holds. If we accept this, then

p and wv are proportional, that is, p = m wv = m γv(c, v)T

holds with a constant m. Generally, m is called ‘mass’.

d ) Definition

The work and impulse are the changes in energy and

momentum, respectively. The force is the impulse per unit

time. These are the same as ordinary definitions, and as men-

tioned above, here the energy or momentum strictly refers

to the concept in daily life. Therefore, the work or impulse

defined here also refers to the concept we normally think of.

The same applies to the force.

e ) The work and impulse applied to an object

Assume that a wave was reflected by the object P, and

let ∆sv = (c ∆tv, v ∆tv)T be the four-displacement of P,

∆k = (∆ω/c, ∆k)T be the change of the four-wavevector of

the wave in the reflection. Then ∆sv

T Y ∆k = ∆tv(−∆ω +

v ·∆k) = 0 holds because 1) this equation is a Lorentz scalar,

and 2) v = 0 and ∆ω = 0 hold in the P’s rest frame. Thus

∆ω = v · ∆k holds.

If the wave is a light wave, multiplying ~ gives a rela-

tion that holds between the work and impulse applied to the

photon:

∆E = v · ∆p. (2)

The same applies to the work and impulse applied to the

object P, since the term ‘work’ or ‘impulse’ strictly refers to

the concept in daily life.

3. 2 Force

a ) Definition

When the force is expressed in an inertial frame S as

F = −q grad V with a scalar field V and a constant q, V is

called the potential field in S.

b ) The equation that determines the four-

momentum of an object in a potential field

In the following assume that, in the inertial frame S′

the force applied to the object P is determined by the poten-

tial field V ′ in S′. It should be noted that when referring to

quantities in S′, they always mean the quantities in a specific

inertial frame in which V ′ is defined. Therefore, they do not

depend on the inertial frame where the observer is. In other

words, they are Lorentz scalars or Lorentz scalar fields.

Let ∆p = (∆E/c, ∆p)T be the change of the four-

momentum of P during the small time interval ∆tv, then

∆p′

∆tv

′
= −q grad′ V ′ (3)

holds. Here, let us define the following contravariant vector:

d = −q ∂4 V ′ −
∆p

∆tv

′
. (4)

Note that V ′ and t′

v
mean the quantities in S′, that is, they

are a Lorentz scalar field and a Lorentz scalar. Using Eqs. (2)

and (3), we can obtain the 1st component of d′ (the quantity

in S′) as

q ∂ V ′

c ∂t′
−

∆E′

c ∆tv

′
=

q (w
v

′
T Y ∂4

′) V ′

c γ
v

′

and the other components as

−q grad′ V ′ −
∆p′

∆tv

′
= 0. (5)

From Eq. (5), we can see that d and wu are proportional.

Therefore,

d =
q (wv

T Y ∂4) V ′

c2 γ
v

′

wu

holds, and from Eq. (4), we can obtain

∆p

∆tv

′
= −q ∂4 V ′ −

q (wv

T Y ∂4) V ′

c2 γ
v

′

wu. (6)

This equation holds in any inertial frame since both sides of

the equation are contravariant vectors.

Next, let us eliminate ∆tv

′ = γ
v

′ ∆τv and γ
v

′ from

Eq. (6). For the four-velocities wv and wu, the equation

wv

T Y wu = −γ
v

′ c2 holds because 1) this equation is a

Lorentz scalar, and 2) w
u

′ = (c, 0)T holds in S′. Thus

γ
v

′ = −wv

T Y wu/c2 holds. Using this equation, we can

obtain

∆p

∆τv

= q ∂4

(

wv

T Y
wu

c2
V ′

)

− q (wv

T Y ∂4)
(

wu

c2
V ′

)

(7)

from Eq. (6). As a matter of course, this equation also holds

in any inertial frame.

c ) Four-potential field

Now, please look at the Eq. (7) from the point of view

of the observer in S. He may be able to estimate q, ∆τv , wv,

and ∆p by directly observing P. However, he can not directly

observe the quantities concerning the inertial frame S′, that

is, wu and V ′. Therefore, if he does not know Eq. (7), he
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must be convinced that the following field exists as a physical

entity in the inertial frame S:

A =
wu

c2
V ′ =

(

γu V ′

c
, γu

u

c2
V ′

)T

. (8)

This contravariant vector field A, which is introduced in-

evitably by him, will be referred to as the four-potential

field.

