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E
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K
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O
R
D

s

•
system

atical
understanding

how
to

construct
an

evolution
system

w
hich

is
robust

against

violation
of

errors

•
idea

of
“adjusted

system
”,

adding
constraints

in
R
H

S
,
w

hy
they

w
ork?

•
(adjuted)

constraint
propagation

equations
and

their
eigenvalue

analysis

R
efs:H

S
and

G
Y
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gr-qc/0110008

G
Y
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and
H

S
,
P
hys

R
ev

D
63

(2001)
120419



1
B

a
ck

g
ro

u
n
d

o
f
th

e
p
ro

b
le

m

N
um

erical
R
elativity

–
N

ecessary
for

unveiling
the

nature
of

strong
gravity

–
G

ravitational
W

ave
from

colliding
B
lack

H
oles,

N
eutron

S
tars,

S
up

ernovae,
...

–
R
elativistic

P
henom

ena
like

C
osm

ology,
A
ctive

G
alactic

N
uclei,

...

–
M

athem
atical

feedbacks
to

S
ingularity,

E
xact

S
olutions,

C
haotic

b
ehavior,

...

–
L
abratory

of
G

ravitational
theories,

H
igher

dim
ensional

m
odels,

...

B
est

E
instein

form
ulation

for
long-term

stable
and

accurate
sim

ulation?
M

any
(too

m
any)

trials
and

errors,
not

yet
a

system
atical

understanding

strategy
1

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly

strategy
3

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

T
he

direct
use

of
the

standard
A
D

M
equations

is
not

recom
m

ended.
B
y

adding
constraints

in
R
H

S
,
w
e

can
kill

error
grow

ing
m

odes
⇒

W
hy?



strategy
1

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

define
new

variables
(φ

,γ̃
ij ,K

,Ã
ij ,Γ̃

i),
instead

of
the

A
D

M
’s

(γ
ij ,K

ij )
w

here

γ̃
ij ≡

e −
4φγ

ij ,
Ã

ij ≡
e −

4φ(K
ij −

(1/3)γ
ij K

),
Γ̃

i≡
Γ̃

ijk γ̃
jk,

use
m

om
entum

constraint
in

Γ
i-eq.,

and
im

p
ose

d
etγ̃

ij
=

1
during

the
evolutions.

N
o

explicit
explanations

w
hy

this
form

ulation
w
orks

b
etter.

P
otsdam

group
(2000):

the
replacem

ent
by

m
om

entum
constraint

is
essential.

strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.

F
or

a
first

order
partial

diff
erential

equations
on

a
vector

u
,

∂
t 

u
1

u
2...


=


A


∂

x



u
1

u
2...


+

B



u
1

u
2...


,

(1)

if
the

eigenvalues
of

A
are

w
eakly

hyp
erb

olic
all

real.

strongly
hyp

erb
olic

all
real

and
∃

a
com

plete
set

of
eigenvalues.

sym
m

etric
hyp

erb
olic

if
A

is
real

and
sym

m
etric

(H
erm

itian).



strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.
(cont.)

w
eakly

hyp
erb

olic�
strongly

hyp
erb

olic�
sym

m
etric

hyp
erb

olic
system

s,

A
re

they
actually

helpful?
W

hich
level

of
hyp

erb
olicity

is
necessary?

U
sing

A
shtekar’s

variables
b
etw

een
w
e

found
that

[H
S
-Y

oneda,
C
Q

G
17(2000)4799]

(1)
the

three
levels

of
hyp

erb
olicity

can
b
e

obtained
by

adding
constraint

term
s

and/or
im

-

p
osing

gauge
conditions

(2)
there

is
no

drastic
diff

erence
in

the
accuracy

of
num

erical
evolutions

in
these

three
levels

(com
parison

of
nonlinear

w
ave

propagation
in

a
plane

sym
m

etric
spacetim

e)

(3)
the

sym
m

etric
hyp

erb
olic

system
is

not
alw

ays
the

b
est

for
reducing

num
erical

errors

N
ote

that
IB

V
P

(Initial
B
oundary

V
alue

problem
)

requires
“sym

m
etric

hyp
erb

olicity”
to

b
e

treated
w

ith.



strategy
3

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

“
A

sy
m

p
to

tica
lly

C
o
n
stra

in
e
d

S
y
ste

m
”
–

C
onstraint

S
urface

as
an

A
ttractor

t=
0

 

C
o

n
stra

in
e

d
  S

u
rfa

ce
(sa

tisfie
s 

 
E

in
ste

in
's 

co
n

stra
in

ts)

m
ethod

1:
λ
-system

(B
rodb

eck
et

al,
2000)

–
A
dd

aritificialforce
to

reduce
the

violation
of

con-

straints

–
T
o

b
e

guaranteed
if

w
e

apply
the

idea
to

a
sym

-

m
etric

hyp
erb

olic
system

.

m
ethod

2:
A
djusted

system
(Y

oneda
H

S
,
2000,

2001)

–
W

e
can

controlthe
violation

of
constraints

by
ad-

justing
constraints

to
E
oM

.

