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Mamako-date problem and Josephus problem
Hisaaki Shinkai (Osaka Institute of Technology)
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The #F37 T’ (mamako-date, ‘stepchild standing’), which became famous through Jinkoki ( [EHIEC ),
is a mathematical game in which people arranged in a circle are removed every tenth count, and the last
person remaining wins. When two groups (the children of the first wife and the children of the second wife)
are arranged in a particular order, only one group is eliminated first — but the story carries a dramatic twist:
the last remaining member of the group being eliminated proposes a change, and the outcome is reversed.

The generalized problem of under what settings such a reversal can occur was discussed in Seki Takakazu’s
Rule of Sandatsu (1683), where it was derived by a recursive method.

The western ‘Josephus problem’, often compared with the mamako-date, shares the same setting but
asks a simpler question —namely, at which position the last remaining person will be — with no reversal
in the storyline. It was L. Euler who elevated this problem to a mathematical one, in 1776, describing it in
terms of a distinctive numerical sequence. I report here my finding that Euler’s recursive method is exactly
identical to that of the rule of Sandatsu. This means that Japanese mathematics had already treated and
solved the problem more than 80 years earlier. As far as I have been able to determine, no trace of historical
exchange between the two problems has been found.
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Appendix A: L. Euler FF&FIC L THELGHIIO—REICDOWLWTI (1776)
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Latin (original)

OBSERVATIONES CIRCA NOVUM
ET SINGVLARE PROGRESSIONVM
GENVS

Auctore L. EVLERO.

(Novi Commentarii academiae scientiarum
Petropolitanae, Vol. 20 (1775), 1776, pp. 123-139.
Enestrom E476.)

1. Inter res saepenumero, quae attentione nostra
haud dignae videantur, observantur quaedam, quae
satis profundam investigationem requirunt, ac non
parum sublimibus speculationibus occasionem
praebent. Quod cum plurimis exemplis confirmari
possit, tum nuper etiam ipse sum expertus, dum
quaestionem illam tyronibus notissimam, attentius
contemplarer, qua quindecim Christiani totidemque
Tudaei ita ordine sunt collocandi, ut si, numerandi
initio in dato loco sumto, nonus quisque vel decimus
in mare sit eiciendus, haec poena in solos Tudaeos sit
casura. Quae quaestio etiamsi in se nihil habeat
difficultatis, tamen mox vidi, si in genere de hominum
numero quocunque, ex quibus non nonus sed
secundum alium quemvis numerum quotusquisque sit
eiciendus, proponatur, difficillimum fore, ordinem
eorum, qui continuo eicientur, assignare. Neque adeo
methodus constat hoc in ge-

nere praestandi, tametsi quovis casu oblato, dum
numeratio actu instituitur, solutio facillime obtinetur.
Ex hoc genere haud parum curiosa mihi videtur
quaestio, si v. gr. ex plurium hominum numero is
solus sit supplicio afficiendus, qui, postquam nonus
quisque vel secundum alium numerum ex ordine fuerit
exemtus, tandem ultimo solus sit remansurus; hic
scilicet maxime intererit, ante nosse illum fatalem
locum, in quo numeratio illa ultimo terminabitur.

2. Quo omnia quae hic investiganda occurrunt,
clarius perspiciantur, casum illum perpendamus, quo
ex serie 30 notarum nona quaeque expungitur, quod
negotium numeratione actu instituta ita
commodissime repraesentatur:

1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
2320282414 4 712 119 16 10 26 27 26 518 2 8 29 30 13 15 11 22 6 3 21 17 9
Hic superiores numeri indicant, quoto loco a primo
computando quaeque nota sit posita, inferiores vero
numeri ostendunt, quando quaeque eiciatur, dum
scilicet continuo nona quaeque expungitur: Ita patet,
primo nonam, secundo decimam octavam, tertio
vicesimam septimam, quarto sextam, quinto decimam
sextam et ita porro expungi, donec ultimo delenda
supersit sola vicesima prima, qui adeo foret locus ille
fatalis ante memoratus. Si indices eiectorum ordine
disponantur, indicesque notarum subscribantur, haec
series prodibit.

Indices eiectionis

1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
91827 616 26 7 19 30 1224 822 523 11 29 17 10 228 25 1 4 15 13 14 3 20 21

Indices naturales.

