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ɹ

Պॻͷྫ୊ɾ໰୊ͷ͢΂ͯͱɼষ຤໰୊͔ΒͷൈਮͰڭ
͢ɽ

ୈ1ষɹඍ෼ํఔࣜ֓આ

1.1 ඍ෼ํఔࣜͷఆٛ

ྫ୊ 1.1
෺ମͷҐஔ x Λؒ࣌ t ͷؔ਺ͱͯ͠ x(t) Ͱද͢ͱɼ଎

౓ v(t) ͱՃ଎౓ a(t)͸ɼͦΕͧΕ v(t) =
dx(t)

dt
, a(t) =

dv(t)

dt
Ͱ͋Δɽ

• Ճ଎౓͕θϩͷͱ͖
(1) ଎౓ v(t) ΛٻΊΑɽ

(2) Ґஔ x(t) ΛٻΊΑɽ

(3) ॳ଎౓Λ v0 ͱͯ͠ɼ଎౓ v(t) ΛٻΊΑɽ

(4) ॳظͷҐஔΛ x0ɼॳ଎౓Λ v0 ͱͯ͠ɼҐஔ x(t)
ΛٻΊΑɽ

• Ճ଎౓͕Ұఆ஋ a ͷͱ͖

(5) Ґஔ x(t) ΛٻΊΑɽ

(6) ॳظͷҐஔΛ x0ɼॳ଎౓Λ v0 ͱͯ͠ɼҐஔ x(t)
ΛٻΊΑɽ

໰୊ 1.2

෺ମ͕ॏྗ͚ͩΛड͚ͯԖ௚ํ޲ʹӡಈ͢Δ͜ͱΛɼࣗ
༝མԼӡಈͱ͍͏ɽࣗ༝མԼӡಈʹ͸ҰఆͷॏྗՃ଎౓
g ͕ಇ͘ɽॳ଎౓θϩɼ͞ߴH ͔Β ࣗ༝མԼ͢Δ෺ମͷ
ҐஔΛද͢ํఔࣜΛཱͯͯղ͚ɽ

1.2 ୅දతͳඍ෼ํఔࣜ

ྫ୊ 1.3 k,A,B ͸ఆ਺ͱ͢Δɽ

(1) y = ekx ͕ɼ
dy

dx
= ky ͷඍ෼ํఔࣜΛΈͨ͢͜ͱ

Λࣔͤɽ

(2) y = Aekx +Be−kx ͕ɼ
d2y

dx2
= k2y ΛΈͨ͢͜ͱΛ

ࣔͤɽ

໰୊ 1.4 k,A,B ͸ఆ਺ͱ͢Δɽ

(1) y = Ae−kx ͕ɼඍ෼ํఔࣜ
dy

dx
= −ky ΛΈͨ͢͜

ͱΛࣔͤɽ

(2) y = A sin kx+B cos kx ͕ɼ
d2y

dx2
= −k2y ΛΈͨ͢

͜ͱΛࣔͤɽ

1.3 ඍ෼ํఔࣜͷछྨ

1.3.1 ৗඍ෼ํఔࣜͱภඍ෼ํఔࣜ

1.3.2 ઢܗඍ෼ํఔࣜͱඇઢܗඍ෼ํఔࣜ

1.3.3 ಉ࣍ඍ෼ํఔࣜͱඇಉ࣍ඍ෼ํఔࣜ

1.2 ʢඍ෼ํఔࣜͷ෼ྨʣ
ؔ਺ y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜͷ֊਺ɾʮಉ࣍ʗ
ඇಉ࣍ʯͷผɾʮઢܗʗඇઢܗʯͷผΛड़΂Αɽ

(1) y′ = x (2) y′ = x2

(3) y′′ = y2 (4) y′′ = y + 1

(5) y′′ + 2y′ − y = ex (6) y′′ + 3y′ = sinx

(7) y(3) − y2 = 0 (8) y′′ + y = y(3)

(9) y(3) = ex cosx

1.4 ॳظ஋໰୊ͱڥք஋໰୊

1.4.1 ॳظ஋໰୊

1.4.2 ք஋໰୊ڥ

1.1 ͷҙຯΛઆ໌ͤΑɽ۟ޠͷ࣍

(1) Ұൠղɾಛघղɾಛҟղɾجຊղ

(2) ৗඍ෼ํఔࣜɾภඍ෼ํఔࣜ

(3) ॳظ৚݅ɾॳظ஋໰୊

(4) ք஋໰୊ڥք৚݅ɾڥ

1.5 ղيಓͱޯ഑৔

1.6 ࿈ཱඍ෼ํఔࣜ

1.7 ϞσϧԽɾඍ෼ํఔࣜΛ࡞Δํ๏

ྫ୊ 1.5
ඞཁͰ͋Ε͹จࣈΛิͬͯɼඍ෼ํఔࣜΛཱࣜͤΑɽ

(1) xyฏ໘্ͷ֤఺Ͱɼ઀ઢͷ͕͖܏ sinxͰ͋Δۂઢ
͕Έͨ͢ඍ෼ํఔࣜɽ

(2) ରͯ͠Ұఆͷׂ߹Ͱ૿Ճ͍ͯ͘͠όΫςϦΞʹؒ࣌
ͷ਺͕͕ͨ͠͏ඍ෼ํఔࣜɽ
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(3) ͦͷ࣌ͷײછऀͷ 2৐ʹൺྫͯ͠૿Ճ͢ΔΠϯϑϧ
Τϯβײછऀ਺ΛٻΊΔඍ෼ํఔࣜɽ

(4) ࣭ྔ m ͷύϥγϡʔτ͕ॏྗ mg Λड͚ͯམԼ
͢Δͱ͖ɼ͞ߴͷؒ࣌มԽ y(t) ͸ӡಈํఔࣜɹ

m
d2y

dt2
= −mg ɹʹ͕ͨ͠͏ɽ͞Βʹɼ଎౓ͷ 2

৐ʹൺྫ͢Δ఍͕ྗ߅ՃΘΔͱ͖ͷӡಈํఔࣜɽ

໰୊ 1.6

ඞཁͰ͋Ε͹จࣈΛิͬͯɼඍ෼ํఔࣜΛཱࣜͤΑɽ

(1) xyฏ໘্ͷ֤఺Ͱɼ๏ઢͷ͕͖܏ sinxͰ͋Δۂઢ
͕Έͨ͢ඍ෼ํఔࣜɽ

(2) ٯ཭ͷڑ఺͔Βɼݪ 2৐Ͱൺྫ͢ΔྗΛड͚Δ෺ମ
ͷӡಈํఔࣜɽ

(3) ͦͷ࣌ͷ૯਺ʹൺྫ่ͯ͠յ͍ͯ֩͘͠ࢠݪͷ਺Λ
ΊΔඍ෼ํఔࣜɽٻ

(4) ରͯ͠Ұఆͷׂ߹Ͱ੒௕ͯ͠Ώ͕͘ɼࣗ෼ࣗʹؒ࣌
਎ͷେ͖͞ʹൺྫͯ͠੒௕཰͕ಷԽ͢Δઇͷ݁থͷ
େ͖͞ΛٻΊΔඍ෼ํఔࣜɽ

ྫ୊ 1.7

(1) ԁͷࣜ x2 + y2 = r2 Ͱɼr ΛมԽͤ͞Δۂઢ܈Λ
Δɽ͜ΕΒ͕ɼ1ͭͷඍ෼ํఔ͔ࣜΒग़͖ͯͨ͑ߟ
ղͩͱ͢Δͱɼݩͷඍ෼ํఔࣜ͸Կ͔ɽ

(2) ಉ༷ɼݪ఺Λ௨Δ͖܏ k ͷ௚ઢ܈ y = kx ͕ղͱ
ͳΔඍ෼ํఔࣜΛٻΊΑɽ

ষ຤໰୊

1.3 ʢԁͷ໘ੵɾٿͷମੵʣ

(1) ൒͕ܘ r ͷԁͷ໘ੵΛ S(r) ͱ͢Δɽඍ෼ͷ
ఆٛ

dS

dr
= lim

∆r→0

S(r +∆r)− S(r)

∆r

Λ༻͍ΔͱɼS(r)ͷΈͨ͢ඍ෼ํఔ͕ࣜ
dS

dr
=

2πr ͱͳΔ͜ͱΛࣔͤɽ

(2) (1) ͰಘΒΕͨඍ෼ํఔࣜ͸ɼ
ɹɹʮ໘ੵͷ૿Ճ෼ dS = ԁप × drʯ
ͱղऍͰ͖Δɽ൒͕ܘ rͷٿͷମੵΛ V (r)ͱ
͢Δͱ͖ɼ
ɹɹʮମੵͷ૿Ճ෼ dV = ද໘ੵ × drʯ
ͱղऍͯ͠ඍ෼ํఔࣜΛཱͯΑɽ·ͨɼV (r)
Λੵ෼ͯ͠ٻΊΑɽ

1.4 ʢճస͢Δӷମද໘ʣ
ϏʔΧʔʹӷମΛೖΕͯɼத৺Λ࣠ʹશମΛճస͞
ͤΔɽӷମͷද໘͸ॏྗͱԕ৺ྗͷͭΓ͍͋ʹΑͬ
ͯத৺͕͘΅Έɼ֎ଆ͕੝Γ্͕Δɽճసͷ֯଎౓
Λ ω ͱ͢Δͱɼத৺͔Β൒ܘ xͷҐஔʹ͋Δӷମ

ͷૉยʢ࣭ྔmʣ͸ɼॏྗ mg ͱԕ৺ྗ mxω2 ͷ
ͭΓ͍͔͋Βɼӷମද໘ͷ͞ߴ y ͸ɼ

dy

dx
=

mxω2

mg

ΛΈͨ͢ɽӷମද໘ͷܗঢ়͸Կ͔ɽ

x

mg

mxw 2

ୈ2ষɹ1֊ඍ෼ํఔࣜ

2.1 ม਺෼཭๏

2.1.1 ม਺෼཭๏

ྫ୊ 2.1 y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1)
dy

dx
= x− 1 (2)

dy

dx
= −xy2

(3)
dy

dx
= y − 1 (4)

dy

dx
= y(y − 1)