–
E
igenvalue

analysis
of

constraint
propagation

equations
m

ay
prodict

the
violation

of
error.

–
T

his
idea

is
applicable

even
if

the
system

is
not

sym
m

etric
hyp

erb
olic.⇒

for
the

A
D

M
form

ulation,
too!!



2
Id

e
a

o
f
“
A

d
ju

ste
d

sy
ste

m
”

a
n
d

O
u
r

C
o
n
je

ctu
re

G
eneral

P
rocedure

1.
prepare

a
set

of
evolution

eqs.
∂

t u
a

=
f
(u

a,∂
b u

a,···)

2.
add

constraints
in

R
H

S
∂

t u
a

=
f
(u

a,∂
b u

a,···)
+

F
(C

a,∂
b C

a,···)

3.
choose

appropriate
F

(C
a,∂

b C
a,···)

to
m

ake
the

system
stable

evolution

H
ow

to
sp

ecify
F

(C
a,∂

b C
a,···)

?

4.
prepare

constraint
propagation

eqs.
∂

t C
a

=
g
(C

a,∂
b C

a,···)

5.
and

its
adjusted

version
∂

t C
a

=
g
(C

a,∂
b C

a,···)
+

G
(C

a,∂
b C

a,···)

6.
F
ourier

transform
and

evaluate
eigenvalues

∂
t Ĉ

k
=

A
(Ĉ

a)
Ĉ

k

C
o
n
je

ctu
re

:
E
valuate

eigenvalues
of

(F
ourier-transform

ed)
constraint

propagation
eqs.

If
their

(1)
real

part
is

non-p
ositive,

or
(2)

im
aginary

part
is

non-zero,
then

the
system

is
m

ore

stable.



3
A

d
ju

ste
d

A
D

M
sy

ste
m

s

W
e

adjust
the

standard
A
D

M
system

using
constraints

as:

∂
t γ

ij
=

−
2α

K
ij

+
∇

i β
j
+
∇

j β
i ,

(1)

+
P

ij H
+

Q
k
ij M

k
+

p
k
ij (∇

k H
)
+

q
k
lij (∇

k M
l ),

(2)

∂
t K

ij
=

α
R

(3)
ij

+
α
K

K
ij −

2α
K

ik K
k
j −

∇
i ∇

j α
+

(∇
i β

k)K
k
j
+

(∇
j β

k)K
k
i +

β
k∇

k K
ij ,(3)

+
R

ij H
+

S
k
ij M

k
+

r
k
ij (∇

k H
)
+

s
k
lij (∇

k M
l ),

(4)

w
ith

constraint
equations

H
:=

R
(3)

+
K

2−
K

ij K
ij,

(5)

M
i

:=
∇

j K
j
i −

∇
i K

.
(6)

W
e

can
w

rite
the

adjusted
constraint

propagation
equations

as

∂
t H

=
(original

term
s)

+
H

m
n

1
[(2)]+

H
im

n
2

∂
i [(2)]+

H
ijm

n
3

∂
i ∂

j [(2)]+
H

m
n

4
[(4)],

(7)

∂
t M

i
=

(original
term

s)
+

M
1
i m

n[(2)]+
M

2
i jm

n∂
j [(2)]+

M
3
i m

n[(4)]+
M

4
i jm

n∂
j [(4)].

(8)



T
he

constraint
propagation

equations
of

the
original

A
D

M
equation:

•
E
xpression

using
H

and
M

i
(1)

∂
t H

=
β

j(∂
j H

)
+

2α
K
H

−
2α

γ
ij(∂

i M
j )

+
α

(∂
l γ

m
k )(2γ

m
lγ

k
j−

γ
m

kγ
lj)M

j −
4γ

ij(∂
j α

)M
i ,

∂
t M

i
=

−
(1/2)α

(∂
i H

)−
(∂

i α
)H

+
β

j(∂
j M

i )
+

α
K
M

i −
β

kγ
jl(∂

i γ
lk )M

j
+

(∂
i β

k )γ
k
jM

j .