Hanc postremam seriem voco seriem eiectionis, quia
ea indicat, quota nota eiciatur primo, secundo, tertio
etc. Ita scilicet primo eicitur nota 9na, secundo 18va,
tertio 27ma, quarto 6ta, quinto 16ta et ita porro,
donec ultimo trigesimo nempe loco eiciatur nota
vicesima prima. Vbi quidem meminisse oportet,
postquam numerando in serie notarum ad finem fuerit
perventum, numerationem iterum ab initio continuari;
ex quo intelligitur, notam trigesimam primam
convenire cum prima, et si cuiusque notae index fuerit
n, eidem quoque indices n + 30, n + 60, n 4 90 etc.
convenire sunt censendi.

English translation
Title / Header

Observations on a New and Singular
Kind of Progression

By L. Euler

(Novi Commentarii academiae scientiarum
Petropolitanae, Vol. 20 (1775), 1776, pp. 123-139.
Enestrom E476. English translation of the Latin
original.)
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1. Among the things which, though they often seem
unworthy of our attention, are nevertheless observed
to require rather profound investigation and to offer
no small occasion for lofty speculation — that this can
be confirmed by very many examples I myself have
lately experienced, when I looked more closely at that
question, well known to beginners, in which fifteen
Christians and as many Jews are to be arranged in a
circle in such an order that, if the counting begins at a
given place, every ninth (or every tenth) person is to
be thrown into the sea, this penalty falling only upon
the Jews. Although this question in itself presents no
difficulty, I soon saw that if, in general, for any
number of people whatsoever, it is proposed that not
every ninth but every some-other given number be
removed in turn, it would be extremely difficult to
assign the order of those who are successively
removed. Nor indeed is any method available in this
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kind of task, even though for any given case, once the
counting is actually carried out, the solution is
obtained quite easily. Of this kind a question that
seems to me not a little curious is this: if, out of a
number of several people, only that one is to be
subjected to punishment who, after every ninth (or
according to some other chosen number) has in turn
been removed, at last alone remains; it would clearly
be of the greatest interest to know beforehand that
fatal place at which the counting will finally
terminate.

2. In order that everything to be investigated here
may be perceived more clearly, let us consider that
case in which, out of a series of 30 marks, every ninth
is struck out in turn — a business which is most
conveniently represented by actually carrying out the
counting:

1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
2320282414 4 712 119 16 10 26 27 26 518 2 829 30 13 156 11 22 6 3 21 17 9
Here the upper numbers indicate at which place,
counting from the first, each mark is set; the lower
numbers show when each is removed, given that every
ninth is continually struck out. Thus it is clear that
the ninth is removed first, the eighteenth second, the
twenty-seventh third, the sixth fourth, the sixteenth
fifth, and so on in turn, until at last, at the thirtieth
removal, only the twenty-first mark remains to be
struck out. If the indices of those removed are
arranged in [removal] order, with the indices of the
marks written beneath them, the following series
results.

p-125

Indices of removal

1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
918 27 6 16 26 7 19 30 12 24 822 523 11 29 17 10 228 25 1 4 15 13 14 3 20 21

Natural indices.

I call this latter series the series of remowal, because it
shows which mark is removed first, second, third, and
so on. Thus the 9th mark is removed first, the 18th
second, the 27th third, the 6th fourth, the 16th fifth,
and so on, until at last, at the thirtieth place, the 21st
mark is removed. Here it must be kept in mind that
once the counting through the series of marks has
reached its end, the count is continued again from the
beginning; from which it follows that the 31st mark
coincides with the 1st, and if the index of any mark is
n, then the indices n 4 30, n + 60, n + 90, etc. must
be reckoned as coinciding with it as well.
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Latin (original)

3. Si hanc seriem eiectionis consideremus, vix ullum
ordinem in ea deprehendere licet; tres quidem primi
termini 9, 18, 27 secundum differentiam 9 ascendunt;
et quartus quoque 6, quia cum 36 convenit, eandem
legem sequitur. Quintus autem, qui est 16 vel 46,
denario praecedentem superat, quia in numerando
iam unus scilicet 9 seu 39 est deletus, ideoque non
numeratur. Ob eandem rationem a termino quinto 16
ad sextum 26 etiam 10, at a sexto 26 ad septimum 7
seu 37 iam 11 numerantur; sicque saltus continuo
fiunt maiores, quia plures notae iam deletae
transiliuntur; quod operationem actu instituendo
sponte elucet, etiamsi ordi-

ordinem harum differentiarum auctarum vix assignare
liceat; generatim certe hic nihil omnino definiri posse
videtur. Circa finem autem imprimis haec series
eiectionis ita fit irregularis, ut nulli prorsus legi
adstricta videatur. Eum in finem autem hanc seriem
hic exposui, quo clarius omnes difficultates, quibus
perscrutatio eius impeditur, perspiciantur, haecque
ipsa series ex ludicro principio enata attentione nostra
non indigna videatur.