(5)
dy

dx
=

x

y(x2 + 1)
(6)

dy

dx
=
√

1− y2

໰୊ 2.2 y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ = xy (2) y′ =
x

y

(3) y′ =
y

x
(4) y′ = tanx

(5) y′ = tan y (6) y′ =
sinx

cos y

(7) y′ = ex−y (8) y′ = y2 log x

(9) y′ = y(y + 1)
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Ԡ༻ྫ ɹ์ࣹੑݩૉͷ่յ

ྫ୊ 2.3
์ࣹੑ෺࣭͸Ұఆͷ֬཰Ͱ่յΛ͜͢͜ىͱ͕஌ΒΕͯ
͍Δɽ͕ͨͬͯ͠ɼ୯Ґؒ࣌ʹ่յͯ͠Ώ͘ࢠݪͷ਺͸ɼ
ͦͷॠؒͷࢠݪͷ਺ʹൺྫ͢Δɽ

(1) ࠁ࣌ t ʹ͓͚Δࢠݪͷ਺Λ N(t) ͱ͢Δɽ่յ͢Δ
ׂ߹ʢൺྫఆ਺ʣΛ λ(> 0) ͱͯ͠ɼN(t) ʹର͢Δ
ඍ෼ํఔࣜΛ࡞Εɽ

(2) ͜ͷඍ෼ํఔࣜͷղͱͯ͠ɼN(0) = N0 ΛΈͨ͢
΋ͷΛٻΊΑɽ

(3) ่յఆ਺ λ ͱ൒ظݮ T ͱͷؔ܎ΛٻΊΑɽlog 2 =
0.6931 ͱ͢Δɽ

(4) t = 1ͷͱ͖ɼN(t)͕ N0 ͷ 99%ͱͳ͍ͬͯͨɽ͜
ͷ෺࣭ͷ൒ظݮΛٻΊΑɽlog 100 = 4.605, log 99 =
4.595ͱ͢Δɽ

Ԡ༻ྫ ɹ์೤ݱ৅

ྫ୊ 2.4
෸͔͠ऴ͑ͨ෩࿊ͷԹ౓ͷؒ࣌มԽ཰͸ɼͦͷͱ͖ͷࣨ
Թͱͷࠩʹൺྫ͢Δɽ͢ͳΘͪɼࣨԹ͕ 10 [◦C] ͷͱ͖ɼ
ࠁ࣌ tʹ͓͚Δ෩࿊ͷԹ౓ T (t) [◦C] ͸ɼ

dT

dt
= −k (T − 10) (k > 0;ఆ਺)

ͱͳΔɽ͍·ɼt = 0Ͱ 60 [◦C] ͩͬͨ෩࿊͕ɼ10෼ޙʹ
55 [◦C] ʹͳͬͨɽ40 [◦C] ʹͳΔͷ͸Կ෼͔ޙɽlog 2 =
0.6931, log 3 = 1.099, log 5 = 1.609, log 10 = 2.303 ͱ
͢Δɽ

Ԡ༻ྫ ɹਓޱ༧ଌͷ 2ͭͷϞσϧ

ྫ୊ 2.5
Malthus͸ɼஶॻʰਓޱ࿦ʱͷதͰʮਓޱ͸੍͞ݶΕͳ
͚Ε͹زԿڃ਺తʹ૿Ճ͢Δʯͱड़΂͍ͯΔɽʮ৯ྉͳͲ
ͷੜ޷ྑ͕ڥ؀׆Ͱɼग़ੜ཰ɾࢮ๢཰͕҆ఆ͍ͯ͠Δͳ
Β͹ɼਓޱͷ૿Ճ଎౓͸ɼͦͷͱ͖ͷ૯ਓޱʹൺྫ͢Δʯ
ͱ͍͏ओுͰ͋Δɽਓޱ x Λؒ࣌ t ͷؔ਺ͱͯࣜ͠Λཱ
ͯͯղ͚ɽॳظ৚݅͸ɼt = 0Ͱ x = x0 ͱ͢Δɽ

ྫ୊ 2.6
Verhulst͸ɼMalthusͷਓޱരൃϞσϧʢྫ୊??ʣΛվྑ
͠ɼʮਓޱͷ૿Ճ཰͸ਓ͑૿͕ޱΔͱݮগ͢Δʯͱ͍͏Ϟ
σϧΛͨ͑ߟɽ͋·Γʹ΋ಉҰछͷੜ෺͕૿͑͗͢Δͱ
৯ྐׇ͕ͯ͠ރछͷݸମ਺ͷ૿Ճ཰͕Լ͕ΔͩΖ͏ɼͱ

͍͏ཧ༝Ͱ͋ΔɽMalthusͷϞσϧ
dx

dt
= kx ʹ͓͚Δൺ

ྫఆ਺ k Λఆ਺Ͱ͸ͳ͘ɼ

k = a− bx (a, b͸ɼਖ਼ͷఆ਺)

ͱͯ͠ɼ

dx

dt
= (a− bx)x

ͱ͑ߟΔϞσϧͰ͋Δʢ͜ΕΛϩδεςΟοΫํఔࣜͱ
͍͏ʣɽ͜ΕΛղ͚ɽ

2.1.2 ม਺෼཭ܕ΁ม׵Ͱ͖Δ΋ͷ

ྫ୊ 2.7 y = xu ͱஔ࣍ͯ͠׵ͷඍ෼ํఔࣜΛղ͚ɽ

(1)
dy

dx
=

xy + y2

x2
(x > 0)

(2)
dy

dx
=

x+ y

x− y

ྫ୊ 2.8 ɹ

(1) u = x+ y + 1 ͱ͓͖ɼy′ = x+ y + 1 Λղ͚ɽ

(2) u = x+ y ͱ͓͖ɼy′ = (x+ y)2 Λղ͚ɽ

2.2 ੵ෼Ҽࢠ๏

2.2.1 ఆ਺܎਺ඍ෼ํఔࣜͷ৔߹

ྫ୊ 2.9 ͷ࣍ y(x)ʹର͢Δඍ෼ํఔࣜΛղ͚ɽ

(1) y′ + 2y = 0 (2) y′ + 2y = e2x

(3) y′ + 2y = 3x+ 4

ྫ୊ 2.10 ͷ࣍ y(x)ʹର͢Δॳظ஋໰୊Λղ͚ɽ

(1) y′ − 3y = 0, y(0) = 3

(2) y′ − 3y = 0, y(0) = −1

Ԡ༻ྫ ɹӍణͷऴ୺଎౓

ྫ୊ 2.11
Ӎణ͕ແݶେͷ଎͞ʹͳΒͳ͍ͷ͸ɼۭؾ఍߅ʹΑΓݮ
଎͞ΕΔ͔ΒͰ͋Δɽ͜͜Ͱ͸ɼۭؾ఍͕߅෺ମͷ଎౓
v ʹൺྫ͢Δͱ͑ߟΑ͏ɽ͢ͳΘͪɼ఍߅ͷൺྫఆ਺Λ
kɼӍణͷ࣭ྔΛ mɼॏྗՃ଎౓Λ g ͱ͢Ε͹ɼӡಈํ
ఔࣜ͸ɼԖ௚্͖޲Λਖ਼ͱͯ͠

m
dv

dt
= −mg − kv

ͱͳΔɽ଎౓ vͷৼ෣͍Λ࿦͡ɼॳ଎Λθϩͱͯ͠Ӎణ
ͷऴ୺଎౓ʢ࠷ऴతʹҰఆͱͳΔ଎౓ʣΛٻΊΑɽ
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Ԡ༻ྫ ɹۭؾ఍߅ͷ͋Δ৔߹ͷϘʔϧͷي੻

ྫ୊ 2.12
ਫฏํ޲Λ x࣠ɼԖ௚ํ޲Λ y࣠ʢ্͕͖޲ਖ਼ʣʹऔΓɼ
ϘʔϧΛ౤͛ΔҐஔΛݪ఺ͱ͢Δɽ఍߅ͷൺྫఆ਺Λ kɼ
ͷ࣭ྔΛࢠཻ mɼॏྗՃ଎౓Λ gɼࠁ࣌ t Ͱͷ଎౓Λ
(vx(t), vy(t)) ͱ͢Ε͹ɼӡಈํఔࣜ͸ɼ

m
dvx
dt

= −kvx

m
dvy
dt

= −mg − kvy

ͱͳΔɽॳ଎౓Λ v0ɼ౤্͛͛Δ֯౓Λ θ ͱ͢Ε͹ɼॳ
଎౓ͷ x, y ੒෼͸ (v0 cos θ, v0 sin θ) ͱͳΔɽ

(1) ࠁ࣌ t Ͱͷ Ϙʔϧͷ଎౓ (vx(t), vy(t)) ΛٻΊΑɽ

(2) ࠁ࣌ t Ͱͷ ϘʔϧͷҐஔ (x(t), y(t)) ΛٻΊΑɽ

(3) ਫฏํ޲ͷ౸ୡ఺ X Λɼͦ͜΁౸ୡ͢Δ·Ͱͷ࣌
ؒ T Λ༻͍ͯ X Λ T ͷؔ਺ͱͯ͠ʢθ Λ༻͍ͣ
ʹʣදͤɽ

X(T )ͷࣜ͸ɼk ͱ T Λ༩͑ͳ͍ͱ஋͕ఆ·Βͳ͍ɽ؆୯
ͷͨΊɼҎԼͰ͸ k2v20−m2g2 = 0ɼ͢ ͳΘͪ k = mg/v0
ͱ͠Α͏ɽ

(4) X(T ) ͷ࠷େ஋Λ༩͑Δ T ͷ஋͕ɼT = m/k Ͱ͋
Δ͜ͱΛ͔֬ΊΑɽ

(5) k = mg/v0, T = m/k ͷ৚͔݅ΒɼϘʔϧΛ౤͛
্͛Δ֯౓͸ɼ45౓ΑΓ͕ํ͍ߴΑ͍͔ɼͦΕͱ
΋௿͍ํ͕Α͍͔Λࣔͤɽ

2.2.2 ߹਺͕ؔ਺ͷඍ෼ํఔࣜͷ৔܎

ྫ୊ 2.13 y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ + xy = 0

(2) y′ + xy = 2x

(3) y′ − y

x
= 3

(4) y′ +
y

x
= 3x+ 4

໰୊ 2.14

y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽॳظ৚͕݅༩͑Β
Εͨ΋ͷ͸ಛघղΛٻΊΑɽ

(1) y′ +
y

x
= 3 cosx

(2) xy′ + 2y = 4x2, y(1) = 2

(3) xy′ + 2y = x sin 2x, y(π) = 0

(4) y′ + (tanx) y = 3 sinx

(5) y′ +
1

tanx
y = 2 sinx

2.3 ඇಉ࣍ඍ෼ํఔࣜͷҰൠղ

2.3.1 ະఆ܎਺๏

ྫ୊ 2.15 y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ + 2y = e2x

(2) y′ + 2y = 3x+ 4

(3) y′ + 2y = 3 sin 4x

(4) y′ + 2y = 3 sin 4x+ 3 cos 4x

(5) y′ + 2y = e−2x

(6) y′ + xy = 2x

໰୊ 2.16

y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽॳظ஋͕༩͑ΒΕ
͍ͯΔ΋ͷ͸ॳظ஋໰୊ͷղΛٻΊΑɽ

