Wormhole dynamics
in Gauss-Bonnet gravity
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HS & Hayward, PRD66 (2002) 044005
1 Why Wormbhole?

e [ hey make great science fiction — short cuts between otherwise distant regions.
Morris & Thorne 1988, Sagan “Contact” etc

e They increase our understanding of gravity when the usual energy conditions
are not satisfied, due to quantum effects (Casimir effect, Hawking radiation)
or alternative gravity theories, brane-world models etc.

e They are very similar to black holes —both contain (marginally) trapped sur-
faces and can be defined by trapping horizons (TH).

Wormhole = Hypersurface foliated by marginally trapped surfaces

e BH and WH are interconvertible?
New duality?
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BH and WH are interconvertible 7 (New Duality?)
S.A. Hayward, Int. J. Mod. Phys. D 8 (1999) 373

e They are very similar — both contain (marginally) trapped

surfaces and can be defined by trapping horizons (TH)

e Only the causal nature of the THs differs, whether THs —75iBITh . WS EEEED

evolve in plus / minus density.
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Fate of the first traversible wormhole: Black-hole collapse or inflationary expansion
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Fate of Morris-Thorne (Ellis) wormhole?

e “Dynamical wormhole” defined by local trapping horizon
e spherically symmetric, both normal/ghost KG field
e apply dual-null formulation in order to seek horizons

e Numerical simulation

ghost /normal Klein-Gordon fields
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(Hereafter, we set Vi(v) =0, Va(¢) = 0)



dual-null formulation, spherically symmetric spacetime (4D)

e The spherically symmetric line-element:

ds* = —2eVdazTdz + r2dS?, where r=r(z",27), f = f(zt,z7), -

e To obtain a system accurate near 3, we introduce the conformal factor |QQ = 1/r|.

first-order variables, the conformally rescaled momenta

We also define

expansions Uy = 20,7 = —2Q720,Q (01 = 2r~'0ur)
inaffinities vy =0+ f

momenta of ¢ i = 10Ld = Q1010

momenta of v  wy = rd ) = Q0L

N N N /N
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The set of equations (remember the identity: 0,0 = 0_0.):

0104 = —vpy — 2077 + 2Qp%

010+ = —Q0_/2 + e ),

Orvs = QX040 /2 + e —2mym 4+ 20,0 ),
Orpr = =104 /2,

Opme = —QUmy /2.
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Initial data on 7 =0, x— = 0 slices and on S

Generally, we have to set :

(Qa f7 ﬁia ¢7 w)

(Viapi,m:)

onS:z" =2 =0

on Y 2T =0 27>0

Grid Structure for Numerical Evolution
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Ghost pulse input -- Bifurcation of the horizons
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Figure 3: Horizon locations, ¥, = 0, for perturbed wormhole. Fig.(a) is the case we supplement the ghost field, ¢, = 0.1,
and (bl) and (b2) are where we reduce the field, ¢, = —0.1 and —0.01. Dashed lines and solid lines are ¥/, = 0 and ¥ = 0

respectively. In all cases, the pulse hits the wormhole throat at (z",z ") = (3,3). A 45° counterclockwise rotation of the figure

corresponds to a partial Penrose diagram.



Bifurcation of the horizons
-- go to a Black Hole or Inflationary expansion
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Figure 4: Partial Penrose diagram of the evolved space-time.
Figure 6: Areal radius r of the “throat” 7 = z~, plotted as a function of proper time. Additional negative energy causes
inflationary expansion, while reduced negative energy causes collapse to a black hole and central singularity.



Normal pulse (a traveller) input -- Forming a Black Hole

Figure 9: Evolution of a wormhole perturbed by a normal scalar field. Horizon locations: dashed lines and solid lines are . = 0
and ¥_ = 0 respectively.



Travel through a Wormhole
-- with Maintenance Operations!
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Figure 11: A trial of wormhole maintenance. After a normal scalar pulse, we signalled a ghost scalar pulse to extend the life

of wormhole throat. The travellers pulse are commonly expressed with a normal scalar field pulse, (é,, &, ¢.) = (+0.1,6.0,2.0).
Horizon locations ¥, = 0 are plotted for three cases:

(A) no maintenance case (results in a black hole),
(B) with maintenance pulse of (c,, ¢, ¢.) = (0.02390, 6.0, 3.0) (results in an inflationary expansion),
(C) with maintenance pulse of (c,, ¢;,c.) = (0.02385, 6.0, 3.0) (keep stationary structure upto the end of this range).



