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characterizations of general solutions both differential equations [13, 14, 26] about inverse Mills ratios [31-33] and that about
integral forms of cumulative distribution on standard normal distributions inform us of crucial symmetric relations. At this time,
we can show that 4 = 0.612003 by Pearson [15], Kelley [16, 17], and Cox [23] should also play an important role in not only
their symmetric relations but also the relation as the formulations for winners, losers and, a banker. Then, we can emphasize
that the tangent lines on variable coefficient second order linear homogeneous differential equations [13, 14] are equal to these
probabilities on a standard normal distribution by using Pythagorean theorem [3]. We would like to introduce the other attractive
probability points we found instead of A(= 0.612003) throughout some illustrated figures concisely. From these examples,
we can define that the probabilities of a standard normal distribution are two slopes of the tangent lines of the integral form of
a cumulative distribution. We would like to show that it is an essential key for solving the relations about standard normal
distribution by circle and square geometrically as one of the theoretical approaches for winners, losers and their banker in the
field of econometrics.

2. Integral Forms of Cumulative Probability of Standard Normal Distribution and Reconfirmation about two types of
variable coefficient second order homogeneous differential equations
If we think of a differential equation and its initial conditions as follows [13, 14]

hp(w) +uhp(u) —hp(w) =0, (2.1)
hp(0) = ¢(0) = ! hp(0) = !
(0= == KO =y

we can show you in the general solution with constants Cp; and Cp,, where ¢(+) is a probability density function of standard
normal distribution and @(-) is its cumulative distribution function.

hp(W) = Cpy(p(w) + udW)) + Cpou. (2.2)
From equation (2.2), the first derivative function is
hp(w) = Cp1 @ () + Cpy. (2.3)

Figure 1 Concepts of integral forms of cumulative distribution function of a standard normal distribution and visualizations
about their variable coefficient second order differential equations symmetrically (Original Ref. [13]).
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Therefore, since we understand that Cp; = 1.0 and Cp, = 0.0, we can estimate the solution [13, 14]

hp(w) = p(w) + ud(u). (2.4)
This equation is shown as 1-dot chain lines in the right of the bottom of Figure 1.
Similarly, if we think of another initial condition as follows

hy(W) +uhy(uw) —hy(w) =0, (2.5)
hy(0) = ¢(0) = ! hy(0) = !
N()_(]b()—ﬁ: N()__E;

we can also confirm the following equation [13, 14]
hy(w) = ¢(w) — ud(—u). (2.6)
This is also shown symmetrically in the left of the bottom of Figure 1. Equations (2.4) and (2.6) are also described as

hp(u) = f hy(€)d§ = f D (E)de, @.7)

G = [ Ry ()dE = - | (=)t 2.8)

By the way, although we can get the solutions hp(u) = ¢p(u) + u®(u) and hy(u) = ¢p(u) —u®P(u) mentioned above,
we would like to consider another type of differential equation [25, 26] as follows.
mp(w) —ump(u) —mp(u) =0,

mp(0) = g, mp(0) = 1.0. (2.9

From Equation (2.9), we can show you the general solution with constants Cp; and Cp, as follows

Cp1P(w) + Cpy

mp(u) = o) (2.10)
Then, the first derivative function is shown as
C u) +u®(u)) + Cpyu
mi(u) = P1(¢( ) ¢(u)( )) P2 (2.11)
Since we can get the values Cp; = 1.0 and Cp, = 0.0, we can display the following solution as Mills ratio [14, 25, 26].
®(u)
mp(u) = ——. 2.12
P =g (212)
In the same way, if we have another condition [14]
my () —umy(u) —my(uw) =0,
V2
my(0) = Tﬂ my(0) = —1.0, (2.13)
we can also display the following solution [14]
1-9 (-
my(u) = @ _2Cu) (2.14)

pw) oW

About two types of the differential equations, we would like to reconsider the relations mathematically as follows [14].
First, an inverse of ¢(u) multiplied by Equation (2.4) is written as