(1) y′ + 2y = 3x2 + 4x+ 5

(2) y′ + 2y = 4 cos 2x

(3) y′ − 2y = 4e−2x

(4) y′ − 2y = 4e2x

(5) y′ − y = −2ex, y(0) = 3

(6) y′ − y = −2e−x, y(0) = 2

Ԡ༻ྫ ɹੵཱఆظஷۚϞσϧ

ྫ୊ 2.17
ຖ݄ r%ͷෳརͰརཱੵ͕ͭ͘ࢠఆظஷ͕ۚ͋Δɽຖ݄ k
ԁΛੵΈཱͯΔͱ͢Δͱɼஷۚ૯ֹ S(t)ԁ [ͨͩ͠ tͷ
୯Ґ͸ 1ϲ݄]ͷ૿Ճ෼͸ɼࣜ࣍Ͱ༩͑ΒΕΔɽ

dS

dt
=

r

100
S + k

(1) ͸͡ΊͷஷֹۚΛ S0 ͱͯ͠ɼS(t)ΛٻΊΑɽ

(2) ݄ར r =0.5%ɼS0 =0ԁɼຖ݄ k =1ສԁͷੵΈཱ
ͯΛ 10೥ؒͨͬߦ৔߹ɼརࢠͱͯ͠ड͚औΔ૯ֹ
͸͍͘Β͔ɽ

(3) 100ສԁΛ೥ར r =5% ͷෳརͰ༬͚ͨ··ʹ͢Δ
ͱ͖ɼഒֹʹͳΔͷ͸Կ೥͔ޙɽ

ྫ୊ 2.18
ॅ୐ۚࢿͱͯ͠ 3000ສԁΛ೥ར 2%ͰआΓͨɽ25೥Ͱ׬
Ε͹Α͍͔ɽ͢ࡁΔʹ͸ɼຖ೥͍͘Βฦ͢ࡁ
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Ԡ༻ྫ ɹRLճ࿏ɾRCճ࿏ͷա౉ݱ৅

ྫ୊ 2.19
఍߅஋ R ͷ఍߅ͱΠϯμΫλϯε L ͷίΠϧͰߏ੒͞
ΕΔ RL௚ྻճ࿏Λ͑ߟΔɽ

(1) ճ࿏ʹՃ͑Δ͕ྗిىҰఆ஋ V ͷͱ͖ɼిྲྀ I ʹ
ؔ͢Δඍ෼ํఔࣜΛॻ͚ɽࠁ࣌ t = 0 Ͱ I = 0ͱ
͢Δͱɼղ͸Ͳ͏ͳΔ͔ɽ

(2) ճ࿏ʹՃ͑Δిѹ͕ަྲྀྗిى V = V0 sinωt ͷͱ
͖ɼఆৗঢ়ଶͷճ࿏ͷిྲྀΛٻΊΑɽ

R        L

V ɹ

R        L

V

໰୊ 2.20

఍߅஋ R ͷ఍߅ͱ༰ྔ C ͷίϯσϯαͰߏ੒͞ΕΔRC
ճ࿏Λ͑ߟΔɽ

(1) ճ࿏ʹՃ͑Δ͕ྗిىҰఆ஋ V ͷͱ͖ɼిՙ Q ʹ
ؔ͢Δඍ෼ํఔࣜΛॻ͚ɽࠁ࣌ t = 0 Ͱ Q = 0ͱ
͢Δͱɼղ͸Ͳ͏ͳΔ͔ɽ

(2) ճ࿏ʹՃ͑Δిѹ͕ަྲྀྗిى V = V0 sinωt ͷͱ
͖ɼఆৗঢ়ଶͷճ࿏ͷిՙΛٻΊɼྲྀΕΔిྲྀΛٻ
ΊΑɽ

2.3.2 ఆ਺มԽ๏

ྫ୊ 2.21 y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ + xy = 2x (2) y′ − y

x
= 3

(3) y′ +
y

x
= 3x+ 4

໰୊ 2.22 y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ +
y

x+ 1
= ex

(2) y′ + (tanx) y = 0

(3) y′ + (tanx) y = 3 sinx

(4) y′ + (tanx) y = 3 sinx+ 4 cosx

2.4 Bernoulli ܕ ɼRiccati ܕ ɼ
Clairautܕ

ྫ୊ 2.23 y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′ + 2y = e3xy2

(2) xy′ + y = x2√y (x > 0)

ྫ୊ 2.24
von BertalanffyʹΑΔڕͷ੒௕Ϟσϧ͸ɼڕͷମॏ w(t)
Λؒ࣌ t ͷؔ਺ɼα, β Λఆ਺ͱͯ͠ɼ

dw

dt
= αw2/3 − β w

ͱ͢Δ΋ͷͰ͋Δɽӈลୈ 1߲͸ӫཆ෼ʹΑΔମॏͷ૿Ճ
Ͱڕͷද໘ੵʹൺྫ͢Δ΋ͷɽୈ 2߲͸ٵݺʹΑΔମॏͷ
ϩεͷׂ߹Ͱڕͷମॏʹൺྫ͢Δ΋ͷͰ͋Δɽw(0) = 0
ͱͯ͠ w(t) ΛٻΊΑɽ

ྫ୊ 2.25
઀ઢͷ྆࠲ඪ࣠ʹ͸͞·ΕΔ෦෼͕Ұఆͷ௕͞ a Ͱ͋Δ
Α͏ͳۂઢΛٻΊΑɽ

2.5 ܗશඍ෼׬

ྫ୊ 2.26 ͷඍ෼ํఔࣜΛղ͚ɽ࣍

(1) (4x+ 3y)dx+ (3x+ 2y)dy = 0

(2) (cosx+ cos y)dx+ (ey − x sin y)dy = 0

(3) (2x+
1

y
)dx+ (2y − x

y2
)dy = 0

Ԡ༻ྫ ɹอଘଇͷಋग़

ྫ୊ 2.27
RLC௚ྻճ࿏Ͱ͸ɼճ࿏ΛྲྀΕΔిྲྀ I(t)ͷؒ࣌มԽΛ
ܾΊΔඍ෼ํఔࣜ͸

L
dI

dt
+RI +

Q

C
= V (t)

Ͱ͋Δɽ͜͜ͰɼL͸ίΠϧͷΠϯμΫλϯεɼR͸఍
஋ɼC߅ ͸ίϯσϯαͷిؾ༰ྔͰ͋ΔɽQ͸ίϯσϯ

αʹ஝͑ΒΕΔిՙͰ I =
dQ

dt
ͷ͕ؔ͋܎Δɽ׬શඍ෼

ΊΑɽٻอଘଇΛͯ͠ʹܗ

ྫ୊ 2.28
͸ࢠͷࣜͷੵ෼Ҽ࣍ x͚ͩͷؔ਺Ͱ͋Δͱͯ͠ɼղ͚ɽ

(y + xy + sin y) dx+ (x+ cos y) dy = 0
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໰୊ 2.29

ӈʹࣔ͞Εͨؔ਺͕ࢠͷඍ෼ํఔࣜͷੵ෼Ҽ࣍ P (x, y)Ͱ
͋Δ͜ͱΛར༻ͯ͠ҰൠղΛٻΊΑɽ

(1) (x3+2xy+y)dx+(y3+x2+x)dy = 0, P (x, y) = 1

(2) 3x2ydx+ (2x3 − 4y2)dy = 0, P (x, y) = y

(3) (xy − y)dx+ (xy + x)dy = 0, P (x, y) =
1

xy

(4) (3x− y)dx+ (x− 3y)dy = 0, P (x, y) = x+ y

Ԡ༻ྫ ɹஅ೤มԽ

ྫ୊ 2.30
Ұఆྔͷ୯ࢠݪ෼ࢠཧ૝ؾମΛ༰ثʹೖΕɼஅ೤มԽ
ʢ∆Q = 0ʣΛͨͬߦͱ͖ɼؾମͷମੵ V ͱԹ౓ T ͷؒʹ
੒Γཱͭؔ܎ΛٻΊΑɽ

2.6 ൃలతԠ༻

2.6.1 ೥୅ଌఆͱؑ࡞آఆ

ྫ୊ 2.31
1947 ೥ɼVermeer ͷֆըͱͯ͠ࠐͪ࣋·Εͨֆ͕࡞آ
͔Ͳ͏͔ؑఆ͢Δ͜ͱʹͳͬͨɽإྉʹؚ·Ε͍ͯΔԖ
(210Pb)ͷؚ༗ྔͰ೥୅Λ൑ఆ͢Δ͜ͱʹͳͬͨɽ

• ΄ͱΜͲͷֆʹ࢖ΘΕΔإྉ͸ɼ൒ظݮ 22೥ͷ์
ࣹੑ෺࣭Ͱ͋Δ 210Pb ΛؚΉɽ210Pb ͸ɼϥδ΢
Ϝ (226Ra)͕൒ظݮ 1600೥Ͱ่յͯ͠Ͱ͖Δɽ

• 210Pbʹ่յ͢Δ 226Raͷ૯ྔ͸ɼ୯Ґؒ࣌͝ͱʹɼ
่յɾݮগ͢Δ 210Pbͷ૯ྔͱ౳͍͠ɽ͢ͳΘͪɼ
210Pbͱ 226Ra͸ͭܦ͕ؒ࣌ͱฏߧঢ়ଶʹͳΔɽ

