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sources of gravitational wave
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detection method of gravitational wave
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detection method of gravitational wave
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Innermost Stable Circular Orbit

Newtonian / Post-Newtonian
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What can we learn from gravitational waveform?
5 (Suppose NS+NS ->BH)
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8 =0.6 e=0.
DEPENDENCE ON t, FOR 6=0: ISCO freq => EoS of NS,
iﬁiﬁ% =1ifiit waveform => Formation of BH or NS,
* BH mass
n . n . - 3/5 1/5 )
chirps" df/dt => chirp mass, Mc = (M1 M2)*>/ (Mi+M2) BH angular momentum, ...

amplitude up => Mc, distance
amplitude h+/hx => inclination
waveform => eccentricity

moduration => spin, ... statistics => cosmological parameters
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Exact Solutions of

The Einstein equation: Einstein’s Field Equations

Second Edition

1
R,uu — §QWR + Agluy = 87TGT,LW

Chandrasekhar says ...
“Einstein equations are easy to solve. Look at the Exact Solutions book. There are
more than 400 solutions. "

Exact Solutions book says ...

Ist Edition (1980): “... checked 2000 references, ..., there are now over
100 papers on exact solutions every year, ..."

2nd Edition (2003): “... we looked at 4000 new papers published during
1980-1999, ... ©

D. Kramer, et al, Exact Solutions to Einstein's Field Equations, (Cambridge, 1980)
H. Stephani, et al, Exact Solutions to Einstein's Field Equations, (Cambridge, 2003)
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Why don't we solve it using computers?
e dynamical behavior, no symmetry in space, ...
e strong gravitational field, gravitational wave! ...

e any dimension, any theories, ...

HUBHICEHEIRIEE SRV S |
Numerical Relativity

= Solve the Einstein equations numerically.
= Necessary for unveiling the nature of strong gravity.

For example:
e gravitational waves from colliding black holes, neutron stars, supernovae, ...
e relativistic phenomena like cosmology, active galactic nuclei, ...
e mathematical feedback to singularity, exact solutions, chaotic behavior, ...

e laboratory for gravitational theories, higher-dimensional models, ...

The most robust way to study the strong gravitational field. Great.
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The Einstein equation:

1
R, — §gWR + Agy = 8nGT,

What are the difficulties?

e for 10-component metric, highly nonlinear partial differential equations.
mixed with 4 elliptic eqs and 6 dynamical eqs if we apply 3+1 decomposition.

e completely free to choose cooordinates, gauge conditions, and even for decom-
position of the space-time.

e has singularity in its nature.

)
7
119
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Numerical Relativity — open issues EDESICEETAEESZIBH

0. How to foliate space-time
Cauchy (3 + 1), Hyperboloidal (3 + 1), characteristic (2 + 2), or combined?

= if the foliation is (3 + 1), then - - -

1. How to prepare the initial data

Theoretical: Proper formulation for solving constraints? How to prepare realistic initial data?
Effects of background gravitational waves?
Connection to the post-Newtonian approximation?

Numerical: Techniques for solving coupled elliptic equations? Appropriate boundary conditions?

2. How to evolve the data

Theoretical: Free evolution or constrained evolution?
Proper formulation for the evolution equations?
Suitable slicing conditions (gauge conditions)?

Numerical: Techniques for solving the evolution equations? Appropriate boundary treatments?
Singularity excision techniques? Matter and shock surface treatments?
Parallelization of the code?

3. How to extract the physical information

Theoretical: Gravitational wave extraction? Connection to other approximations?

Numerical: Identification of black hole horizons? Visualization of simulations?




“3+1” formulatlon
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First Question: How to foliate space-time?

Cauchy approach Characteristic approach
or ADM 3+1 formulation (if null, dual-null 2+2 formulation)
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3+1 versus 2+2

Cauchy (3+1) evolution

Characteristic (2+2) evolution

pioneers ADM (1961), York-Smarr (1978) | Bondi et al (1962), Sachs (1962),
Penrose (1963)
variables easy to understand the concept of | has geometrical meanings
time evolution 1 complex function related to 2 GW
polarization modes
foliation has Hamilton structure allows implementation of Penrose's
space-time compactification
initial data need to solve constraints no constraints
evolution PDEs ODEs with consistent conditions
need to avoid constraint violation | propagation eqs along the light rays
singularity need to avoid by some method can truncate the grid

disadvantages

can not cover space-time globally

difficulty in treating caustics
hard to treat matter

Cauchy approach
or ADM 3+1 formulation

time direction

Y: Initial 3-dimensional Surface

Characteristic approach
(if null, dual-null 2+2 formulation)

outgoing
direction

S: Initial 2-dimensional Surface



Numerical Relativity in Dual-Null Foliation

J.M. Stewart, H.Friedrich, Proc. R. Soc. Lond. A 384, 427 (1982)
R.W. Corkill, J.M. Stewart, Proc. R. Soc. Lond. A 386, 373 (1983)
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Fraunge 3. The coordinate system on M.(z4) (A = 2, 3) are ﬂl"lllh'nl?’ couvrfdmutes' t.:rll‘}b,:
The coordinate u is an arbitrary parameter along thE‘ generators Tj'ul‘Jf N that \fmst, 1:1.1
on S,. S, is the 2-surface u = constant, We (1Liine*. w in M by x'et]umn]g u t= :gilzliﬁmh-
N, the unique null hypersurface (other than ‘\o] through S,. The coor umie v it s P
defined. We propagate (z4) on to N’ by requiring 4 = cm?stnm- along the y,, ¢

M by requiring x4 = constant along the generators y,, of N..

Fiaure 3. Colliding plane gravitational waves in the full nonlinear theory,
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Numerical Relativity — open issues EDESICEETAEESZIBH

0. How to foliate Spasowbiitm,
¢ Cauchy (3 +

yperboloidal (3 + 1), characteristic (2 + 2), or combined?

= if the foliation is .

C o ) P e
1. How to prepare the initial data PEE A Z £ DKET DH
Theoretical: Proper formulation for solving constraints? How to prepare realistic initial data?

Effects of background gravitational waves?
Connection to the post-Newtonian approximation?

Numerical: Techniques for solving coupled elliptic equations? Appropriate boundary conditions?
2. How to evolve the data EDEDICEHBRESEDH
Theoretical: Free evolution or constrained evolution?

Proper formulation for the evolution equations?
Suitable slicing conditions (gauge conditions)?

Numerical: Techniques for solving the evolution equations? Appropriate boundary treatments?
Singularity excision techniques? Matter and shock surface treatments?

Parallelization of the code?
BBz E DD BT H

Theoretical: Gravitational wave extraction? Connection to other approximations?

3. How to extract the physical information

Numerical: Identification of black hole horizons? Visualization of simulations?