•
E
xpression

using
H

and
M

i
(2)

∂
t H

=
β

l∂
l H

+
2α

K
H

−
2α

γ
−

1/2∂
l ( √

γM
l)−

4(∂
l α

)M
l

=
β

l∇
l H

+
2α

K
H

−
2α

(∇
l M

l)−
4(∇

l α
)M

l,

∂
t M

i
=

−
(1/2)α

(∂
i H

)−
(∂

i α
)H

+
β

l∇
l M

i +
α
K
M

i +
(∇

i β
l )M

l

=
−

(1/2)α
(∇

i H
)−

(∇
i α

)H
+

β
l∇

l M
i +

α
K
M

i +
(∇

i β
l )M

l,

•
E
xpression

using
H

and
M

i
(3):

by
using

L
ie

derivatives
along

α
n

µ,

£
α
n

µH
=

+
2α

K
H

−
2α

γ
−

1/2∂
l ( √

γM
l)−

4(∂
l α

)M
l,

£
α
n

µM
i

=
−

(1/2)α
(∂

i H
)−

(∂
i α

)H
+

α
K
M

i .

•
E
xpression

using
γ

ij
and

K
ij

∂
t H

=
H

m
n

1
(∂

t γ
m

n )
+

H
im

n
2

∂
i (∂

t γ
m

n )
+

H
ijm

n
3

∂
i ∂

j (∂
t γ

m
n )

+
H

m
n

4
(∂

t K
m

n ),

∂
t M

i
=

M
1
i m

n(∂
t γ

m
n )

+
M

2
i jm

n∂
j (∂

t γ
m

n )
+

M
3
i m

n(∂
t K

m
n )

+
M

4
i jm

n∂
j (∂

t K
m

n ),



w
hereH

m
n

1
:=

−
2R

(3)m
n−

Γ
pk
j Γ

kpi γ
m

iγ
n
j
+

Γ
m

Γ
n

+
γ

ijγ
n
p(∂

i γ
m

k)(∂
j γ

k
p )−

γ
m

pγ
n
i(∂

i γ
k
j)(∂

j γ
k
p )−

2K
K

m
n

+
2K

n
j K

m
j,

H
im

n
2

:=
−

2γ
m

iΓ
n−

(3/2)γ
ij(∂

j γ
m

n)
+

γ
m

j(∂
j γ

in)
+

γ
m

nΓ
i,

H
ijm

n
3

:=
−

γ
ijγ

m
n

+
γ

inγ
m

j,

H
m

n
4

:=
2(K

γ
m

n−
K

m
n),

M
1
i m

n
:=

γ
n
j(∂

i K
m

j )−
γ

m
j(∂

j K
n
i )

+
(1/2)(∂

j γ
m

n)K
j
i +

Γ
nK

m
i ,

M
2
i jm

n
:=

−
γ

m
jK

n
i +

(1/2)γ
m

nK
j
i +

(1/2)K
m

nδ
ji ,

M
3
i m

n
:=

−
δ

ni Γ
m
−

(1/2)(∂
i γ

m
n),

M
4
i jm

n
:=

γ
m

jδ
ni −

γ
m

nδ
ji ,

w
here

w
e

expressed
Γ

m
=

Γ
mij γ

ij.



4
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
s

in
sp

h
e
rica

lly
sy

m
m

e
tric

sp
a
ce

tim
e

4
.1

T
h
e

p
ro

ce
d
u
re

T
he

discussion
b
ecom

es
clear

if
w
e

expand
the

constraint
C

µ
:=

(H
,M

i )
T

using
vector

harm
onics.

C
µ

=
∑l,m

(A
lm

(t,r)a
lm

(θ,ϕ
)
+

B
lm

b
lm

+
C

lm
c
lm

+
D

lm
d

lm

)
,

(1)

w
here

w
e

choose
the

basis
of

the
vector

harm
onics

as

a
lm

=



Y
lm000


,b

lm
=



0Y
lm00


,c

lm
=

r
√
l(l

+
1)



00

∂
θ Y

lm

∂
ϕ Y

lm


,d

lm
=

r
√
l(l

+
1)



00

−
1

sin
θ ∂

ϕ Y
lm

sin
θ
∂

θ Y
lm


.