• Ε͞ڈྉͷ੡଄աఔͰ͸ɼϥδ΢Ϝ͸΄ͱΜͲআإ
Δ͕ɼ׬શʹ͸আ͞ڈΕͳ͍ɽإྉͱͳͬͨ 210Pb
͸่յΛ࢝ΊΔ͕ɼ΍͕ͯআ͞ڈΕͣʹͨͬ࢒ඍྔ
ͷϥδ΢Ϝͱฏߧঢ়ଶʹୡ͢Δɽ

Ҏ্ͷաఔΛඍ෼ํఔࣜͷϞσϧʹ͢Δͱɼ

y(t) = ࠁ࣌ t ʹ͓͚Δ௨ৗͷԖ 1g ͝ͱͷ
210Pb ͷྔ

r(t) = ௨ৗͷԖͷதʹ͓͚Δຖ෼ 1g ͝ͱͷ
226Ra ͷ่յ਺

ͱ͠ɼλ Λ 210Pb ͷ่յఆ਺ͱͯ͠ɼ࣍ͷࣜʹͳΔɽ

dy

dt
= −λy + r(t)

(1) ͜ͷඍ෼ํఔࣜΛɼy = · · · ͷੵ෼ܗʹͤΑɽ

(2) ϥδ΢Ϝͷ൒ظݮ 1600೥ʹରͯ͠ɺϑΣϧϝʔϧ
ͷֆ͔Ͳ͏͔͸ 350೥͘Β͍ͷ࿩ͳͷͰɺϥδ΢Ϝ
ͷ่յ਺ r͸΄΅Ұఆͱͯ͑ߟΑ͍ɽrΛఆ਺ͱ͠
ͯɼإྉ੡଄ͷࠁ࣌Λ t0ɼy(t0) = y0 Λ༻͍ͯɼy
ʹ͍ͭͯղ͚ɽ

(3) y, r͸ଌఆՄೳɼλ = 3.151×10−2͸ط஌Ͱ͋Δɽإ
ྉΛ࡞Δલͷ߭ੴ΋ϥδ΢ϜͱԖͷฏߧঢ়ଶͰ͋Γɼ
λy0 = R ͸ɼ0 < R < 200ఔ౓Ͱ͋Δ͜ͱ͕஌ΒΕ
͍ͯΔɽ൑ఆΛґཔ͞Εͨֆ͸ɼλy = 8.5, r = 0.8
Ͱ͋ͬͨɽຊ෺ͩΖ͏͔ɽ

2.6.2 ϩέοτͷ೩ྉ͸ͲΕ͚ͩඞཁ͔

ྫ୊ 2.32
ϩέοτ͕ɼ೩ྉΛ෾ࣹ͠ͳ͕ΒҰఆͷਪਐྗΛಘͯՃ଎
͍ͯ͠Δঢ়گΛ͑ߟΔɽϩέοτͷ଎౓͕ vͷͱ͖ɼϩ
έοτͷ࣭ྔΛm(v)ͱ͢Δɽ࣭ྔ ∆mͷ೩ྉΛ଎౓ u
Ͱ์ग़͠ͳ͕Βϩέοτຊମͷ଎౓Λ v ͔Β ∆v ͚ͩՃ
଎ͤͨ͞ͱ͢ΔͱɼͲͷΑ͏ͳඍ෼ํఔ͕ࣜ੒Γཱ͔ͭɽ

ྫ୊ 2.33
v = 0ͷͱ͖ͷϩέοτͷ࣭ྔΛM0 ͱ͢Δɽ

dm

dv
= −m

V
(V :ఆ਺)

Λղ͍ͯϩέοτͷӡಈΛ࿦ͥΑɽ

2.6.3 ਫܭ࣌ͷઃܭ

ྫ୊ 2.34
൒ܘRͷԁப༰ثΛͯͬ࢖ਫܭ࣌Λ࡞Δɽԁபʹ౳ִؒ
ʹ໨੝Λ͚͓ͭͯ͘ͱɼ༰ثதͷӷମͷද໘͕໨੝Λ௨
ա͢Δִؒؒ࣌͸ͲͷΑ͏ʹͳΔͩΖ͏͔ɽ

ྫ୊ 2.35
ྲྀग़͢Δྲྀମͷྔ͕ؒ࣌ͱڞʹৗʹҰఆʹͳΔΑ͏ʹ͢
ΔͨΊʹ͸ͲͷΑ͏ͳ༰ثͷܗঢ়ʹ͢Ε͹Α͍͔ɽ

2.6.4 ՝୊ڀݚ ߅఍ؾۭ:1

࣭ྔͷ૿Ճ͢ΔӍణ

՝୊ڀݚ 2.1
Ӎణ͸খ͞ͳਫణ͕߹ମ͠ͳ͕Βେ͖͘੒௕ͯ͠མԼ͠
ͯ͘Δͱ͑ߟΒΕΔɽ͸͡Ίʹ࣭ྔ m0 ͷӍణ͕ॳ଎౓
θϩͰམԼΛ࢝Ίͨͱͯ͠ɼ࣍ͷ 2ͭͷ৔߹ͰӍణͷऴ
୺଎౓Λ͑ߟΑɽӍణ͸ཻࢠͷ଎౓ v ʹൺྫ͢Δ఍߅Λ
ड͚ͯམԼ͢Δɽ

(1) Ӎణͷ࣭ྔ m ͕Ұఆͷׂ߹Ͱ૿Ճ͢Δͱ͖ɼ͢ͳ
Θͪ

dm

dt
= α (α :ఆ਺)

ͱ͢Δͱ͖͸Ͳ͏͔ɽ
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(2) Ӎణͷ࣭ྔ m ͕଎౓ v ʹൺྫͯ͠૿Ճ͢Δͱ͖ɼ
͢ͳΘͪ

dm

dt
= βv (β :ఆ਺)

ͱ͢Δͱ͖͸Ͳ͏͔ɽ

ͨͩ͠ɼ࣭ྔ͕มԽ͢Δͱ͖ͷӡಈํఔࣜ͸ɼԖ௚্޲
͖Λਖ਼ͱͯ͠

d

dt
(mv) = −mg − kv (k :ఆ਺)

Ͱ༩͑ΒΕΔɽ

଎౓ͷ 2৐ʹൺྫ͢Δ఍߅

՝୊ڀݚ 2.2
ྫ୊??Ͱѻͬͨɼ఍͕ྗ߅ಇ͘ͱ͖ͷϘʔϧͷي੻Λɼ
଎౓ͷ 2৐ʹൺྫ͢Δ఍ྗ߅ͷ৔߹ʹஔ͖ͯ͑׵ௐ΂Αɽ
఍ྗ߅ͷେ͖͞͸ɼ୯Ґ࣭ྔ͋ͨΓͷൺྫఆ਺ΛK ͱ͠
ͯɼ−Kmv2 ͱ͢Δɽ

2.6.5 ՝୊ڀݚ ͷҖྗࠂ޿:2

՝୊ڀݚ 2.3
͋Δ঎඼ͷചΓ্͛ S(t) ͸ɼؒ࣌ t ͷؔ਺ͱͯ͠ඍ෼ํ
ఔࣜ

dS

dt
= −kS + a(t)

M − S

M
(k > 0 :ఆ਺)

Ͱ༩͑ΒΕΔɽӈลୈ 1߲͸ࠂ޿Λଧͨͳ͍ͱചΓ্͛
ୈʹམͪΔ͜ͱΛࣔ͠ɼୈ͕࣍ 2߲͸ࠂ޿ͷޮՌͰചΓ
քݶ্͛ M ʹୡ͢Δ·Ͱʹɼ·ͩചΕ͍ͯͳ͍٬૚ʹ
Ξϐʔϧ͢Δ͜ͱΛࣔ͢ɽؔ਺ a(t) ͸͕ࠂ޿΋ͨΒ͢ޮ
Ռͷؔ਺ͱ͢Δɽ

(1) a(t) ͕ɼॳΊͷࠁ࣌ T ·ͰҰఆ஋ɼࠁ࣌ T Ҏ߱͸
θϩɼ͢ͳΘͪ

a(t) =

{
a (Ұఆ) (0 ≤ t ≤ T )
0 (T ≤ t)

ͱ͢Δͱ͖ɼS ͸ͲͷΑ͏ͳؔ਺ʹͳΔ͔ɽ

(2) ௕ؒظͷҰఆͨ͠Ωϟϯϖʔϯͱɼ୹ؒظͷେن໛
ΩϟϯϖʔϯΛෳ਺ճ͏ߦͷͱͰ͸ɼͲͪΒ͕ޮՌ
Ζ͏͔ɽద౰ͳؔ਺ΛԾఆͯ͠࿦ͥΑɽ͍ͩߴ͕

2.6.6 ՝୊ڀݚ 3:఻છපͷྲྀߦϞσϧ

ষ຤໰୊

2.1 ͭ͗ͷඍ෼ํఔࣜͷղΛٻΊΑɽͨͩ͠ɼα,β ͸ఆ
਺ͱ͢Δɽ

dy

dt
+ αy = β, y(0) = 0.