4. Haec autem series eiectionis specialis duabus rebus
determinatur, quarum altera in numero notarum, qui
est 30, altera vero numeratore, qui est 9 continetur.
Quocirca in genere quaestio huc redit: ut dato
notarum numero una cum numeratore ipsa series
eiectionis exhibeatur, cuius solutionem cum in genere
sperare nequeamus, in casibus particularibus
attentionem nostram exerceri conveniet, num forte
legem quampiam detegere videamus. Ac primo
quidem patet, si numerator fuerit unitas, seriem
eiectionis ipsam fore seriem numerorum naturalium 1,
2, 3, 4 etc. quoniam enim primus quisque eiicitur,
primo loco primus terminus, secundo secundus, tertio
tertius et ita porro eiicitur, ita ut ultima nota simul
sit terminorum eiectorum ultimus.

5. Sit igitur numerator = 2, ita ut secundus quisque
eiiciatur, seu eiectio secundum alternos instituatur, ac
pro notarum numero series eiectionis ita se habere
deprehenduntur:

numerus notarum — series eiectionis pro
numeratore 2

111

21 2,1

312,1,3

41 2,4,3,1

512, 4,1, 5, 3

612, 4,6,3,1,5

712, 4,6,1,5,3,7

812, 4,6,8,3,7,5,1
912,4,6,8,1,5,9,7,3

101 2,4,6,8,10,3,7,1,9, 5

11| 2, 4, 6,8, 10, 1, 5, 9, 3, 11, 7

1212, 4, 6,8, 10, 12, 3, 7, 11, 5, 1, 9

13| 2, 4,6,8, 10, 12, 1, 5, 9, 13, 7, 3, 11

14 | 2, 4, 6, 8, 10, 12, 14, 3, 7, 11, 1, 9, 5, 13

15 | 2, 4, 6, 8, 10, 12, 14, 1, 5, 9, 13, 3, 11, 7, 15
16 | 2, 4, 6, 8, 10, 12, 14, 16, 3, 7, 11, 15, 5, 13, 9, 1

Hoc schema inspicienti facile erit pluribus modis
ordinem quendam observare. Ultimi scilicet termini
manifesto tenent progressionem arithmeticam binario
crescentem, dummodo termini qui numerum notarum
essent superaturi, infra eum deprimantur, numero
scilicet notarum inde detracto. Ita cum primo
habeatur 1, pro secunda serie ultimus, qui foret 3,
binario subtracto ad unitatem reducitur; hunc
sequitur 3, et sequens 5 numerum notarum unitate
superans ad unitatem reducitur, et ita porro. Simili
lege progrediuntur termini penultimi, tum vero etiam
antepenultimi, atque adeo omnes ab-

English translation

3. If we consider this series of removal, scarcely any
order can be discerned in it; the first three terms, 9,
18, 27, indeed increase by the common difference 9,
and the fourth term, 6, also follows the same rule,
since it agrees with 36. The fifth term, however,
which is 16 (or 46), exceeds the preceding by only 10,
because in counting, one [mark], namely 9 (or 39), has
already been deleted, and is therefore not counted.
For the same reason, from the fifth term 16 to the
sixth 26, again 10 are counted, but from the sixth 26
to the seventh 7 (or 37), already 11 are counted; and
so the gaps continually become larger, because more
and more already-deleted marks are skipped over — a
fact which becomes obvious of itself when the
operation is actually carried out, even though the
order
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of these increasing differences can scarcely be
assigned; in general, indeed, nothing at all seems
capable of being determined here. Toward the end,
moreover, this series of removal becomes so irregular
that it seems bound by no rule whatsoever. It is for
this very reason that I have set out this series here, so
that all the difficulties which impede its investigation
may be more clearly perceived, and so that this series
itself, though born of a playful beginning, may not
seem unworthy of our attention.

4. This series of removal is in fact determined
specifically by two things: one, the number of marks,
which is 30; the other, the counting-number [the
modulus of removal, numerator”], which is 9. Hence
the question in general comes down to this: that,
given the number of marks together with the
counting-number, the series of removal itself be
exhibited — a solution which, since we cannot hope
for it in general, it will be worthwhile to exercise our
attention on particular cases, to see whether we may
perhaps discover some law. And first it is clear that,
if the counting-number is unity, the series of removal
will itself be simply the series of natural numbers 1, 2,
3, 4, etc., since, as every first one in turn is removed,
the first term is removed at the first place, the second
at the second, the third at the third, and so on, so
that the last mark is likewise the last of the removed
terms.

