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Abstract

SUDOKU (or Number-Place) is one of the most popular grid-puzzles in the world today. We
propose a “score” which represents the difficulty level of each SUDOKU puzzle matching with
puzzlers’ experiences. We first categorize the types of logic for solving SUDOKU, and determine
the order of applicability of them by examining over 1600 puzzles. We then define the difficulty
score (D-score) as the total iteration number for searching solutions or sweeping candidate numbers
in each column, row, and block according to the order of the types of logics. In comparison with
the previously proposed difficulty indices (like the counting method of blank-cells, or like the
“SUDOKU entropy” which uses candidate number of each blank-cell), our D-score corresponds to

every step of solving process, thus it enables us to evaluate realistic difficulty levels.
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Fig.1 Sample of SUDOKU puzzle.
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1.2 FEREELGVOD
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6670903752021072936960 (6.67 x 10%!)
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AT, Balo#iE% i 17 5 5101751 (i, 5)
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(1.1)](1,2)| (1.3 (1.4) [ (1,5) [ (1,6)} (1.7)| (1,8) | (1.9)

(2,1)](2,2)|(2,3)]1(24) [ (2,5) | (2,6)] (2,7)]| (2,8)| (2.9)

(3.1)[(3,2)[(3,3)](3.4)[ (3,5 | (3.6)] (3,7) | (3,8) | (3,9)

(4,1)[(42)[(43)](44)[ (45| (4.6)] (4.7)| (4.8)] (4,9)

(5.1)[(5.2)[(5,3)](5.4) | (55| (5.6)](5.7)| (5.8)] (5.9)

(6,1)[(6,2)[(6,3)] (6,4) | (6,5)| (6,6)] (6,7)|(6,8)] (6,9)

7.1 (7,2)| (7.3))(7.4) [ (7.5) | (7.6)) (7.7)| (7.8) | (7.9)

(8,1)[(8,2)[(8,3)](8,4)[(8,5)|(8.6)](8,7)|(8.8)](8,9)

(9,1)[(9,2)[(9,3)](9.4) [ (9,5) | (9,6)] (9,7)| (9,8) | (9,9)

X2 #%<ADUWT
Fig.2 Indices of cells.

[1,1] [1.2] [1,3]

[2,1] [2,2] [2,3]

[3,1] [3.2] [3,3]

3 #7av I OWRT
Fig.3 Indices of blocks.
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Fig.4 Numbers of puzzles are plotted in
terms of initial blank-cells and the “official”
difficulty levels by the puzzle writers.
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WSO E LT, Chen I¥, iz b
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D2 A (i,§) 1A B WHEMD & 5 BT %
lvij| & LT,

LEETHRT, BEHBTLS VIS S
FWES), EVWITATTTHDL (RIS
BFBA-TWBE YA v, =1 & LTEHE
T5.).

Jar LU < TEFRIEHE S~ 7L 300,890
600 FlCR L <Ml ¥ — Hg ZatHE L
TefERE R 1ITRT,

Chen DFFHEFERTIE, (V¥ FIL0E% 3 3)
"Easy) "Intermediate; "Hardy D NHIZAH EIC
Hg OMEDSEEM L 7223, B&ahro Loy v
TN TIERESEPE EINDE LI AT Hg
ZziEEEPR N, Lo L, HEIREK

#£1 THESAEF 7L 300, OB D 600
ORI E LBz > hnE— Hg

Table 1 The official difficulty levels and
these SUDOKU entropy Hg (minimum,
maximum, and average). We take 600 puz-

zles in®?) as samples.
Hea Ha Hg

PSR | MR || mAME | RORE | CPIME
UltraEasy 38 0.1983 | 0.4324 | 0.3509
VeryEasy 48 0.3581 | 0.6397 | 0.5179
Easy 104 0.6520 | 0.8363 | 0.7304
Medium 108 0.7199 | 0.9793 | 0.8379
MediumPlus 100 0.8252 | 1.0466 | 0.9241
Hard 100 0.8165 | 1.0244 | 0.9175
VeryHard 100 0.8387 | 1.0326 | 0.9156
Spicy 2 0.8956 | 0.9840 | 0.9398
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3.2 CRBE i& (CRBE method)
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Fig.5 For the puzzle of Fig. 1, after ap-
plied the CRBE-method on number 8 for
the blocks [1, 3] and [3, 3].
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Fig.6 Filling number 8, after Fig. 5.
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Fig.7 Filling number 2, after Fig. 6.
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8 TITHET T, 3 2D 7R,
Fig.8 Filling number 3, after Fig. 7.
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Fig.9 Only one cell is left in the third row
(The same with Fig.8).
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Fig.10 Applying your memory to four cells