2.2 ʢίʔώʔͷԹ౓ʣ
ࣨԹ͕ 10 [oC] ͷ෦԰ʹஔ͍ͨίʔώʔͷԹ౓ͷม
Խ཰͸ɼࠁ࣌ t ʹ͓͚ΔίʔώʔͷԹ౓ T (t) [oC]
ͱࣨԹͱͷࠩʹൺྫ͢Δɽ͢ͳΘͪɼ

dT

dt
= −k(T − 10) (k > 0;ఆ਺)

ͱͳΔɽt = 0Ͱɼ90 [oC]Ͱ͋ͬͨίʔώʔ͕ɼ2෼
ʹޙ 60 [oC]ʹͳͬͨͱ͖ɼ40 [◦C]ʹͳΔͷ͸Կ෼
ɽlog͔ޙ 2 = 0.6931, log 3 = 1.099, log 5 = 1.609
ͱ͢Δɽ

2.3 ʢੑ׳఍߅ʣ
མԼࡿɾεΧΠμΠϏϯάͳͲམԼ଎౓ vʢ͋Δ͍
͸ӡಈྔ mvʣ͕େ͖͍෺ମʹ͸ɼ଎౓ͷ 2৐Ͱޮ
ಇ͘ɽ࣭ྔmͷ෺ମ͕ࣗ༝མԼ͢Δ͕߅఍ؾۭ͘
ͱ͖ɼ఍߅ͷൺྫఆ਺Λ୯Ґ࣭ྔ͋ͨΓKɼॏྗՃ
଎౓Λ g ͱ͢Ε͹ɼӡಈํఔࣜ͸ɼԖ௚্͖޲Λਖ਼
ͱͯ͠

m
dv

dt
= −mg +Kmv2

ͱͳΔɽॳ଎౓Λθϩͱͯ͠଎౓ v ͷৼ෣͍Λ࿦
ͥΑɽ

2.4 ʢԽֶ൓Ԡͷ଎౓ʣ
Խֶ൓Ԡ A+B→C ͷ଎౓͸ɼࠞ߹͢Δ 2 ͭͷ൓
Ԡ෺࣭ͷೱ౓ʹؔ͢܎Δɽ A,Bͷೱ౓ΛͦΕͧΕ
A(t), B(t) ͱ͢Δͱɼࠁ࣌ t ʹ͓͚Δ C ͷྔ x(t)
͸ɼ

dx

dt
= kAB (k > 0;ఆ਺)

ͱͳΔɽॳظೱ౓Λ A(0) = a,B(0) = b, x(0) = 0
ͱ͢Δͱɼ൓Ԡ͔ࣜΒɼA = a − x,B = b − x ͳ
ͷͰɼ

dx

dt
= k(a− x)(b− x)

ͱͳΔɽx Λࠁ࣌ t ͷؔ਺ͱͯ͠ٻΊΑɽͨͩ͠ɼ
a &= b ͱ͢Δɽ

2.5 ʢLambert-Beerͷ๏ଇʣ
ޫ͕ബ͍ບΛ௨ա͢Δͱ͖ʹٵऩ͞ΕΔ཰͸ɼ૚ͷ
ް͞ͱޫͷڧ౓ʹൺྫ͢Δɽບʹೖࣹ͢ΔҐஔΛ
x = 0ɼບ಺ͷ௨աڑ཭Λ xͱ͢Δɽ͜ͷ๏ଇΛඍ
෼ํఔࣜͰද͠ݱɼ೚ҙͷҐஔ xʹ͓͚Δޫͷڧ౓
I(x) ΛٻΊ͍ͨɽ

(1) ඞཁͳจࣈΛิ͍ɼඍ෼ํఔࣜΛཱͯͯ I(x)
ΛٻΊΑɽ

(2) ޫͷڧ౓ I(x) ͷάϥϑΛඳ͚ɽͨͩ͠ɼೖࣹ
͢Δޫͷ͞ڧΛ I0ɼ૚ͷް͞Λ dͱ͢Δɽ

x0

I0 I

d

I(x)
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ୈ3ষɹ2֊͓Αͼߴ֊ඍ෼ํఔࣜ

3.1 2֊ͷఆ਺܎਺ಉ࣍ઢܗඍ෼ํఔ
ࣜ

3.1.1 ུ֓

3.1.2 ղͷॏͶ߹Θͤ

3.1.3 ղͷଘࡏͱҰҙੑ

3.1.4 ؔ਺ͷ ଐै࣍ಠཱɾ1࣍1

ྫ୊ 3.1
ͷؔ਺ͷ૊͸࣍ ,ಠཱ͔ɽa࣍1 b͸ఆ਺ͱ͢Δɽ

(1) (eax, ebx) (2) (eax, xeax)

(3) (sinx, cosx) (4) (1, x, x2)

໰୊ 3.2 ɹ
ͷؔ਺ͷ૊͸࣍ ಠཱ͔ɼͦ͏Ͱͳ͍͔ɽ࣍1

(1) (sinx, sin 2x) (2) (sinx, x sinx)

(3) (sin ax, cos ax) (4) (ex sinx, ex cosx)

3.1.5 ಛੑํఔࣜ

ྫ୊ 3.3

ෳૉ਺ λ ʹର͢Δඍ෼ެࣜɹ
d

dx
eλx = λeλx ɹ Λࣔͤɻ

ྫ୊ 3.4 y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′′ − 9y = 0 (2) y′′ + 9y = 0

(3) y′′ + 2y′ − 3y = 0 (4) y′′ + 2y′ + y = 0

(5) y′′ + 2y′ + 5y = 0 (6) y′′ = 0

໰୊ 3.5 y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜΛղ͚ɽ

(1) y′′ − 5y′ + 6y = 0 (2) y′′ − y′ = 0

(3) y′′ + y = 0 (4) y′′ + 4y′ + 4y = 0

(5) y′′ − 2y′ + 2y = 0 (6) y′′ + 4y′ + 13y = 0

໰୊ 3.6

ͷ৚݅ΛΈͨ͢ɼ2֊ͷඍ෼ํఔࣜ࣍ y′′ + ay′ + by = 0
ͷ܎਺ a, b ΛఆΊΑɽ

(1) ຊղ͕ج e−2x ͱ e3x Ͱ͋Δɽ

(2) ʹຊղج xe3x ΛؚΉɽ

(3) ʹຊղج e−x sin 2x ΛؚΉɽ

3.1.6 ॳظ஋໰୊

ྫ୊ 3.7
৚݅ͷ΋ͱͰɼy(x)ظͷॳ࣍ ʹର͢Δඍ෼ํఔࣜΛղ͚ɽ

(1) y′′ − 4y = 0, y(0) = 0, y′(0) = 2

(2) y′′ − 4y = 0, y(0) = 2, y′(0) = 0

໰୊ 3.8

৚݅ͷ΋ͱͰɼy(t)ظͷॳ࣍ ʹର͢Δඍ෼ํఔࣜΛղ͚ɽ

(1) y′′ + 4y = 0, y(0) = 0, y′(0) = −2

(2) y′′ + 4y = 0, y(0) = 2, y′(0) = 0

(3) y′′ + 4y = 0, y(0) = 2, y′(0) = 2

Ԡ༻ྫ ɹ୯ৼಈ

ྫ୊ 3.9
͹Ͷఆ਺ kͷ͹Ͷʹɼ࣭ྔmͷ͓΋ΓΛ͚ͭͯɼຎࡲͷ
ͳ͍ਫฏ໘্Ͱӡಈͤ͞Δɽ͓΋ΓͷҐஔ x(t)Λৼಈํ
Λ޲ x࣠ɼৼಈத৺Λ x = 0ͱͨ࣠͠Ͱද͢͜ͱʹ͢Δ
ͱɼ͹Ͷʹ͚͓ͭͨ΋Γͷӡಈํఔࣜ͸ɼ

m
d2x

dt2
= −kx

ͱͳΔɽ

(1) ͜ͷํఔࣜͷҰൠղΛٻΊΑɽ

(2) ͜ͷ୯ৼಈͷपظʢ1ԟ෮͢Δؒ࣌ʣΛٻΊΑɽ

(3) ࠁ࣌ t = 0ͰɼҐஔ x = x0 ʹ͓͋ͬͨ΋Γ͕ɼ੩
ΊΑɽٻఆΛ์ͨΕͨͱ͖ͷղΛݻʹ͔

(4) ࠁ࣌ t = 0ͰɼҐஔ x = 0ʹ͓͋ͬͨ΋Γ͕ɼॳ଎
౓ v = v0 Λ༩͑ΒΕͨͱ͖ͷղΛٻΊΑɽ

!"#$%
&!"$'

-x

x

()*+,-
./01234

./5+,-
(61234

θ

l

x=lθ
x

0

mg

mg sinθ
!"#$%&'

ྫ୊ 3.9ͷਤɹɹɹɹྫ୊ 3.10ͷਤ
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Ԡ༻ྫ ɹৼΓࢠ

ྫ୊ 3.10
࣭ྔ m ͷ͓΋ΓΛ͚ͭͨ௕͞ ' ͷৼΓࢠΛ͑ߟΔɽ࣌
ࠁ t ʹ͓͚ΔৼΓ͕ࢠԖ௚ํ޲ͱͳ֯͢౓ θ(t) ͸ɼ͓΋
ΓͷมҐ x ͱɼx = 'θ ͷؔ܎ʹͳΔͷͰɼ͓΋ΓͷՃ଎

౓ a ͸ɼa =
d2x

dt2
= '

d2θ

dt2
ͱͳΔɽ͕ͨͬͯ͠ɼ͓΋Γ

ʹಇ͘ӡಈํఔࣜ͸ɼ

m'
d2θ

dt2
= −mg sin θ

ͱͳΔɽθ ͕ඍখͰ͋Ε͹ɼsin θ ' θ ͱۙࣅͰ͖ΔͷͰɼ
ͷඍ෼ํఔࣜʹͳΔɽ࣍

d2θ

dt2
+

g

'
θ = 0

ҰൠղΛٻΊɼӡಈͷपظ T ΛٻΊΑɽ

Ԡ༻ྫ ɹݮਰৼಈ

ྫ୊ 3.11
͹Ͷఆ਺ k(> 0) ͷ͹Ͷʹͭͳ͕Ε࣭ͨྔ m ͷ෺ମ͕ɼ
఍ྗ߅Λड͚ͳ͕Βӡಈ͢Δঢ়گΛ͑ߟΔɽ఍ྗ߅͸଎
౓ v ʹൺྫ͢Δͱͯ͑ߟ cvʢͨͩ͠ɼc͸ਖ਼ͷఆ਺ʣͱ
͢Δɽ͹Ͷͷࣗવ௕ͷҐஔΛݪ఺ͱ͢Δ x Δ͑ߟඪΛ࠲
ͱɼӡಈํఔࣜ͸ɼؒ࣌Λ t ͱͯ͠

m
d2x

dt2
= −kx− c

dx

dt

ͱͳΔɽ͜ͷඍ෼ํఔࣜͷҰൠղΛ࿦͡Αɽ·ͨɼॳظ
ʹࣗવ௕ͷҐஔ͔Β x0 Ҿ͖ͷ͹ͯ͠੩͔ʹखΛ์ͨ͠
৔߹ʢ͢ͳΘͪ x′(0) = 0ʣͷղΛάϥϑͰදͤɽ