From Eqs. (7) and (8), we can obtain the equation not

including the quantities in S′ as follows:

∆p

∆τv

= q ∂4 (wv

T Y A) − q (wv

T Y ∂4) A. (9)

Incidentally, let the change of A associated with the four-

position of P be ∆Av = {(wv

T ∆τv) Y ∂4} A, then Eq. (9)

can be also expressed as follows:

∆p + q ∆Av

∆τv

= −q ∂4 (−wv

T Y A).

From this equation, we can see that (∆p + q ∆Av) and

(−wv

T Y A) behave as if they are an impulse and a potential

energy, respectively.

For your reference, with the Einstein notation, Eq. (9)

can be written as follows:

∆pα

∆τv

= q (wv)β ((∂4)α Aβ − (∂4)β Aα).

d ) The equation that describes the force applied

to an object in a potential field

Let f = ∆p/∆tv be the force applied to P, and define

φ and A as satisfying the following equation:

A =
(

φ

c
, A

)T

=

(

γu V ′

c
, γu

u

c2
V ′

)T

. (10)

Then we can obtain the following equation from the 2nd,

3rd, and 4th components of Eq. (9):

f = −q grad (φ − v · A) − q
(

∂

∂t
+ v · grad

)

A.

If we expand and regroup this equation, we can moreover

obtain the following equation:

f = −q
(

grad φ +
∂A

∂t

)

+ q v × rot A. (11)

Please once again, from the point of view of the observer

in S, look at the Eq. (11). He may be able to estimate v and

f by directly observing P. However, he can not directly esti-

mate φ and A. Therefore, He may think that the following

fields exist as a physical entity in S:

E = −grad φ −
∂A

∂t
, B = rot A. (12)

From Eqs. (11) and (12), we can get the following familiar

equation:

F = q E + q v × B. (13)

The discussion up to this point can be applied to any

potential field V ′. Especially in the case where V ′ is an

electric field, obviously φ and A are the scalar and vector

potentials, and they should be considered to be defined by Eq.

(10). Accepting Eqs. (8) and (10) makes it easier to derive

various relationships. I will show you some examples in the

following.

3. 3 Poisson field

a ) Definition

Let ρ be the volume density field of particles distributed

stationary with respect to S, and V be the potential field in

S. When the following equations hold with a constant ε0, V

is called the Poisson field in S defined with ρ:

div (grad V ) = −
ρ

ε0

,
∂V

∂t
= 0.

b ) The equation concerning the four-potential

field of a Poisson field

Assume that V ′ is a Poisson field in S′ defined with ρ′,

then div′ (grad′ V ′) = −ρ′/ε0 and ∂V ′/∂t′ = 0 hold. Here,

let us define the following Lorentz scalar field:

d = (∂4
T Y ∂4) V ′ +

ρ′

ε0

,

here note that V ′ and ρ′ are Lorentz scalar fields. We can

obtain d as

d = d′ =

(

−
∂2

c2 ∂t′2
+ div′ · grad′

)

V ′ +
ρ′

ε0

= 0

since it is a Lorentz scalar field. Thus, the following equation

holds:

(∂4

T Y ∂4) V ′ = −
ρ′

ε0

. (14)

Let A = (φ/c, A)T = wu V ′/c2 be the four-potential field,

j = (c ρ, j)T = ρ′ wu be the four-density field, and define

a constant: µ0 = 1/(c2 ε0). Multiplying wu/c2 to Eq. (14)

gives the following equation: (∂4
T Y ∂4) A = −µ0 j, or the

following equation:

(∂4

T Y ∂4) φ = −
ρ

ε0

, (∂4

T Y ∂4) A = −µ0 j. (15)

These equations are in the form of wave equations. However,

it should be confirmed that these equations do not mean that

the changes of fields are propagated like waves.