(The same with Fig. 7).
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B3z {72, PR CRBE #2479 2 &8
TE5L91Ch 5,

3.3 RY2IV¥—7 (pencil-mark)
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2TV, RouYy s~ Lickz s, #
HBTFIZE RN S AT L LG RT
, Tz TRy re—72) LIESR,
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BIZ 12T h 2 E k< A3 2 DT ChEE
T5%, LHMFETLILHTES,

X 1 oIz oW, (CRBE #Ez#EMHE
i) Ry ve—rxEHEEANLHZK 11 I
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Fig.11 Filling pencil-marks for the puz-
zle Fig. 1 instead of applying the CRBE-
method.

7% 2OBIFTEL.
3.41 B—EF@E (unique-candidate)

129D RAIZ1 DDV I)Le—7 LdklT
X ZD AREETH 5. WEHk, BEET S
RV V=7 %z2HETs2ETouyy 728
—REE LR LICT B,

EziE, K11 o< A (2,2) &, v
=7 RBETF 1 LKoo Twkhy, Thbb,
1 CHEETH 2., v A (2,2) D31 LEET B &,
M 11D 247H - 24HE X070y 7 [1,1] D
(2,2) DA DERTIZH 5 R —7 1 H3H
f3nz (M12),

3.42 HBH—IRE (unique-cell)

FNENofr, Hl, 7uyv 7IZBWTRED
v n OBAED 1 DD AL FEL RV
B, 2D AICAS TV BET n DAt ofmix
HEIND, IN2BE—IRAELHMNIT S,

e ZIEK13 kT, 7uy 7 23] IKEET
2t (TATHICQEHLTH X WwdY), Zo7ay
JHNTIEBEH 9 1Z~ A (5,7) ICL%w, Lk
BoT< A (5,7) 19 THEEL, 9 DR
Ve—7 4, 613HZ 5,

1 r°d318[:],19]4
8111427 ] {:7:°
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BHEEONEIERE
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sTs | 68|27
6/9, | [5/2f. [ T,

P12 M 11 ext LT, ik z < X
(2,2) 1.

Fig.12 Apply the unique-candidate method
to the cell (2,2) for Fig. 11.

FItRIC 5 ATHICTEE T % &Ml 1 13+ R (5,5)
L2 %»oT, A (5,5) 1k 1 THEEL, %
DRy Le—271kiHA % (K13 F).
35 RyYVII¥N—vERLRALOIYY
35.1 MFE (twins)

1, 9, 7ay 7ohpro Xy =70
X7 (W) ZROW, 2z oz
AATOL TEEZRFEETSLICT S, X
D2ODNY =03 5,

o MIIWFi% (independent-twins)
12017 - b2 IE7ay 7OHT, 2D
DR AP & pall, 2O0DEF ny, ny DI
CHDBEFE T 2 £ &, 2017 - Fd 25\ 7
Ty 7IZH D pr, pp UHD2 206 ny &
ne DERIZIHZ 5.

o BIEMFiE (dependent-twins)
1ODfF - FldH2vid7ay 7oHT, 29
DT n1, na DS, 2D A p; & py ITD
AIFET B EE, pi, pa D2ODTATII,
ni, ne UAOBEHIZHEZ 5.

PSZR OB Z X 14 12733, K14 | o 2
fTHICHEHT 2 &, =& (2,5) & (2,6) DY
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8| [4]2|7]s) 47
9/3/5|6/4] |.]7]2
116 9y¥j45 8|°
BHENEEE TR
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s1s | F 16]8[2) 17
619, 1: 1512}, 1.

X 13 (k) X 11 LHEUEE v RAik%E
< A (5,7) WA (T) <2 (5,5) & (5,7)
I AR % 4.