Summary of Part |
Dynamics of Ellis (Morris-Thorne) traversible WH

WH is Unstable

(A) with positive energy pulse ---> BH
---> confirms duality conjecture between BH and WH.

(B) with negative energy pulse ---> Inflationary expansion
---> provides a mechanism for enlarging a quantum WH

to macroscopic size

(C) can be maintained by sophisticated operations
---> a round-trip Is available for our hero/heroine

The basic behaviors has been confirmed by
A Doroshkevich, J Hansen, | Novikov, A Shatskiy, [JMPD 18 (2009) 1665
J A Gonzalez, F S Guzman & O Sarbach, CQG 26 (2009) 015010, 015011
J A Gonzalez, F S Guzman & O Sarbach, PRD80 (2009) 024023
O Sarbach & T Zannias, PRD 81 (2010) 047502



http://jp.arxiv.org/find/gr-qc/1/au:+Doroshkevich_A/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Doroshkevich_A/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Hansen_J/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Hansen_J/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Novikov_I/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Novikov_I/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Shatskiy_A/0/1/0/all/0/1
http://jp.arxiv.org/find/gr-qc/1/au:+Shatskiy_A/0/1/0/all/0/1
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A Wormhole Solution (n-Dim, massless ghost scalar)

e massless ghost scalar field ¢, throat radius a.

e static, spherical symmetry.

ds? = —dt* + dz* 4 r*(2)dQ"?

p

d*r (n — 3)a*"=3)

< d;; r2n—> - (1)
a
= =2 =3)

N-dimensional Ellis wormhole solutions
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Perturbation of n-dimensional Ellis solution

e n-dim. ghost scalar wormhole sols

e spherically symmetric spacetime
ds® = — f(t,r)e 2 dt? + f(t,r) tdr? + R(t,r)*hijdz’ da’

e The perturbed functions (¢ is infinitesimal parameter.)

f(t,r) = fo(r) +efi(r)e™,
6(t,r) = bo(r) + &by (r)e™”,
R(t,r) = Ry(r) + eRy(r)e™",
o(t,r) = ¢o(r) + €1 (r)e™”
Type I: perturbation under throat-radius fixed when R (r) =

0
Type 1I: perturbation under throat-radius unfixed when R (r) #0



Type I: perturbation under throat-radius fixed when R(r) =0

The KG equation becomes
2(n — 3)?

¢1 - UJ2¢1,
2(n—2
Ry™ Y Ry 3

/
- (n— 2241 +
which can be written

— + V(r)r = w?ih, |

where : |
w=e(" ) [ Rane = R 6 "
with the potential o e r ¢ s 0
V(r) = n ; 2 [Rg(n 3 Rﬂ(l — RO)] ;{25(7; i :2;2 Potential V()

This means there is no negative eigenvalue w?, and the
static solution is stable against this kind of perturbations.

Consistent with C.Armenddriz-Picon, PRD 65 (2002) 104010.



Type II: perturbation under throat-radius unfixed

e First-order equations (let 6(¢,7) = 0)

"
¢1 =

R! = (n —

3Ry AR, + 2

A

- RyR),

¢ +

2(n — 3)
REIR,

n—3a
— 2

where A = (n—2) + (n— 4)Ry*" 2,
e throat TDRFFRMHEF (r =0)
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Gauss-Bonnet gravity

N 1 ‘D af afyé’
S=| ' d‘\’“a:\/—gb&z{aﬂ{ +ag (R? — 4R R 4 Rapy s R }+£mattcr}

e has GR correction terms from String Theory.
e has two solution branches (GR/non-GR).
e is expected to have singularity avoidance feature.

(but has never been demonstrated.)

e new topic in numerical relativity.
(S Golod & T Piran, PRD 85 (2012) 104015;
F lzaurieta & E Rodriguez, 1207.1496; N Deppe+ 1208.5250)



Wormbholes in Einstein-Gauss-Bonnet gravity

e B Bhawal & S Kar, PRD 46 (1992) 2464
WH sols and a-« relations.

e G Dotti, J Oliva & R Troncoso, PRD 76 (2007) 064038
exhaustive classification of sols

e M G Richarte & C Simeone, PRD 76 (2007) 087502
thin-shell WHs supported by ordinary matter.

e H Maeda & M Nozawa, PRD 78 (2008) 024005
WH sols and energy conditions.

e M H Dehghani & Z Dayyani, PRD 79 (2009) 064010
WH sols and a-« relations in Lovelock.

e S H Mazharimousavi+, CQG 28 (2011) 025004
thin-shell WHs in Einstein-Yang-Mills-Gauss-Bonnet.

e P Kanti, B Kleihaus & J Kunz, PRL 107 (2011) 271101, PRD 85 (2012) 044007

WH sols in Dilatonic-Gauss-Bonnet.