3.2 2֊ͷఆ਺܎਺ඇಉ࣍ઢܗඍ෼ํ
ఔࣜ

3.2.1 ղͷߏ଄

3.2.2 ະఆ܎਺๏

ྫ୊ 3.12
y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

(1) y′′ − 5y′ + 6y = 4ex (2) y′′−4y′−5y = 13 sinx

(3) y′′ − y′ = 4ex (4) y′′ +2y′ +5y = 5x− 3

(5) y′′ + y = 4 cosx

໰୊ 3.13

y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

(1) y′′ − 3y′ +2y = 12e−x (2) y′′ − 3y′ + 2y = e2x

(3) y′′ + 4y′ + 4y = 8x2 (4) y′′ + 4y′ + 4y = 2e−2x

(5) y′′ + 4y = 2 sinx (6) y′′ + y = 6 sinx

໰୊ 3.14

y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

(1) y′′ − 3y′ + 2y = x+ x2

(2) y′′ − 3y′ + 2y = 4e2x + 3ex

(3) y′′ − 4y = sinhx

(4) y′′ + 2y′ + 5y = e−x sin 2x

(5) y′′ + y′ + y = (1 + x)xex

(6) y′′ + 4y′ + 5y = 4e−2x cosx

Ԡ༻ྫ ɹRLC௚ྻճ࿏ʢ௚ྲྀɾަྲྀʣ

ྫ୊ 3.15
఍߅஋ Rͷ఍߅ɼΠϯμΫλϯε LͷίΠϧɼ༰ྔ C ͷ
ίϯσϯαͰߏ੒͞ΕΔRLC௚ྻճ࿏Λ͑ߟΔɽV Λճ
࿏ͷྗిىͱ͢ΔͱɼKirchhoff ͷ๏ଇʹΑΓɼؒ࣌ tΛ
ม਺ʹ͢Δిྲྀ I(t)ʹରͯ࣍͠ͷඍ෼ํఔ͕ࣜ੒Γཱͭɽ

L
d2I

dt2
+R

dI

dt
+

1

C
I =

dV

dt

R, L,C ͸ਖ਼ͷఆ਺ͱ͢Δɽ

(1) ༩ࣜͷӈลΛθϩͱͨ͠ಉ࣍ඍ෼ํఔࣜͷҰൠղ
I1(t) ΛٻΊΑɽ

(2) V = V0 sinωt ͷͱ͖ɼ༩ࣜͷಛघղ I2(t) ΛٻΊ
Αɽͨͩ͠ɼV0,ω ͸ਖ਼ͷఆ਺Ͱ͋Δɽ

R        L       C

V
I

Ԡ༻ྫ ɹ੍ڧৼಈ

ྫ୊ 3.16
͹Ͷఆ਺ k(> 0) ͷ͹Ͷʹͭͳ͕Ε࣭ͨྔ m ͷ෺ମ͕ɼ

଎౓ʹൺྫ͢Δ఍ྗ߅ −c
dx

dt
ʢc͸ఆ਺Ͱ c ≥ 0ʣͱɼ࣌

ؒʹґଘ͢Δ֎ྗ F (t) Λड͚ͳ͕Βӡಈ͢Δঢ়گΛߟ
͑Δɽ͹Ͷͷࣗવ௕ͷҐஔΛݪ఺ͱ͢Δ x Δ͑ߟඪΛ࠲
ͱɼӡಈํఔࣜ͸ɼ

m
d2x

dt2
= −kx− c

dx

dt
+ F (t)

ͱͳΔɽF (t) = F0 cosωt Ͱ͋Δͱͯ͠ɼӡಈΛ࿦ͥΑɽ
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3.2.3 ఆ਺มԽ๏

ྫ୊ 3.17
y(x)ʹର͢Δ࣍ͷඍ෼ํఔࣜΛఆ਺มԽ๏Ͱղ͚ɽ

y′′ + y = tanx (−π

2
< x <

π

2
)

໰୊ 3.18

y(x) ʹର͢Δ࣍ͷඍ෼ํఔࣜͷҰൠղΛఆ਺มԽ๏Ͱٻ
ΊΑɽ

(1) y′′ − y = ex (2) y′′ + 3y′ + 2y = x

3.3 2֊ͷม਺܎਺ඇಉ࣍ઢܗඍ෼ํ
ఔࣜ

3.3.1 Ұൠతͳٞ࿦

3.3.2 ม਺܎਺ͷಉ࣍ඍ෼ํఔࣜ

3.3.3 ม਺܎਺ͷඇಉ࣍ඍ෼ํఔࣜ

ྫ୊ 3.19
y(x)ʹର͢Δඍ෼ํఔࣜ

y′′ +
1

x
y′ +

(
1− 1

4x2

)
y =

√
x

ͷҰൠղΛٻΊΑɽͨͩ͠ɼӈลΛθϩͱ͢Δಉํ࣍ఔ
ࣜͷجຊղ͕

y1(x) =
sinx√

x
, y2(x) =

cosx√
x

Ͱ͋Δ͜ͱΛ༻͍ͯΑ͍ɽ

໰୊ 3.20

y(x)ʹର͢Δඍ෼ํఔࣜ

y′′ +
1

x
y′ +

(
1− 9

4x2

)
y = x

√
x

ͷҰൠղΛٻΊΑɽͨͩ͠ɼӈลΛθϩͱ͢Δಉํ࣍ఔ
ࣜͷجຊղ͕

y1(x) =
1√
x

(
sinx

x
− cosx

)
, y2(x) =

1√
x

(cosx
x

+ sinx
)

Ͱ͋Δ͜ͱΛ༻͍ͯΑ͍ɽ

3.3.4 Eulerͷඍ෼ํఔࣜ

ྫ୊ 3.21
y(x)ʹର͢Δඍ෼ํఔࣜ x2y′′−4xy′+6y = 8x4 Λղ͚ɽ

3.4 ඍ෼ํఔܗઢ࣍਺ಉ܎ͷఆ਺֊ߴ
ࣜ

ྫ୊ 3.22 ͷඍ෼ํఔࣜΛղ͚ɽ࣍

(1) y′′′ − y′′ − 4y′ + 4y = 0

(2) y′′′ − 3y′ + 2y = 0

(3) y′′′ + 3y′′ + 3y′ + y = 0

(4) y′′′ − 4y′′ + 5y′ = 0

(5) y(4) + 8y′′ + 16y = 0

໰୊ 3.23 ͷඍ෼ํఔࣜΛղ͚ɽ࣍

(1) y′′′ − 2y′′ − y′ + 2y = 0

(2) y′′′ − 3y′′ − 3y′ + y = 0

(3) y′′′ − y = 0

(4) y′′′ + y = 0

(5) y(4) − 4y′′ + 4y = 0

(6) y(4) − 4y′′′ + 10y′′ − 12y′ + 5y = 0

(7) y(4) − 8y′′′ + 32y′′ − 64y′ + 64y = 0

໰୊ 3.24

ΊΑɽٻͷ৚݅ΛΈͨ͢ɼ΋ͱͷඍ෼ํఔࣜΛ࣍

(1) ʹຊղج e−2x ͱ sin 3x ΛؚΉ 3֊ͷඍ෼ํఔࣜɽ

(2) ʹຊղج x3e−2x ΛؚΉ 4֊ͷඍ෼ํఔࣜɽ

3.5 ք஋໰୊ڥ

ྫ୊ 3.25 ͷ࣍ Dirichletڥք஋໰୊ͷղΛٻΊΑɽ
{

y′′(x) + y(x) = 0 (0 < x <
π

2
)

y(0) = a1, y(π/2) = a2

ྫ୊ 3.26 ͷ࣍ Dirichletڥք஋໰୊ͷղΛٻΊΑɽ
{

y′′(x) + y(x) = 0 (0 < x < π)
y(0) = 0, y(π) = 0

ྫ୊ 3.27 ͷ࣍ Dirichletڥք஋໰୊ͷղΛٻΊΑɽ
{

y′′(x) + y(x) = 0 (0 < x < π)
y(0) = 1, y(π) = 0

ྫ୊ 3.28
ࣗવ਺ kΛؚΉඍ෼ํఔࣜ

y′′(x) + k2y(x) = 0 (0 < x < π)

ͷղͷ͏ͪɼ࣍ͷڥք৚݅Λຬͨ͢ղΛٻΊΑɽ

(1) Dirichletڥք৚݅ɹɹ y(0) = 0, y(π) = 0

(2) Neumannڥք৚݅ɹɹ y′(0) = 0, y′(π) = 0
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3.6 ൃలతԠ༻

3.6.1 ॏྗʹΑΔ୯ৼಈ

ྫ୊ 3.29
Ԗ௚໘্Ͱ্Լʹৼಈ͢Δ͹ͶʹऔΓ෇͚ΒΕͨ෺ମͷ
ӡಈΛ͑ߟΑ͏ɽ௕͞ ' ͷ͹ͶΛఱҪʹऔΓ෇͚ɼԖ௚
ʹਨΒ͢ɽ͹Ͷͷ࠷Լ఺Λݪ఺ͱ͠ɼԼ͖޲ʹ x ࣠Λऔ
Δɽ࣭ྔ m ͷ෺ମΛऔΓ෇͚Δͱɼ෺ମʹ͸Ԗ௚Լ͖޲
ʹॏྗ mg ͕ಇ͘ͱͱ΋ʹɼ͹Ͷͷ৳ͼ͕ x ͷͱ͖ʹ͸
஄ੑྗ kx Λड͚Δɽ

(1) ॏྗͱ஄ੑྗ͕ͭΓ͋ͬͯɼ͓ ΋Γ͕੩͢ࢭΔͱ͖ɼ
͹Ͷͷ৳ͼΛ x0 ͱ͢Δɽx0 ΛٻΊΑɽ

(2) ͓΋Γ͕Ґஔ x ͷͱ͖ͷӡಈํఔࣜΛཱࣜͤΑɽ

(3) ҰൠղΛٻΊɼৼಈͷத৺ɾৼಈͷपظΛٻΊΑɽ

!"#$%
&!"$'

()*+#
,-

x!