Fig.13 (Top) The same with Fig. 11. Be-
fore applying the unique-cell method to the
cell (5,7). (Bottom) Applying the unique-
cell method to the cell (5,5) and (5,7).

ST —=213EE5H2E3DATHE™S, L
7o T, EB L —TIT2, FIZ3BABED
T, 2fTHOMbD= 212132 H 3 b AL RV
LILkZ0T, BHE»rOHAS (K14 7).

X 14 F T 2fTHOARDFRZ R L7223, &
SITHNI N THEERMES & 7ay 2 [1,1] 25 4,
54, 7uv 7 [1,2] 58, 92, 3BT L
LTHRSDD, SHICEMBIHAS I LIRS,

*5 YR (2,5) & (2,6) DRI 2, 3DHTHZ” T
HoT, “YAR(2,5) & (2,6) lEDH 2, 3HHB” T
ES AN ey o

62 7] ] g ]s]
(81717711619
9/3[1|6/4|5(2]8]|7
64% 7 z: 23L|45345345§
s |8l [71H(*]1]6]9
9/3[1|6/4|5|2]8]|7

14 (k) Mo EERE, (F) Hazs
TR, [ p.95 kD)

Fig.14 (Top) Before and (Bottom) after ap-
plying the independent-twins method.
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EFICKITH %23, MIZWFIEIEEH L 720
RCHWAZED L, K15 L o 1{THICERT
5L, 8 9DXR7IE, <A (1,4) & (1,5) D&
Whsb, Lo T, 8 9 EZD2DODRAD
EL o THET 21T, LehoT, v&
(1,4) & (1,5) 6 8, 9 btz 2 5 (X
15 T).
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15 () R, (7) fEEs
THEARL [SCERY p.99 & 0]

Fig.15 (Top) Before and (Bottom) after ap-
plying the dependent-twins method.

I SICFEBRICEBEN EZHS &, 7ay 7y
[1,2] TIE< A (2,5) & (2,6) ICOBRHEET 3 2,



3BRTELTHS2D, (2,5) & (2,6)IH b

fhofEfli 4 & 5 13HR 5.

3.5.2 Z=DFE (triplets)
RFEDIHRTH 5, WFk & RIS, DIT

D2DODNY =D 5,

e M3I=DF% (independent-triplets)
12D HldH B\ d 7wy 7 DT, 320
<A p1, P2, p3 IS, 3 DDET ny, ng, ng
THRSNSMBIFET 5 L E, 2074
HHWIETaY Z7IZHD pr, pa, p3 ASD
RADS Ny, no, ng DEMIFIHZ 5.

o BIE=DF% (dependent-triplets)
120f7-Fldbswiz7ay 7odmT, 3
DDEF n1, na, ny THERI NS0, 3
DDA p1, p2, p3 ICDARIFIET B L&,
p1, P2, p3 D ATIX, ny, ng, ng LID
il ZH 2 5.

3D T D3 = AT LTV ABAED,
FERRCIWEREE LT LAY =0l 20dH
37 OFEBNETH S,

4 16 & I FBH DL T T, 3 2D <RI,
2,4, 6 DIDDOEFDBINE>T\ 5, ="
FEEBEHT2E, K166 &5,

2 2 2 R
114 6ls" s 1 b s o
789|789 7897)29
2 2 2
4 6 34 [§) 4 63)( KI
7 89 7 89
2 2 2 2
4 6|4 65 4 64 © 5

16 () Msr=-o1E@Em, (h) Mz
=0 FPuEME.

Fig.16 (Left) Before and (Right) after ap-
plying the independent-triplets method.

ZoHITIE, 30D RIT2, 4, 633DOF D
FEL TV, 32T OFEET 205813 7% <,
SEHOBFED 3 DDOVRICHFEEL CiuF &
VW, 207D, K170 3D X BEAETY

“YR(8,1), (9,1), (9,2) KHMEDFHEE
$2" LEA%,

2 2 2 2
1 4 6[4 6 1 4 6|4 6
789|789 7809|789

2 2 2 2
634 6| 634 6]
789 789

2 2 2 2

4 o6l4 65 64 65

13l
s o "o 5

17 M=oy — 1,2, 3.
Fig.17 Independent-triplets patterns 1, 2,
and 3.

FEE=>o1iEbEETH 5. K18 /£ XX 16
EHUTHEH, M=o EE2HHLZWE
FTUE, 7, 8 9D I ODDEFEN I DD AIC
INE>TWEDT, JEE=>FEIEHTE %
(I 18 £7).