Field Equations

e Action

R 1
S = /M d\+l$\/ —9[2&2 {alR + a2£CB}+£matter]

where L = R2 — AR, RM + R R
e Field equation

a1Gyy + oo, + g = K°T,,

where H,, = 2[RR,, — 2R, R?, — 272“'372“0,,,@ + R#"ﬁ“’ngﬂ,] - % 9uwLlcB
e matter
normal field v(u,v) and/or ghost field ¢(u,v)

Tuv = T (¥) + T (9)
1 2 1 2
= [us = g (570 + Vi) | + | =080 — g (—5(V9 + a(9))]
this derives Klein-Gordon equations
_n
=

_ v

oo m¢_d¢.



Assumptions

n-dim., Spherical Symmetry, Dual-null coordinate

ds® =
Space-time Variables
o=
.
19;}; = (n — 2)6{1’
Vi = Bif
We also define 7 as
2
— 0% e !
n = (e - (n — 2)?

—2e~ 1= ) et de™ + r(z T, 27)dy

ﬁ+ﬂ_)

(n—2)

Scalar field variables
1

T+ = r(')iz,b - ﬁc')iz/)
1
pr =710+ = S_Zaid)

Klein-Gordon egs.

O¢ = —i—f (2r¢uw + (1 — 2)Tudy + (N — 2)Tvdu)
= =26’ ¢y, — 7 Q* (V_p, + V4p_)
Energy-momentum tensor
Ty = Q%(n? —p?)
T _ =Q%x% —p?)
Ti- = —e ! (Vi(¥) + Va(9))
T.. = e (mom_ — pyp-) — é (Vi(¢) — Va(9))



Dual-null equations in 5-D with Gauss-Bonnet corrections

a Gy + ool + gu A = nzT,,,,

n=0° (e"f + —t9+19_) , A=a; + dasme’, B=rT,_+e /A

2
9
x " -direction
5.0 = —%mm
0.0, = —v. 9., — L 2T
+Vy = =V VU AQ’C .
1
6;29_ = = —3 + B
. AQ( Q17 )
O+f = vy
a; 4 (30ym — B)} (K2T,,2% — A)
3; —_ — = — = + =
=T {" 34 Aef
8&2 f | 2 4
+9A~3 {e (3ayn— B)" —k T_+..,TW}
0+ = Qmy
0+¢ = Qp.
gy gy 1 av
Oim = —Wym — SWmy — 5 7
1 1 1 dV,
0;p- = —69"9#7— - §Q19_p+ - %%

(1)
(2)

(3)
(4)

(5)
(6)
(7)
(8)

(9)

x~ -direction

N Wpee
0.Q=-29.0

1
8_19+ = E (—30177 = B)

0.9 =—-v_9J_— .1 k2T
AQ

o_f=v_
6_V+ - (5)
O = Qmr_
0_¢6=p_
0 = lQt9 lQ‘t9
._.7r+——2 _+_1l'___—6 _1r+_
O p. = —Qb.p — Q9 p, —
-P+ = 2 +P- 6 ~-D+

1 dV;
2e/Q dip
1 dV,
2¢/Q) do

(10)

(11)

(12)
(13)
(14)

(15)
(16)

(17)

(18)



WH evolution in 5D Gauss-Bonnet gravity

positive GB term accelerates BH collapse
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WH evolution in 5D Gauss-Bonnet gravity

positive GB term accelerates BH collapse
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Summary of Part | (4D)
Ellis (Morris-Thorne) traversible WH# FFEFEE
WH ERZETH S
(A) EDOIXRILF—/NILA ---> BH
(B) BT XRILF¥—/NILR ---> Inflationary expansion
(C) ERNIEA > TF > AHHE

y
“\, ,,,,,,, «\ %
Summary of Part Il (higher-dim.) /}“\x }\{ ?&)
NJJ’ZT_BGR’C“U)WH.- by J.AWheeler
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5X7t Gauss-Bonnet HEAD FEZERAEX TOREFERE
& a®d GB term --> prevents BH collapse T : #1H{&(&5dim. GRf#E
IEa® GB term --> accelerates BH collapse