Moreover, the following equation also holds:

∂4

T Y A =
1

c2

∂φ

∂t
+ div A = 0, (16)

because 1) this equation is a Lorentz scalar, and 2) the fol-

lowing equations hold in S′:

∂φ′

∂t′
=

∂V ′

∂t′
= 0, div′

A
′ = div′ 0 = 0.
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3. 4 Matter wave

a ) Experimental fact

Let V be the potential field in S, p be the momentum

of an object, k be the wave vector of the matter wave (de

Broglie wave) of the object, and assume that ∂V/∂t = 0

holds. Then the following equation holds in S:

p = ~k. (17)

b ) The change of the four-wavevector of a matter

wave

Assume that V ′ is the potential field in S′, and

∂V ′/∂t′ = 0 holds. Assume that the object P was applied the

force expressed by V ′ during the small time interval ∆tv. Let

∆p = (∆E/c, ∆p)T be the change of the four-momentum of

P, ∆k = (∆ω/c, ∆k)T be the change of the four-wavevector

of the matter wave of P. Then ∆p′ = ~∆k′ holds from Eq.

(17). Generally, ∆E 6= 0 holds. In contrast,

∆ω′ = 0 (18)

holds due to the continuity of the wave. Note that from Eq.

(3) the following equation holds:

v
′ ·

∆p′

∆tv

′
= −q v

′ · grad′ V ′ = −q
wv

′T

γ
v

′

Y ∂4
′ V ′.

(19)

Here, let us define the following contravariant vector:

d = ~∆k − ∆p.

Using Eqs. (2), (18), and (19), we can obtain the 1st compo-

nent of d′ (the quantity in S′) as

~
∆ω′

c
−

∆E′

c
=

q

c
∆τv

′ wv

′T
Y ∂4

′ V ′

and the other components as

~∆k
′ − ∆p

′ = 0. (20)

From Eq. (20), we can see that d and wu are proportional.

Therefore, the following equation holds:

d =
q

c2
∆τv

′ wv

′T
Y ∂4

′ V ′ wu = q ∆τv

′ wv

′T
Y ∂4

′ A,

where A = wu V ′/c2 is the four-potential field. Considering

that ∆τv

′ wv

′ is the four-displacement of P during ∆tv , let

us define the difference of A at the four-position of P during

∆tv as ∆Av = (∆τv

′ wv

′)T Y ∂4
′ A. Here, note that ∆Av is

a Lorentz scalar. Then, we can get d = q ∆Av and

~∆k = ∆p + q ∆Av. (21)

We can see again that (∆p + q ∆Av) behaves as if it is an

impulse.

c ) The four-wavevector of a matter wave

Assume that P moved along a path C. Let s1 and

s2 be the four-positions of the start and end points of C,

and s be the four-position of any point on C. Let k2,

p2, and A2 be the four-wavevector of the matter wave of

P at s2, the four-momentum of P at s2, and the quantity

of the four-potential field at s2, respectively. Moreover let

k = (ω/c, k)T , p = (E/c, p)T , and Av = (φv/c, Av)T be the

corresponding quantities at s, respectively. If we divide C

into small segments, apply Eq. (21) for each segment, and

add together all the equations on the path from s to s2, we

can obtain

~ (k2 − k) = (p2 − p) + q (A2 − Av). (22)