2 2 R | %
1147644 1 sl
7809|789 789789
2 2 2 P
4 634 6, 4 63>(
789 789
2 2 2 2
4 64 65 4 6|4 65

18 () JE=->ruuuui. () e
=0 HNEAIR.

Fig.18 (Left) Before and (Right) after ap-
plying the dependent-triplets method.

=D FEDLGES 3 2D T N3 OD=
AFTRTIHEEL TV A58 R Y, K19 D 3
N =V HENT 5,
3.5.3 HBEME (common-candidate method)
i1, S, 7y 7oz EANICEZ ST
e LR EME LT



2| 2 2 | 2
14646 14646
789789 78978
2 2 2 2
46346 46346
78 7 o
2 | 2 2 | 2
46465 46465
2| 2
14646
[z8 | 89
2 2
476 3 la"s
7 9
2 2
46465

X 19 ffg=>Fk s —r1, 2, 3
Fig.19 Dependent-triplets patterns 1, 2,
and 3.

20 | oo 7y 7 [3,2] OHT, el
61372 (9,4), (9,6) ICLEELE W, L
MOTOIFIDELLNICALILILRS., %
32, WU 9fTHICH B bl 6 131 2
% (X120 T).
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7
42)5%%14863 69742

20 (k) Ak .
WEEAR, [SCIRY p.11 kD]
Fig.20 (Top) Before and (Bottom) after ap-
plying the common-candidate method.

() Jefhfe

AR ETHAL 70y 7 647%
HILAEOHRTHELS, 70y 7h 6zl TY
&, o 7ay 72854, Slrs 7ay
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21 (k) Aotk i an.
W@, [ p.1l X 0]
Fig.21 (Top) Before and (Bottom) after ap-
plying the common-candidate method.
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ZNFN, BHWIZ32DovAzELTw3
7o kil & F UimBlCfliziHE T 5 2 & 3C
&5,

& 2121 B T9fTHICHERTY % &, Al
81k~ 2 (9,1), (9,2) DEBL S THEET 21X
TCThs, Z25%2L, Moko7uay 7 [3,1]
TOYTHMAMCH > 7l 8 (ZIHA 5 2 LT
% (21 T).

3.5.4 XA#RE (diagonal-line method)

¥ 22 o 2 fTHCEMl 5 IciEEHT % &, 5%1H
DA (2,5) &£ 9FIHD< A (2,9) D 2 fEHFTIC
DAFEL TS, £ 6fTHTHHEHS I35
FIHD = 2 (6,5) & 9FIHD< A (6,9) D 2 fi
DAL T 5,

CDLE, LEZF21MTHT, v2Z (2,5) I
5ABE, 6{THD5IX A (6,9) ICAB Ik
2%, W 21THTHE 23R (2,9) ITAS L,
6 fTHTIZ= 2 (6,5) ITA 3.

2% 0 EICATUEEA NI, A RICAUEAE
TE, 2O2.7—=vDEL LD LoMER 5 D
AbBAGOEE RV, Ledd>T, Ba5 23
ELLDNRY—vTA-ELTH, 5FIHE 9
SIHD, 29fTHE 6 fTH EAAEL T b+ AL
WD AR5 IEHEA 5. DK xff



BBIROM A b2 £ B 5 0 % HEIRE &
W

e |
bl S 1] ] 4]
6113[219},|7]9|9
4192 yge71g1 3
g (4L 2] 41]2) ¢
? g 1 4287426 g 569
S
4 6] 4 6 6 4 6§
2 2 . 3 g 23
ot |8 g 55 9, 91
1 37 648624869756456
. L[5 1T "f4]"
6113[219},|7]9]9
4192 y§671g1 3
7§Q7§ : g§ Eg gg 1 2736
5 456 4 6] 5 56
- 8 8 g 8
S
4 6] 4 6 6 4 6§
2 2 . 3 g 23
ot |8 g 45 7, 91
1 37 6486248697564X6

22 (k) xrgfakEes, (F) ik
W%, [ p.255 & D]

Fig.22 (Top) Before and (Bottom) after ap-
plying the diagonal-line method.