T
he

basis
are

norm
alized

so
that

they
satisfy

〈C
µ ,C

ν 〉
=

∫
2π

0
d
ϕ

∫
π0

C
∗µ C

ρ
η

ν
ρ
sin

θd
θ,

w
here

η
ν
ρ

is
M

inkow
skii

m
etric

and
the

asterisk
denotes

the
com

plex
conjugate.

T
herefore

A
lm

=
〈a

lm(ν
) ,C

ν 〉,
∂

t A
lm

=
〈a

lm(ν
) ,∂

t C
ν 〉,

etc.

W
e

also
express

these
evolution

equations
using

the
F
ourier

expansion
on

the
radial

coordinate,

A
lm

=
∑k

Â
lm(k

) (t)
e
ik

r
etc.

(2)

S
o

that
w
e

w
ill

b
e

able
to

obtain
the

R
H

S
of

the
evolution

equations
for

(Â
lm(k

) (t),···,D̂
lm(k

) (t))
T

in
a

hom
ogeneous

form
.



4
.2

C
o
n
stra

in
t

p
ro

p
a
g
a
tio

n
s

in
S
ch

w
a
rzsch

ild
sp

a
ce

tim
e

1.
the

standard
S
chw

arzschild
coordinate

d
s

2
=
−

(1−
2Mr

)d
t
2
+

d
r

2

1−
2M

/r
+

r
2d

Ω
2,

(the
standard

expression)

2.
the

isotropic
coordinate,

w
hich

is
given

by,
r

=
(1

+
M

/2r
iso )

2r
iso :

d
s

2
=
−

( 1−
M

/2r
iso

1
+

M
/2r

iso )
2d

t
2
+

(1
+

M2r
iso )

4[d
r

2iso
+

r
2iso d

Ω
2],

(the
isotropic

expression)

3.
the

ingoing
E
ddington-F

inkelstein
(iE

F
)

coordinate,
by

t
iE

F
=

t
+

2M
log(r−

2M
)

:

d
s

2
=
−

(1−
2Mr

)d
t
2iE

F
+

4Mr
d
t
iE

F
d
r

+
(1

+
2Mr

)d
r

2
+

r
2d

Ω
2

(the
iE

F
expression)

4.
the

P
ainlevé-G

ullstrand
(P

G
)

coordinates,

d
s

2
=
−


1−

2
Mr


d
t
2P

G
+

2 √√√√√
2
Mr

d
t
P

G
d
r

+
d
r

2
+

r
2d

Ω
2
,

(the
P
G

expression)

w
hich

is
given

by
t
P

G
=

t
+
√

8M
r−

2M
log{

( √
r/2M

+
1)/( √

r/2M
−

1)}



E
x
a
m

p
le

1
:

sta
n
d
a
rd

A
D

M
v
s

o
rig

in
a
l
A

D
M

(in
S
ch

w
a
rzsch

ild
co

o
rd

in
a
te

)

-1

-0
.5 0

0
.5 1

0
5

1
0

1
5

2
0

no adjustm
ents (standard A

D
M

)

Real / Imaginary  parts of Eigenvalues (AF)

rsch

(a
)

-0
.5 0

0
.5

0
5

1
0

1
5

2
0

original A
D

M
 (κ

F =
 - 1

/4
)

rsch

(b
)

Real / Imaginary  parts of Eigenvalues (AF)

F
igu

re
1:

A
m

p
lifi

cation
factors

(A
F
s,

eigen
valu

es
of

h
om

ogen
ized

con
strain

t
p
rop

agation
eq

u
ation

s)
are

sh
ow

n
for

th
e

stan
d
ard

S
ch

w
arzsch

ild
co

ord
in

ate,
w

ith
(a)

n
o

ad
ju

stm
en

ts,
i.e.,

stan
d
ard

A
D

M
,

(b
)

origin
al

A
D

M
(κ

F
=

−
1/4).

T
h
e

solid
lin

es
an

d
th

e
d
otted

lin
es

w
ith

circles
are

real
p
arts

an
d

im
agin

ary
p
arts,

resp
ectively.

T
h
ey

are
fou

r
lin

es
each

,
b
u
t

actu
ally

th
e

tw
o

eigen
valu

es
are

zero
for

all
cases.

P
lottin

g
ran

ge
is

2
<

r
≤

20
u
sin

g
S
ch

w
arzsch

ild
rad

ial
co

ord
in

ate.
W

e
set

k
=
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