1 dzhp(u) dhp(u)
Lhp(u) = qb(u)( e +u Y hP(u)> =0. (2.15)
It is transformed into
(@Y (hp)
Lhp(u) = <—¢ (u)> <—¢ (u)> =0. (2.16)

On the other hand, we can also rewrite Equation (2.15) as
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) = o (100} fuhel)_fhet)

du* (o)) dul ¢ ¢

_(hp@) (R _
- {ZEL o 217)

Second, we can consider ¢(u) multiplied by Equation (2.12) as

2
Lmp(u) = p(u) <d ;n:z(u) - udn:;fu) - mp(u)> =0. (2.18)
It is also transformed into

Lmp(u) = ($mp@))’ - ($pImp@)) = 0. (219)

d? d
Mmp () = =5 {pWmp W)} + — {—up@Wmp W} — {pWmp W} = 0
= {p@mpW)} - {pWmp)} = 0. (2.20)

Therefore, we can confirm Equations (2.16) and (2.19) are self-adjoint differential equations about standard normal
distribution symmetrically. From Equations (2.12) and (2.14), a probability density of standard normal distribution is shown as

1

o) = m (2.21)
From Equations (2.4) and (2.12), we would like to confirm the following relation.
@ ¢ Hud@)  d@)
) - o =1+ u¢(u) = mp(w). (2.22)
mhw) _ 20) _
o g ™ (223)
Then, we can insert equations (2.22) and (2.23) into (2.16) as follows.
(mp(w)) = mp(u) = 0. (2.24)
Thus, Equation (2.24) is correct. Moreover, we can find the relations
hp(u) = p(wymp(u) (2.25)
and
hp (W) = pwWmp(w). (2.26)
In the same way, Equation (2.6) and (2.14), we can clarify the following relation.
W g -ub(-w)  eCw)
@) 7o =-1+ u—qb(u) = —my (u). (2.27)
M o(-w)
o e W @29
From equations (2.27) and (2.28), we can transform
HONNO
(¢(u) ) - <¢(u) ) =0 229
into
(-my@) = (-my@)) = 0. (2.30)
Thus, Equation (2.30) is also correct. Moreover, we can find the relation
hp(w) —hy(w) =1 (2.31)
and
hy(w) = —pmy(w) and hy(w) = —pWmy(w) . (2.32)
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3. Bernoulli Differential Equations for Inverse Mills Ratio

In section 2, we considered that two types of the second order differential equations about a standard normal distribution.
one is described in Figure 1 as the integral forms of a cumulative distribution function [13, 14]. The other is that about Mills
Ratio [13, 14]. In this section, we would like to focus on the later type of differential equations and these relations based on
A =0.612003. From Maddala’s explanation [27] and that of Johnson and Kotz [28], we can know that there are important
censored and truncated normal distribution theories in these fields such as Tobit [29] and Heckman’s models [30]. We have
already proposed the following formulations as Bernoulli differential equation with a standard normal distribution [13, 14].

298 1 g () + g 02 =0, (3.1)
d
I | g () — g () = 0. (32)
These general solutions [13] are solved as
gr(w) = —cb(qi ()ui c (3.3)
gn(w) = —¢(i¢1(1;t)+ c (3.4)

If we reconsider the tendencies of an inverse Mills ratio and a hazard function [29] as the special cases on 1 = 0.612003,
we can illustrate the tendencies in Figure 2. From Figure 2, we can clarify that there are several relations between Equation
(3.3) and (3.4) about the squares [11, 12] at A on standard normal distribution if C = 0.

On the other hand, we can also display that maximal value ¢(1)/®(—A) = 21 (in case of u = +1) and F1 which is the
symmetric point on +4 about 0 is gotten as 2A®(—1)(= ¢(1)) shown in Figure 2 if C = @(—2) in Equation (3.3) and
(3.4). Therefore, we can understand that the formulation [11, 16, 17] should be

d(A) = 240 (=2). (3.5)
Survival ratio of a Hur) Inverse Mills ratio ) When C = ®(-A) then
standard normal distribution: known as hazard function: ) e
(u) . . O(-u)  max = -y
Probabilistic density function i O-A)+D(—u) 2D(-2)
of a truncated normal distribution: . d(u) d(A)
—-2) max - = =
fy=—u N\ X\ = f)=u O-A)+Dw) 20(-A)
24
D(—u) e !).0 D(u)
2z
A
//// by l
- SE J2r 20(-4)=¢(A)
=" . AD(=1)
gl — \
Pu) ——— Pu)