BTl 7  MEEE DA TR BHATY,
AfREIGETE 5, K23 D 35IHOHTI
DEFIEZ A (3,3), (6,3) DELSLITAD, 7
FIHOHTIE= 2 (3,7), (6,7) DELSMICA
5. ZOHBETHNAMRNIC I DBTFNASIE
ThoT, 3f7THE 6f7HD 35IH, 7HIHLL
WD A2 9BALAMREMEIZ 2 &2 (K23 D
X D).

11

—_
~ | 0o

(W
o

5 4
6 3
7 2

23 MEEBT % v B g, [SCEk®)
p.13 & D]
Fig.23 Example of the diagonal-line

method using the filled numbers.
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BT 7 ODfER Yy 7 2R L7170, £
N3b o L LNHN DD L XV T EEZ K

7.
£9

NFE TR L 2T 5 L, RD
27k 5.

IR IZ BT DAL AR DALk,
CAICAD WD B 2 BT DM Z D
AL TR ELRD - 7,

HEDAND 2 Az DAL THEDOL 6, BT
ZHEE S 5 /5711 @ CRBEEL 272\,
2 AWCADLARED & 2 BT OBEM %KD
AGTTETIE, 2D AT A T2 MEE
SE27ODNHEE QB EEE L O
—2 AED 201272 B,

@M T, ©=>T1ik OLAREE @
X RRR I3 2 AL D AL 22 T DRk T H
D, TNSICX> T ADBMHMIED 15
27 o T A I I K o THERE,
2 A DB DO BT M7, 7Tuy 7Dk
T1EIOARICE> A IZE—< AET
WEI N5,



Z DT DL L B AR, WAL, =
DFE, R, AAREE O S ETRR
AT L AT uE a5 9, BRIEN 25 T
ERRAREL D bR RS,

¥ 72 CRBE ik & ik, M—< Azl
3% &, CRBE IR BT (R ~—7)
ZHEAL B CSALR TR TWIRETSH 5.
DI EHh6OCRBE &2 b G 2 ik, #
DBICQH ML L QHL— < RIEDZ DREIC
i < .

CRBE gL~V 1 & L, B—feEffiik s §i—
CAEFEFEDTLRL2ET S, BhD 4
DFFED L SV AFHF X, SERTE 2MEED %
SO T I EERAD.

22 HEPRNRE LS XOVRTEE,
Table 2 List of the puzzle sources.

5 A bov (R, i) |
FAERT S > 7L & VARG ARBHETE )L 28
9.10 H%5>

>y 7L 77y 10 AE9 152
Fr 7L A4 10 AED 181
HAREEF > 7L 300 Vol.1¥) 300
HFILHE S > 7 L 300 Vol.2% 300

e B R HWER v 7L 220 220
vol.2'9)
EIBGE HERF > 7L 250 B vol.3Y 250
PERAB DR T—FEL  THL W 100
YA
B oL I ER I 2 5 R E 108
3'5_3\13)
At 1639

42 LRI 3LEOHE

WAk, =0k, AL, SHiEo
4 O%MRBNEGNE 248D b 208, TEBLF
% ORIEDTER T E 2 X 9 RREIEE o,
LRLVEREL K.

21T 1639MDHI B, LRV 2 ET
THRETE Lo ME 22D 95 b, BT,
=k, WAL, WAkEE) LT

£33 L)L 2 TERIN 722 BN 5
FARRER D T8/ EL.

Table 3 Solved puzzles and combinations
of used logics for the 722 puzzles which is
not completed in Level 2.