5. Let the counting-number, then, be = 2, so that
every second one is removed, that is, removal proceeds
by alternates; and for [various] numbers of marks the
series of removal is found to behave thus:
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number of marks — series of removal for
counting-number 2

111

21 2,1

312, 1,3

412, 4,3,1

512, 4,1, 5, 3

612, 4,6,3,1,5

712, 4,6,1,5,3,7

812, 4,6,8,3,7,5,1
912,4,6,8,1,5,9,7, 3

101 2,4,6,8,10,3,7,1,9,5

11 | 2, 4, 6,8, 10, 1, 5, 9, 3, 11, 7

12 | 2, 4, 6, 8, 10, 12, 3, 7, 11, 5, 1, 9

13| 2, 4,6, 8, 10, 12, 1, 5, 9, 13, 7, 3, 11

14 | 2, 4, 6, 8, 10, 12, 14, 3, 7, 11, 1, 9, 5, 13

15 | 2, 4, 6, 8, 10, 12, 14, 1, 5, 9, 13, 3, 11, 7, 15
16 | 2, 4, 6, 8, 10, 12, 14, 16, 3, 7, 11, 15, 5, 13, 9, 1

To anyone examining this table it will be easy to
observe a certain order in several ways. The last
terms plainly follow an arithmetic progression
increasing by two, provided that any terms which
would exceed the number of marks are reduced below
it, namely by subtracting the number of marks. Thus,
since the first [row] gives 1, for the second series the
last term, which would be 3, is reduced to unity by
subtracting two; this is followed by 3, and the next, 5,
exceeding the number of marks by one, is reduced to
unity, and so on. The second-to-last terms proceed by
the same rule, and likewise the third-to-last, and
indeed all terms
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111

212,1

312,1,3

41 2,4,3,1

512,4,1,5,3

612,4,6,3,1,5

712,4,6,1,5,3,7

812,4,6,8,3,7,5,1
912,4,6,8,1,5,9,7,3

10 | 2, 4, 6, 8, 10, 3, 7, 1, 9, 5

11 |1 2, 4, 6, 8, 10, 1, 5, 9, 3, 11, 7

12 | 2, 4, 6, 8, 10, 12, 3, 7, 11, 5, 1, 9

13| 2, 4, 6, 8, 10, 12, 1, 5, 9, 13, 7, 3, 11

14 | 2, 4, 6, 8, 10, 12, 14, 3, 7, 11, 1, 9, 5, 13

15 | 2, 4, 6, 8, 10, 12, 14, 1, 5, 9, 13, 3, 11, 7, 15
16 | 2, 4, 6, 8, 10, 12, 14, 16, 3, 7, 11, 15, 5, 13, 9, 1
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DIEIZOWTH D LD, KRITRRDOED HFFEEC
HBFRTOIHEIZDONT
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Latin (original)

ab ultimis aequidistantes. Quoniam igitur omnes
rectae obliquae ei, quae per terminos ultimos transit
parallelae, per huiusmodi progressiones arithmeticas
pro numero notarum mutilatas transeunt, hinc istae
series quousque libuerit facile continuantur.

6. Exponamus simili modo series eiectionis pro
numeratore = 3, ac lex progressionis multo magis
abscondita prodibit

numerus notarum — series eiectionis pro
numeratore 3

111

211, 2

313,1,2

413,2,4,1

513,1,5, 2, 4

613,6,4,2,5,1

713,6,2,7,5,1, 4

813,6,1,5,2,8,4,7
913,6,9,4,8,5,2,7,1

1013,6,9,2,7,1, 8,5, 10, 4

11 13,6,9, 1,5, 10, 4, 11, 8, 2, 7

12 | 3,6, 9, 12, 4, 8, 1, 7, 2, 11, 5, 10

13| 3,6,9, 12, 2, 7, 11, 4, 10, 5, 1, 8, 13

14 | 3,6, 9, 12, 1, 5, 10, 14, 7, 13, 8, 4, 11, 2

15 | 3, 6, 9, 12, 15, 4, 8, 13, 2, 10, 1, 11, 7, 14, &
16 | 3,6, 9, 12, 15, 2, 7, 11, 16, 5, 13, 4, 14, 10, 1, 8
etc.