O(-A) + D(—u)

Bernoulli differential equations for a ratio of a probability density function

out of a cumulative distribution function of
the standard normal distribution such as

dgp(ll) 2 (H)
T-ngp(u) Zp(ll) = 0) g (") (L(p(”) .
‘\7”“1»1’31\/(1/)7&\(”) —'0_, g (“)_ﬁil(”)

Figure 2 Bernoulli differential equations of the ratios of probability density function of standard normal distribution out of
its cumulative distribution function with thinking of its truncated normal distribution at the probabilistic point A = 0.612003

and n = 0.30263084 (Original Ref. [13]).

u —_—
O(-A)+D(u)
Probabilistic density function
of a standard normal distribution:
1 (1,
o) = exp] ——u’
N2 \ 2
Cumulative distribution function
of a standard normal distribution:

A=0.612003
O(-2) =0.2702678
$(A)=22D(=2)

1 1 1 =0.30263084
(Dlu):f *cxp\ — ;Liu d(—n)=0.3810856
— 19 o \ 9]
N7 “ o(n)=D(-n)
| 1,
or ®(-u)=| ——exp|——u’ |du
N2 2
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This Equation (3.5) plays a vital important role about the truncated normal distribution about +14 symmetrically and
geometrically.

By the way, the probability point, 7 = 0.30263084, is also a crucial important probability point because the value of
cumulative distribution function is equal to that of probability density function at 7 in Figure 2. We can find that it is another
important relation since the inverse Mills ratio is equal to 1.0 in this case. Under the condition at u = 0, we find the inverse
Mills ratio is 2¢(0)(= 2/+/2m) as 2 times of ¢(0). These geometric tendencies about Equations (3.3) and (3.4) separated by
u = 0 are also illustrated symmetrically in Figure 2. In section 4, we would like to explain that it is what we should emphasize
about our proposals by using Pythagorean theorem in more detail.

However, the equation such as Bernoulli differential equation with standard normal distribution is also mentioned by Hald
[31]. Since we have been interested in the geometric characterizations of them and their relations with other differential
equations in this section, we think of them as follows.

First, the first order derivatives are shown as

_ Tup@)(@(—w) + 0) + p(w)?

gn) = @D 10 , (3.6)
L —up(@@) + ) — )
gp(u) = CIOFTL . 3.7)
If C = 0, the first order derivatives are

|y - PCW + 9@ 9w (00 —uP(w) | gn(OhnG) () 39)
Initr = o (1) “ocw o(w | my | my@hy@)’ '
o - THPW) — 92  $ ($) +u0@) __ ge(0he) ke (39

gpitt) = o(w)? T Tow o K@) | mpGhpu)’

Therefore, we can understand the general solutions of three types of differential equations are tied as an equation
mathematically. Finally, we can define the relations about hp(w), mp(w), and gp(u) or hy(u), my(w),and gy(u) as the
following crucial important formulations

_gp@) _hp(w) _ mp(w)
gp()  hp(w) mp()’

(3.10)

_on@ _ hy@)  my()
gy hy@ my@)’

(3.11)

4. Right Triangle for Probability of Standard Normal Distribution and its Truncated Normal Distribution

In section 2, we mentioned some variable coefficient second order differential equations and their relations. In section 3,
their differential equations and Bernoulli differential equations are connected by the fractions of Equation (3.10) about their
primitive functions and first order derivatives.

Since we have also found that the tangent lines of Equation (2.4) has important probabilistic characterizations shown in
Figure 3 geometrically [13, 14], we would like to focus on our reconsiderations in section 2 as the integral forms of a cumulative
distribution of a standard normal distribution. We have searched for their several characterizations such as Mills ratio [31-33],
standard normal distribution [31, 34-35], their differential equations [36, 37], and the tendencies for winners, losers and a
banker [2, 9, 10, 38]. From our investigations, we can propose that the general solutions of the variable coefficient second order
differential equation in Figure 4 instead of our misspelled proposal [13, 14] inform us of several correct characterizations
between statistics and geometry cooperatively as follows.