If the quantity of the four-potential field at s2 is (0, 0)T ,

P is not affected at all at s2 by the four-potential field. In this

case, we should consider that Eq. (17) holds in any inertial

frame, and therefore, we should also consider that p2 = ~ k2

holds. Since we can always make A2 to be (0, 0)T , we can

always realize the situation where the following equations

hold:

p2 = ~ k2, A2 = (0, 0)T . (23)

Thus, without loss of generality, from Eqs. (22) and (23) we

can see the following equation holds:

~ k = p + q Av. (24)

This equation implies that if the wave vector k and the mo-

mentum p can be measured accurately, the quantity of Av

itself can be obtained directly.

d ) The phase of a matter wave

The difference, or total differential, of the phase of

the matter wave of P, with the four-displacement ∆sv =

∆τv

′ wv

′, is

∆θ = (∆sv

T Y ∂4) θ = ∆sv

T Y k.

Therefore, from Eq. (24), the following equation holds:

∆θ =
1

~
∆sv

T Y p +
q

~
∆sv

T Y Av. (25)

Let m be the mass of P, then ∆sv

T Y p = −m c2 ∆τv holds.

Also define ∆lv as satisfying ∆sv = (c ∆tv, ∆lv)T , then

∆sv

T Y Av = −φv ∆tv + Av · ∆lv holds. Using these equa-

tions, Eq. (25) can be expressed as follows:

∆θ = −
1

~
m c2 ∆τv −

q

~
φv ∆tv +

q

~
Av · ∆lv.

Here, let dθ, dτ , dt, and dl be the infinitesimals of ∆θ,

∆τv, ∆tv, and ∆lv, respectively, and integrate the equation,

then we can obtain the following equation including familiar

terms:
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∫

dθ = −
m c2

~

∫

dτ −
q

~

∫

φv dt +
q

~

∫

Av · dl.

(26)

4. Conclusion

In this paper, the Lorentz force has been derived based

on the Principles 1 and 3 described in Section 1. In the pro-

cess, you can see that the electromagnetic potential should

be defined inevitably. Furthermore, all of the basic equations

of the electromagnetic theory (Eqs. (1), (12), (13), (15), and

(16)) have been derived, and the phase of the matter wave

(Eq. (26)) has been also derived. These are all inevitable

from Principles 1 and 3.

The conventional explanation of the vector potential

(electromagnetic potential) seems to be as follows:

The electromagnetic potential is a field that was

considered in order to describe the electromagnetic

field. Although it seems to be just a mathemati-

cal technique, it is considered to be real from the

viewpoint of the quantum theory.

In contrast, the explanation in this article is as follows:

The force due to the potential field V ′ appears to

be deformed when observed from a different inertial

frame. The contribution of the potential field to the

deformed force is determined by V ′ itself and the

four-velocity of the potential field wu, and is in the

form of Eq. (8). Therefore, it seems as if such a field

exists for the observer. We have called it (see Eq.

(10)) the electromagnetic potential.

Since the force after deformation consists of terms

that do not depend on the velocity of the object and

terms that do depend on it, it is not surprising that

the observer thinks that there exist an electric field

and a magnetic field that explain each of them.

Both of these descriptions are valid. However, for a re-

searcher trying to build a new theory related to electromag-

netism, or for a student (who may be a future researcher)

trying to satisfy his/her intellectual curiosity, the impact of

each description will be quite different.

The outline of the explanation in a famous Japanese

textbook [5] will be shown in Fig. 1. Looking at this com-

plexity, we have to respect our predecessors. In order to

derive the quantity related to the dimension of mass, the ex-

perimental fact or principle related to the dimension of mass

must be required. However, if the Maxwell’s equations are

taken as experimental facts, the electromagnetic potential

can only be derived mathematically from the electromag-

netic field. Now that the unit of mass has been redefined

Fig. 1 The outline of the explanation in the textbook.

Fig. 2 The outline of the explanation in this article.

in SI, it is natural to derive everything straightforwardly as

in this article, illustrated in Fig. 2, and by doing so, we can

better understand the electromagnetic potential.
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