x
kx

mg

x0 kx0

mg

x=0
l

r

ྫ୊ 3.29ͷਤɹɹɹྫ୊ 3.30ͷਤ

3.6.2 ॏྗͱුྗʹΑΔ୯ৼಈ

ྫ୊ 3.30
൒ܘ rɼ࣭ྔmͷԁப͕͋Γɼີ౓ ρͷӷମதʹු͔΂
ΔɽॏྗՃ଎౓Λ gͱ͢Δɽԁப͕׬શʹ௜Ή͜ͱ͸ͳ
͍ͱ͢Δɽ

(1) ԁப͕ॎͷ··్த·Ͱ௜ΜͰ੩͍ͯ͠ࢭΔͱ͢
ΔɽԁபʹՃΘΔॏྗ mg ͱӷମ͔Βड͚Δුྗ
ͷͭΓ͍͔͋Βɼԁபͷӷମද໘ΑΓԼͷ෦෼ͷߴ
͞ hΛٻΊΑɽ

(2) (1)ͷͭΓ͍͋ͷҐஔΛݪ఺ x = 0 ͱ͢Δ x࣠Λ্
ΔɽͭΓ͍͋ͷҐஔ͔ΒΘ͔ͣʹͣΕͨ͑ߟʹ͖޲
ԁப͸୯ৼಈΛ͕͏ߦɼͲͷΑ͏ͳपظʹͳΔ͔ɽ

໰୊ 3.31

ྫ୊??ͱಉ༷ͷઃఆͰɼਖ਼֯ࡾபͷͱ͖Λ͑ߟΑ͏ɽ

(1) ਖ਼֯ࡾபͷஅ໘͸ɼҰลͷ௕͕͞ 2rͷਖ਼ܗ֯ࡾͰ
͋Δͱ͢Δɽશମͷ࣭ྔ͸ mͰɼີ౓ ρͷີ౓ ρ
ͷӷମதʹු͔΂ΔɽॏྗՃ଎౓Λ gͱ͢Δɽਖ਼ࡾ
֯ப͕׬શʹ௜Ή͜ͱ͸ͳ͍ͱ͢Δɽॎͷ··ॏྗ
ͱුྗͷฏߧ఺ʹ͋ΓɼΘ͔ͣʹͣΕͨͱ͖ɼͲͷ
Α͏ͳपظͰ୯ৼಈΛ͔͏ߦɽ

(2) ྫ୊??ͷԁப΋ɼຊ໰ͷਖ਼֯ࡾப΋ਅԣ͔ΒݟΕ͹
ಉ͡ԣ෯ 2rͰ͋ΔɽपظΛ؍ଌͯ͠ܗঢ়Λܾఆ͢
Δ͜ͱ͕Ͱ͖ΔͩΖ͏͔ɽ

3.6.3 RLCฒྻճ࿏

ྫ୊ 3.32
఍߅ʢ఍߅஋ Rʣɼίϯσϯαʢ༰ྔ CʣɼίΠϧʢΠϯ
μΫλϯε LʣͷૉࢠΛਤͷΑ͏ʹͭͳ͗ɼྲྀΕΔిྲྀ
ΛͦΕͧΕ iR, iC , iLͱ͢Δɽిిݯѹ V = V0 sinωt Λ
͔͚Δͱ͖ɼճ࿏શମΛྲྀΕΔిྲྀ I = iR + iC + iL Λ
ΊΑɽٻ

R

L

C

iR

iC

iL

V

I
T0

T

x0

θs

ρsg

y

A

P

ྫ୊ 3.32ͷਤɹɹɹྫ୊ 3.33ͷਤ

3.6.4 ਨઢݒ

ྫ୊ 3.33
ϩʔϓͷ྆୺Λͨͬ࣋ͱ͖ɼॏྗΛ͏͚ͯͨΘΉϩʔϓ
ͷۂઢͷܗ͸ɼํఔࣜ

dy

dx
=

1

a

∫ x

0

√

1 +

(
dy

dx

)2

dx

Ͱ༩͑ΒΕΔɽ྆ลΛ͞Βʹඍ෼͠ɼz(x) =
dy

dx
ͱஔ׵

͢Δ͜ͱʹΑΓɼඍ෼ํఔࣜΛղ͍ͯۂઢͷࣜ y(x)Λٻ
ΊΑɽ

3.6.5 ଎߱Լઢɿʢม෼๏ͷ঺հʣ࠷

ྫ୊ 3.34
଎߱Լઢ໰୊͸ɼ࠷

T =

∫ x

0
f(x, y(x), y′(x)) dx, f(x, y, y′) =

√
1 + y′2

−2gy

ͷ T Λ࠷খԽ͢Δ y(x)ΛٻΊΕ͹Α͍ɽyͷؔ਺ܗΛԾ
ʹ y(x) + εφ(x)ͱͣΒͨ͠΋ͷΛ͑ߟΔͱ͖ɼT Λ࠷খ

Խ͢Δ yͷղͷ෇ۙͰ͸ɼ
dT

dε
= 0 Ͱ͋Δ͜ͱΛ༻͍ͯɼ

y(x)ΛٻΊΑɽͨͩ͠ɼʮԾ૝తͳมҐʯφ(x)͸୺఺Ͱ
φ = 0ͱͯ͠Α͍ɽ
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3.6.6 Λ؏͘τϯωϧٿ՝୊:஍ڀݚ

՝୊ڀݚ 3.4
๺͔ۃΒೆۃ·ͰҰ௚ઢʹτϯωϧΛ۷Γɼ๺͔ۃΒॳ
଎౓θϩͰ࣭ྔmͷ෺ମΛམԼͤ͞Δɽ͜ͷ෺ମ͸Ͳͷ
Α͏ͳӡಈΛ͢ΔͩΖ͏͔ɽ·ͨɼೆۃʹ౸ୡ͢Δͷ͸
Կ෼͔ޙɽ෺ମ͕ड͚Δྗ͸஍͔ٿΒͷສ༗ҾྗͷΈͱ
͢Δɽ
ɹ෺ମ͕ड͚Δສ༗Ҿྗͷ͖޲͸ৗʹ஍ٿͷத৺Λ޲
͖ɼͦͷେ͖͞͸஍ٿத৺͔Βڑ཭ xͷҐஔʹ͋Δͱ͖

G
M(x)m

x2
Ͱ͋Δɽ͜͜ͰɼM(x)͸ɼ஍ٿ಺෦ͷ൒ܘ x

ͷٿ಺ͷ࣭ྔͰ͋Δɽ஍ٿ಺෦ͷີ౓͸Ұ༷Ͱ͋Δͱ͠ɼ
஍ٿͷ࣭ྔΛ 5.9 ×1024 kgɼ஍ٿͷ൒ܘΛ 6400 kmɼສ
༗Ҿྗఆ਺ G = 6.7× 10−11m3 kg−1 s−2 ͱ͢Δɽ

x

ষ຤໰୊

3.1 ͷҙຯΛઆ໌ͤΑɽ۟ޠͷ࣍

(1) ؔ਺ͷ ಠཱੑ࣍1

(2) ຊղͷج ಠཱੑ࣍1

(3) ਰৼಈݮ

(4) ৼڞ

3.2 y(t)ʹର͢Δ 2֊ͷඍ෼ํఔࣜ

y′′ + 2ay′ + by = 0 (a, b :ఆ਺)

ʹ͍ͭͯɼ

(1) ಛੑํఔࣜΛಋ͚ɽ

(2) ҰൠղΛಋग़ͤΑɽ

3.3 ࣭ྔmͷਓ͕௕͞LͷΰϜͻ΋Λ͚ͭͯɼόϯδʔ
δϟϯϓΛ͏ߦɽΰϜͻ΋͸ LΑΓ৳ͼ͍ͯΔͱ
͖ʹ͸ɼ৳ͼͨ௕͞ ∆xʹൺྫͯ͠ॖ΋͏ͱ͢Δྗ
k∆xʢk͸ਖ਼ͷఆ਺ʣΛٴ΅͢ɽಇ͘ྗ͸ɼॏྗɾ
ΰϜͻ΋͔Βͷྗɾ଎౓ʹൺྫ͢Δۭؾ఍߅ͷ 3ͭ
ͱ͢Δɽ

(1) ӡಈํఔࣜΛཱͯΑɽͨͩ͠ɼඈͼ߱ΓΔ఺
Λ x = 0ͱͯ͠Լ͖޲ʹ x࣠Λ͑ߟɼॏྗՃ
଎౓ͷେ͖͞Λ gʢ͕ͨͬͯ͠ॏྗͷେ͖͞͸
mgʣɼ଎౓ vͷͱ͖ͷۭؾ఍߅ͷେ͖͞͸ cv
ʢc͸ਖ਼ͷఆ਺ʣͱ͢Δɽ

(2) ͲͷΑ͏ͳӡಈʹͳΔུ͔֓Λ࿦ͥΑɽ

ɹ

ୈ4ষɹ࿈ཱඍ෼ํఔࣜͱղͷఆੑత෼
ྨ

4.1 ࿈ཱඍ෼ํఔࣜͷྫ

4.2 ઢܗ࿈ཱඍ෼ํఔࣜ

ྫ୊ 4.1
x(t), y(t)ʹର͢Δ࣍ͷ࿈ཱඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

{
x′ = x+ y
y′ = −2x+ 4y

(4.2.1)

4.3 ඍ෼ํఔࣜͷେҬཧ࿦

4.3.1 ྟք఺

4.3.2 ҆ఆੑ

4.3.3 ༗஋͕ݻ 2ͭͷҟͳΔ࣮਺ͷ৔߹

ྫ୊ 4.2
ྫ୊??ʹ͓͍ͯɼॳظ৚݅ x(0) = 2, y(0) = 1 ΛΈͨ͢
ղΛٻΊΑɽ

໰୊ 4.3

x(t), y(t)ʹର͢Δ࣍ͷ࿈ཱඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ
(4)(5)͸༩͑ΒΕͨॳظ৚݅Ͱͷಛघղ΋ٻΊΑɽ

(1)

{
x′ = −x+ y
y′ = −2x− 4y

(2)

{
x′ = x+ y
y′ = 4x+ y

(3)

{
x′ = y
y′ = x

(4)

{
x′ = x− 2y
y′ = 3x− 4y

,

{
x(0) = −1
y(0) = −3

(5)