From Figure 3, we can reconfirm the proportion for winners about per unit and per entire is equal to 1 : A@(—1) by our
previous works [13, 14]. Its intercept form of a linear equation for winners [13] is shown as

1 1

—Eu'l'mU:l (41)
In the same way, we can define the intercept form of a linear equation for losers [13].
1 1
- u+ v=1 4.2
H(TE2ER) " AT o) (*+2)
1—-o(-21)
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hy () + by, (u) = hy (1) = 0 hy (1), hy (10),v 1 () + )y ) = Iy (1) = 0
Equiliburium point hy () = p(u) —u®(~u) $), D (u),y (1) By () = G(u) + ud(u)
between a banker, winners hy(u) = —D(~u) hay=0w .
and losers : #(A) =2AD(-A) N\_ . . /
N\ iy (W) = ¢(u) hy (1) = d(u) #
2=0.612003 N ¢ R R ? ‘/’/,
N 4 5 7
Probabiljty-density -~ N
function of a truncated $u) AR & /,/ | _— 22D (u)
normal distribution : w(u) = A LOp— S e X0
S (=) N -
i = N
~ _7 | R
- -~ 4 N <
//,_ S §
/ T =
: 1 u

A2

Tangent lines of &, (u) . 1 )
v=—@(A)u+ L) =—-D(A)u +2AD(-1) u=-2) v=@(-Du+ @) =D (-Du+2AD(-1) (u=-2)
v=—@(-u+PA)=-D(-Vu+2AD(-1) (Ww=21) v=0(L)u+d(A) = D(A)u + 21D (-1) u=21)

Tangent lines of &, (u)

Probability density function of a standard normal distribution : ¢(u) Equiliburium point
Cumulative distribution function of a standard normal distribution : @ (u) of an inverse H(A)
i o o ) 1 1 Mills ratio : =
Intercept form of a linear equation for winners : ——u +— —v =1 D(-A)
A AD(=A)

1 1
‘II+ " "
p 1+ @(-A) ) A+ D(-A))
-2 )

Intercept form of a linear equation for losers :  — v=1

Utility function for winners :
Intercept form of a linear equation for a banker : —lAII + lﬂr =1 Uy (1) = (¢(4) - 2D~ = A=Wt
A A
Figure 3  Geometric relationships between second order differential equations and standard normal distribution with a circle,
squares, meaningful rectangles, their diagonals, and special tangent lines at 1 = 0.612003 (Original Ref. [13]).

Its proportion is equal to (1 + d)(—l)) / (1 - ¢(—A)) : (1 + d)(—l)). From Equations (4.1) and (4.2), the intercept form for
a banker [13] is also estimated as the following equation because of the proportion 1 : 1. The meaning of per unit is that of
per entire since the number of a banker should remain unit in this case. That is

1 1
—zu'l'IU: 1. (4.3)
As described Equations (4.1) to (4.3), we can understand there are three intercept forms shown in Figure 3. At the same time,
we can also confirm the crucial important tangent lines of hp(u) at the probability points +4 as follows
vy = 0(-Du+ ¢ (= 2(—Du + 240(-1),
v, =dDu+d) (= 2(Du + 210(-1)). (4.4)
Therefore, we can notice that ¢(1) = 2A®(—A) by Equation (3.5) is intercept of Equation (4.4) at u = 0 shown in Figure
3. We can transform Equation (4.4) into the following intercept forms as our special proposals. Moreover, if we consider that
both charts shown in Figures 2 and 3 as one picture such as Egyptian drawing styles without imaging their depth in Figure 4,
we can also propose several modified intercept forms for Equations (4.1) to (4.3).
That is, a modified intercept form of linear equation for a negative probability point —x(= —A2) in Figure 4 is rewritten as