(i U 7 [ sehk L 7 i
Wk 456
“oTk 408
A ek 284
i 134
Wk & =01k 513
Wk & LA 597
Wik & Rk 545
SOk & SEARRIE 596
SO Tk & AL 504
S BE: & o 331
WFE & o TE &
A A 644
WFEL =>TE&
i 596
WTTE & TERTERE &
R fis 629
5T & AEE &
i ik 629
1oFRTEMEEA 674

fipd 2L DTELME6T4A RO WT, )R
HBERRE L GEDBEREEL 3 ITRT, 2L
T, BlZE, SAREZRC 320120, X
VHERHC LR 24 DX H I D,

NV
Lo/

=DFE HEREE

24 3 DOMETIERL T E 72 MEB D WK,
Fig.24 Solved puzzles with 3 logics.
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Table 4 Order of logics and cumulative

solved puzzles.

fiE =Y ie
W= ->ZoF—->%fAf || 2369
W—Hfg >R Aafg—>=>7 || 2354
W= =oF->HE-0 A || 2285
WA= =D -4 || 2237
WM fAaf—>EE =27 || 2302
W—=xtfafi—>=>7T—4G || 2269
>R =oF—>R Ak || 2197
HESWF-MAR—>=>F | 2182
HH>ZDOF>RWTF-0MME || 2196
= OF > RT || 2181
HE - F—>=>7 | 1916
>R —>=2oF->)T || 1916
Z0FoWF-HAE AR || 2237
Z0F oW F-oR AT || 2189
Z0F->HESWTF-uAfi || 2320
=0 SRR || 2305
Z0F oW || 2180
Z0 TR ARG SWT || 2213
RNAERE N> >=>F 1980
WA —>=>1—HHG || 1947
R E >R T—>=>7 || 1766
M- IE > = o> || 1766
- = o F->WF—HHh || 1906
- = o> ->WF || 1939

E B MEZ FHLICME L T &R 4 DRSS
Font, TERHTIL DMEDBERLTE S
ey 2 FES 5 &,

WA F gtk — =D k> Nk

DIEE o7, ZDNEIZ, S ZVEIFEIZH N
BOWBKIETIE R WIS ) D, K5 ICREL 2
fRIED L V% WD TRT,

43 BEDBERAIER

FRIED L ROLDIRIE L 72 DT, RICRE D
AMICOWTHlR 2, fREOBEAIHZ RO TE

13

#5 fREDOL L,
Table 5 Concluded order of the logics.

v ik

L L1 CRBE %

LAY 2 || Bk, H—e Rk
L L3 WAk

L~UL 4 e SN i beR
L)L 5 =T

LRI 6 PREE S

(2T, BMZERIBBIZEDL XL E TOR
ErHOZWERT B2 ZHMEICT S 2 L
TE 5,

BRI 5 1R L 2R L L ffv b
DPSHEHAL, H2LVDRETTERL 2
NERDL RV DIREZEMN T2, £72, 5
ik 2 W L7 & i 2 7 D BeE ot
Fokh) ERMICEILED > 5EE1E, LU
DI EE IR > TN 2 15§ 5. L LH#
—fEivs, B~ AL BT HE D 7 DI
WAL R BEETH DB D5, FEEDOMHHIE
F Ik MRS,

X 25 IR HIED 70 —F ¥ — b ZR T,
Mo MEREER) L1k, Bk, B
HBOWHTH 5.
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LT THRMPTER L 2T, Ry re—
7 RFHERAL, 2 LC, BBk, Moo
FEEAL TRy L= 2ET X%
£19.

H—fpffisk, #—< RAE TR TER L 72
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%A OBIEICEMD H - L HAIFFH ORI
R T 2Bt 9 5. CRBE I TilllS 25w
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e, kDMl RBELEE 2T
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ZHZHBIMEM AT —DERL 2HEL S
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o BRIV BETHARAT v 7 (HRFHH
EME) %L E
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BmEER? O
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X EIRE

25 fREMIAIED 7 0 —F v — T,
Fig.25 Flowchart of the solver using the

concluded order of the logics.
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Table 6 D-score and the required levels of

the logics.
5K,

fifk L L MR | D Pl | 2
DCRBE #D & 717 25.89 14.19
i £ © 200 72.49 9.83
@R FikET 456 101.86 25.20
OffHEmEE T || 142 329.53 187.58
®=->T1iET 47 816.91 247.87
Oxtfafik £ 29 1306.21 | 620.59
A5 48 1754.19 645.26
2 1639 175.22 382.30
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Fig. 28 D-Score and expected solving time
by puzzle writers.
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