{
x′ = 2x+ y
y′ = 4x+ 2y

,

{
x(0) = 1
y(0) = 6
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4.3.4 ߹໾ͳෳૉ਺ͷ৔ڞ༗஋͕ݻ

ྫ୊ 4.4
x(t), y(t)ʹର͢Δ࣍ͷ࿈ཱඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

{
x′ = x+ 5y
y′ = −2x+ 3y

໰୊ 4.5

x(t), y(t)ʹର͢Δ࣍ͷ࿈ཱඍ෼ํఔࣜͷҰൠղΛٻΊΑɽ

(1)

{
x′ = −x+ 5y
y′ = −2x− 3y

(2)

{
x′ = x+ y
y′ = −2x− y

(3)

{
x′ = y
y′ = −x

4.3.5 ߹༗஋͕ॖୀ͢Δ৔ݻ

4.3.6 ·ͱΊ

4.4 ఆ਺܎਺࿈ཱඍ෼ํఔࣜͷҰൠత
ͳऔΓѻ͍

4.4.1 ղ֩ྻߦ

ྫ୊ 4.6
ΊΑɽٻΛྻߦର͢Δղ֩ʹྻߦͷ࣍

(1) A =

(
1 0
0 1

)
(2) A =

(
0 1
−1 0

)

(3) A =

(
0 1
1 0

)

4.4.2 ର֯ԽՄೳͳྻߦͷ৔߹

ྫ୊ 4.7

࿈ཱඍ෼ํఔࣜ
d

dt
x =

(
1 1
−2 4

)
x Λղ͚ɽ

4.4.3 ҰൠεϖΫτϧ෼ղΛ༻͍ͨදݱ

4.5 ඇಉ࣍࿈ཱඍ෼ํఔࣜ

4.5.1 Ұൠղಋग़ͷํ਑

ྫ୊ 4.8
x(t), y(t)ʹର͢Δ࣍ͷ࿈ཱඍ෼ํఔࣜΛղ͚ɽ

d

dt

(
x(t)
y(t)

)
=

(
0 1

−8 −4

)(
x(t)
y(t)

)
+

(
0

20 cos 2t

)

4.5.2 γεςϜ੍ޚͱ҆ఆੑղੳ

ྫ୊ 4.9
ྫ୊??Ͱѻͬͨ఍ྗ߅Λ൐͏ৼಈγεςϜ

m
d2x

dt2
+ c

dx

dt
+ kx = 0

(m, c, k ͸ਖ਼ͷఆ਺)Ͱɼద౰ͳLyapunovؔ਺Λఆٛ͠ɼ
҆ఆੑΛٞ࿦ͤΑɽ

x0

!"#$
%&'

()*+

4.6 ൃలతԠ༻

4.6.1 ૪Ϟσϧڝඋ܉

ྫ୊ 4.10
A ͱࠃ B ؒ࣌໛ΛͦΕͧΕنඋ܉ͷࠃ t ͷؔ਺ͱͯ͠
x(t), y(t) ͱ͢Δɽ͜ͷྔ͕૿େ͢Ε͹ઓ૪΁ɼݮগ͢Ε
͹ฏ࿨ʹͳΔͱͯ͑ߟɼ࣍ͷΑ͏ʹ਺ֶϞσϧΛߏங͠
Α͏ɽ

• ໛Λ૿େͤ͞ΔͳΒ͹ɼنඋ܉͕ࠃͱ΋૬खͷࠃ྆
ͦΕʹରࠃࣗͯ͠߅΋܉උ૿ڧΛ͏ߦͱ͢Δɽ͜ͷ
ޮՌ͸ɼa1, a2 (≥ 0) Λൺྫఆ਺ͱͯ͠ɼࣜ࣍Ͱද
͞ΕΔɽ

dx

dt
= a1y,

dy

dt
= a2x.

• ໛͕ҟৗʹ֦େ͢Ε͹ɼͦΕΛ཈੍͢نඋ܉ͷࠃࣗ
Δ࡞༻͕ಇͩ͘Ζ͏ɽ͜ͷޮՌ͸ɼb1, b2 (≥ 0) Λ
ൺྫఆ਺ͱͯ͠ɼ

dx

dt
= −b1x,

dy

dt
= −b2y.

• ૬खࠃʹજࡏతͳෆຬ͕͋Ε͹ɼ܉උΛ֦ு͢Δج
൫͕ੜ͡Δɽ͜ͷޮՌ͸ɼc1, c2 (≥ 0) Λൺྫఆ਺
ͱͯ͠ɼ

dx

dt
= c1,

dy

dt
= c2.

Ҏ্ 3ͭͷޮՌΛ͢΂ؚͯΊΔͱɼ࣍ͷ࿈ཱඍ෼ํఔࣜ
ʹͳΔɽ






dx

dt
= −b1 x+ a1 y + c1

dy

dt
= a2 x− b2 y + c2
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(1) ૬खࠃʹજࡏతͳෆ͕҆ͳ͍ (c1 = c2 = 0) ͱ͖ɼ
ඇ෢૷ͷฏ࿨ʢx = y = 0ʣ͕੒Γཱͭ͜ͱΛ͔֬
ΊΑɽ

(2) ૬खࠃʹજࡏతͳෆ͕҆͋Δͱɼ૬ޓඇ෢૷͸௕ଓ
͖͠ͳ͍͜ͱΛ͔֬ΊΑɽ

(3) A, B ঢ়ଶʹͳͬͨߧඋ֦ு͕ฏ܉ͷࠃ྆ (
dx

dt
=

dy

dt
= 0) ͱ͢Δɽ͜ͷͱ͖ͷ (x, y) ͷ஋ (x, y) Λ

ΊΑٻ

(4) u = x− x, v = y − y ͱͯ͠ɼ(u, v) ʹର͢Δඍ෼
ํఔࣜΛٻΊɼͦΕΒͷղ͸ɼͲͪΒ΋ڞ௨ͷඍ෼
ํఔࣜ

d2z

dt2
+ (b1 + b2)

dz

dt
+ (b1 b2 − a1 a2)z = 0

ͷղͰ͋Δ͜ͱΛࣔͤɽ

(5) (4)ͷඍ෼ํఔࣜΛղ͍ͯɼฏ࿨ΛಘΔͨΊͷ৚݅
Λ࿦ͥΑɽ

4.6.2 ࿈੒ৼಈ

ྫ୊ 4.11
࣭ྔ͕ಉ͡mͷ 2ͭͷ෺ମ͕ɼ3ຊͷ͹Ͷʢ͹Ͷఆ਺͸
k1, k2ʣͰਤͷΑ͏ʹͭͳ͕Ε͍ͯΔɽͦΕͧΕͷ෺ମͷ
Ґஔ x1, x2 ͸ɼؒ࣌ t Λม਺ͱ͢Δ࿈ཱඍ෼ํఔࣜ






m
d2x1

dt2
= −(k1 + k2)x1 + k2x2

m
d2x2

dt2
= k2x1 − (k1 + k2)x2

ʹ͕ͨ͠͏ɽ

(1) ଎౓ v1 =
dx1

dt
, v2 =

dx2

dt
΋ม਺ʹ΋͍ͪͯɼ1֊

ͷඍ෼ํఔࣜͷ૊ʹͯ͠ղ͚ɽ

(2) ৚݅ͷ΋ͱͰͷӡಈΛ࿦͡Αɽظͷॳ࣍

(1) t = 0Ͱɼx1 = x2 = a, v1 = v2 = 0 ͷͱ͖ɽ

(2) t = 0Ͱɼx1 = a, x2 = −a, v1 = v2 = 0 ͷ
ͱ͖ɽ

(3) t = 0 Ͱɼx1 = a, x2 = 0, v1 = v2 = 0 ͷ
ͱ͖ɽ

x1 x2

k1 k2 k1
m m

ྫ୊ 4.12
ྫ୊??(1)Λ q1 = x1 + x2, q2 = x1 − x2ͱ͍͏ม਺ʹม
͑ͯղ͚ɽʢq1 ͸ॏ৺࠲ඪͷ 2ഒɼq2 ͸૬ର࠲ඪͷҙຯ
Λ΋ͭʣɽ

4.6.3 ૬ޓ༠ಋճ࿏

ྫ୊ 4.13
ਤʹࣔ͢Α͏ͳ૬ޓ༠ಋճ࿏Ͱɼࠁ࣌ t = 0 ͰεΠον
ΛೖΕͨͱ͖ɼճ࿏ʹྲྀΕΔిྲྀ I1(t), I2(t) ΛٻΊΑɽ
ճ࿏ͷํఔࣜ͸ɼ






V = L1
dI1
dt

+M
dI2
dt

+R1I1

0 = M
dI1
dt

+ L2
dI2
dt

+R2I2

Ͱ͋Δɽͨͩ͠ɼL1, L2,M ͸ਖ਼ͷఆ਺Ͱ͋ΓɼL1L2 −
M2 &= 0 ͱ͢Δɽ

V

I1 I2

L1 L2

R1 R2M

4.6.4 ั৯ऀ/ඃ৯ऀϞσϧ

ྫ୊ 4.14
΢αΪʢݸମ਺ xʣͱΩπωʢݸମ਺ yʣ͸ɼั ৯ऀ/ඃ৯
ऀͷؔ܎ʹ͋Γɼ࣍ͷ࿈ཱඍ෼ํఔࣜͰ͍͍ؔͯͮ܎Δɽ






dx

dt
= x(a1 − b1y),

dy

dt
= −y(a2 − b2x).

͜͜Ͱɼa1, a2, b1, b2 ͸ਖ਼ͷఆ਺ͱ͢Δɽ

(1) ΢αΪ΋Ωπω΋ݸମ਺ʹ૿ݮͷͳ͍ฏߧঢ়ଶͷղ
(x0, y0)Λ ΊΑɽٻ2ͭ

(2) (x0, y0)ͷ఺ͷඍখྔͷઁಈΛ͑ߟΔ͜ͱʹΑΓɼฏ
ঢ়ଶͷղߧ (x0, y0)ͷ૬ਤ্ͰͷҐஔ͚ͮΛड़΂Αɽ

(3) xy ฏ໘Ͱͷ૬ਤΛඳ͚ɽ