1 1
—_u + —_— = 1 45
o o™ *3)
@ (—x)
Another modified intercept form of linear equation for a positive probability point x(= 1) in Figure 4 is also rewritten as
1 1
—_1u + —_—, = 1 46
o " *6)
®(x)

A modified intercept form of linear equation for probabilities both above negative probability point —x(= —A) and positive
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probability point x(= A1) in Figure 4 are shown as

1 1 1 1
. )¢(’2( )u+¢(x)v=1or —mu+mv=1. “4.7)
x) + —X

Thus, we can clarify that these intercept forms from Equations (4.5) to (4.7) are composed of probability density function
¢(x) at x and its inverse Mills ratio ¢ (u)/®(x) symmetrically.

If we consider the conditions, we also confirm that the special curve in Figure 4 passes through several fundamental points
with A®(—1) and A(l + €D(—/1)) [13, 14]. At the same time, we find these points also have two of the crucial tangent lines
shown in Figure 4 as slopes of intercept forms for winners and losers. Moreover, we can illustrate a true circle with a square
about standard normal distribution shown in Figure 4 [13, 14] as meaningful tendencies for winners, losers and their banker.
The center of this circle is an intersection of the rectangle diagonals. Without passing through the intersection, we find the other
important line whose slope is equal to 1.0 to distinguish into the separated squares by the proportion @(—21) : (1) at the
probability points x = +A1 [13]. This message is the most important proposal for us to show our approach as geometrically
correct.

hy(u) = p(u) + ud(u)

Tangent lines: /
v, =D(-Au +¢(L) /
v, = D(A)u+ ¢(A)

\ Radious = A/1+ @ (1)’

I, (u) = D(u)

[aa)
o
S
Q
)
o
Il
rﬁ
AD(-A)
u
<
|
= SIS
2 linear equation for lose S| %
S| S 1 1 I
' ~
[ U=y, =1 =
= #(A) d(A) 5
™ hp(u) = p(u) yuD(u) D(4)
I L Modified intercept form of
from Ay, (y) + uh, (u) — hy(u) =0 ) o
) 1 linear equation for a banker
8= D(u) - mp(u) ! + ! 1
_————Uu+——v=
4 ' . N0
from g, (u) +ugy,(u)+ gp(u)” =0 D)+ D(-1)
and m;,(u) —Hmll, w)—mp(u)=0 \
-2 u=0.0 A1=0.612003

Figure 4 Geometric relations between second order differential equation and Bernoulli differential equation on standard
normal distribution with a circle, squares, meaningful special tangent lines and their intercept forms based on 4 = 0.612003.
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Furthermore, we would like to illustrate other probability points such as x = 0.0 (¢(—0.0) = 0.5, ¢(0.0) = 0.5) and
x = 1£0.67449 (@(—0.67449) = 0.25, ¢#(0.67449) = 0.75). These values x(= +0.67449) are upper and lower quantiles
[21]. They are also special points to explain our approach concretely shown in the top of Figure 5 since we can find that both
the slopes of the right triangles at probability points +x by using Pythagorean theorem are equal to these probabilities of
standard normal distribution.

If we estimate that x = +0.67449, x brings us the right triangle whose proportion is 3 : 4 : 5 by using Pythagorean
theorem correctly and geometrically shown in Figure 5.

D(—x): () : P(—x)+ d(x) =1/4:3/4:4/4=1:3:4, = x = 0.67449. (4.8)

Probabilities of standard normal distribution
are connected to the right triangle
by Pythagorean theorm geometrically.

Probability point : x =0

D(x)=1-D(-x)=0.5

D(-x)=0.5

Proportion of right triangle=1:2/5
D(—x):D(x)=05:05=1:1

Probability point : x = 0.67449

D(x)=1-D(—x)=0.75

D(-x)=025

Proportion of right triangle=3:4:5
D(—x):D(x)=025:0.75=1:3

All points whithin the circle and square are converging at
one point practically because their pobability points are 0.

Probability point: x =0 Probability point: x = 0.30263084(=7) Probability point: x = 0.506054 (= ¢(x) / D(x))

(#(x) = &(-x)) @(x)=0.693591
H(x)/ D(-x) =1 @(—x) =0.306409
a =xPD(—x)

P=xD(x)=¢(x)

x=¢(x)/ O(x)=x=a+ [
Figure 5 Various geometric characterizations between right triangles and probabilities on standard normal distribution by
Pythagorean theorem. (Pythagorean theorem makes slopes and probabilities of standard normal distribution equally according
to circle, square, and tangent lines.)
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=0.8 =09 =1.0 k=11

u=kA, k=0.0,0.102,---1.0,1.1, 4=0.612003
Blue solid lines are probability density functions or cumulative distribution functions of standard normal distribution.
Green solid curves are integrals of cumulative distribution function of standarad normal distribution
Red solid curves are plus and minum inverse functions of inverse mills ratios of standard normal distribution.
Purple solid inverse functions of curves are probability density functions or
cumulative distribution functions of truncated normal distribution.
Orange dashed lines are tangent lines on the probability density based on both probability points.

Green dashed curves are circles and green dased lines related squares and their important lines

Figure 6 ktimes of 1 = 0.612003 on the standard normal distribution with circle and square.

In the same way, we can consider that the probability point x = 0.0 gets the proportion 1:1 : 2 since all points in the
left of the top of Figure 5 are converging at one point x = 0.0 such as the point shown in the left of the bottom of Figure 5.
That is also described as

D(—x): d(x): P(—x)+ @(x)=1/2:1/2:2/2=1:1:2, wx = 0.0. (4.9)

Therefore, we clarify that the tangent lines whose slopes are equal to the probabilities @(—x) and @(x) show the relations
between a circle and a square based on the probabilities by using Pythagorean theorem in this section if x is given as a real
number shown in Figure 6. These mathematical formulations satisfy Equations (4.5) and (4.6) based on ¢(x) and
¢(x)/ @(x). From above mentioned, we can also explain similar characterizations on x = n(= 0.30263084) and x =
0.506054 shown in Figure 5. We can confirm that the values x = n which brings us the Mills ratio is equal to 1.0 and x =
0.506054 whose meaning shows x = ¢(x)/®(x). These points are also geometrically attractive shown in Figures 5 and 6.

Furthermore, we realized that a real number x as probability point of standard normal distribution brings us the symmetric
relations and geometric characterizations by circle and square about standard normal distribution by using Pythagorean theorem
for winners, losers, and their banker shown in Figure 6.

-10 -
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5. Conclusions

In this paper, we dealt with the symmetric relations and the geometric characterizations about a standard normal distribution
by circle and square from the view point without imaging the height of densities such as Egyptian pictures in the ancient era.

First, we can clarify that the general solutions as the integral form of cumulative distribution functions of standard normal
distribution, Mills ratio, and inverse Mills ratio are shown as a mathematical formulation in section 3. In this case, we can
confirm the integrals are related to inverse of Mills ratio. Second, from these tendencies, we can also get the modified intercept
forms geometrically and symmetrically. We can understand these equations for winners, losers, and their banker according to
the probability points. When the bottom line of the square is located on the height v = 0.0, these probability points are u =
+1 = +0.612003 which are illustrated as the special case in our studies. Third, we can confirm that the integral form of a
cumulative distribution function of standard normal distribution is expressed as Self-adjoint differential equation.

As described above, we can reconfirm the geometric characterizations about 4 = 0.612003 with considering square, circle,
and normal distribution as the special modeling throughout this study. Furthermore, we can also realize there are many similar
tendencies from European through Oriental historical cultures close to the relations between circles and squares such as
Vitruvian man by Da Vinci [6], Squaring the Circle [7], and Mandalas [8]. There might not be related to normal distribution
directly. However, the ancient Egyptian drawing styles enable us to illustrate symmetric relations and geometric
characterizations between standard normal distribution and inverse Mills ratio with circle and square by using Pythagorean
theorem as one of the greatest ancient Greek mathematical tools. We would like to expect that our proposals will be useful and
contributed in the other fields as well as the statistical areas since our suggested charts and figures should be much simpler and
more powerful than we thought.
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