Interim tamen etsi secundum lineas horizontales et
verticales ordo magis est abstrusus, tamen in ulti-

mis iterum progressio arithmetica se prodit secundum
ternarium crescens; haecque eadem lex quoque in
penultimis et antepenultimis ut ante deprehenditur,
ex quo et has series facillime continuare licet.

7. Circa hanc legem in terminis ultimis locum
habentem dubitare amplius non poterimus, dum ea
adhuc pro numeratore 4 observetur. Pari ergo modo
series eiectionis inde erectas repraesentemus

numerus notarum — series eiectionis pro
numeratore 4

111

21 2,1

311, 3,2

41 4,1, 3,2

514, 3,5, 2,1

61 4,2,1, 3, 6,5

71 4,1,6,5,7, 3,2

81 4,8,5,2,1, 3,7, 6

91 4,8,3,9,6,5,7,2,1

0| 4, 8, 2,7, 3, 10, 9, 1, 6, 5

111 4,8, 1, 6, 11, 7, 3, 2, 5, 10, 9

12 | 4, 8, 12, 5, 10, 3, 11, 7, 6, 9, 2, 1

13 | 4, 8, 12, 3, 9, 1, 7, 2, 11, 10, 13, 6, 5

14 | 4, 8, 12, 2, 7, 13, 5, 11, 6, 1, 14, 3, 10, 9

15 | 4, 8, 12, 1, 6, 11, 2, 9, 15, 10, 5, 3, 7, 14, 13
16 | 4, 8, 12, 16, 5, 10, 15, 6, 13, 3, 14, 9, 7, 11, 2, 1
etc.

Hinc ergo lex illa in seriebus oblique descendentibus

prorsus confirmatur, quae scilicet hic sunt
arithmeticae quaternario crescentes, dum termini
numerum nostrum superantes infra eum deprimuntur.
In seriebus autem horizontalibus et verticalibus ordo
fit continuo intricatior. Quin etiam ipsa rei natura in
seriebus horizontalibus nullam progressionis legem
patitur, propterea quod eae, cum omnes numeros
notarum numero non maiores fuerint complexae,
ulteriori continuationi adversantur, ita ut continuatio
tanquam imaginaria sit spectanda.

English translation

equidistant from the last. Since, therefore, all the
oblique lines which pass through the last terms are
parallel, they pass through arithmetic progressions
truncated according to the number of marks, and
hence these series can easily be continued as far as
one pleases.

6. Let us set out, in the same manner, the series of
removal for counting-number = 3, and a law of
progression far more hidden will emerge:

number of marks — series of removal for
counting-number 3

111

211, 2

313,1,2

41 3,2, 4,1

513,1,5, 2, 4

613,6,4,2,5,1

713,6,2,7,5,1, 4

813,6,1,5,2,8,4,7
913,6,9,4,8,5,2,7,1

1013,6,9,2,7,1, 8,5, 10, 4

111 3,6,9, 1,5, 10, 4, 11, 8, 2, 7

12 | 3,6, 9, 12, 4, 8, 1, 7, 2, 11, 5, 10

13 | 3,6, 9, 12, 2, 7, 11, 4, 10, 5, 1, 8, 13

14 | 3,6, 9, 12, 1, 5, 10, 14, 7, 13, 8, 4, 11, 2

15 | 3, 6, 9, 12, 15, 4, 8, 13, 2, 10, 1, 11, 7, 14, &
16 | 3, 6, 9, 12, 15, 2, 7, 11, 16, 5, 13, 4, 14, 10, 1, 8
etc.

Meanwhile, although the order along the horizontal
and vertical lines is more obscure, nevertheless in the
last
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terms an arithmetic progression again presents itself,
increasing by three; and this same rule likewise holds,
as before, for the second-to-last and third-to-last
terms, from which fact these series too can very easily
be continued.

7. Concerning this rule holding for the last terms we
shall no longer be able to have any doubt, once it has
also been observed for counting-number 4. Let us,
then, in the same way, set out the series of removal
derived from it:

number of marks — series of removal for
counting-number 4

111

21 2,1

311,3,2

4] 4,1, 3,2

51 4, 3,5, 2,1

6| 4,2,1, 3, 6,5

714,1,6,5,7, 3,2

81 4,8,5,2,1, 3,7, 6

91| 4,8,3,9,6,5,7,2,1

101 4, 8, 2,7,3,10, 9,1, 6,5

11 | 4, 8, 1, 6, 11, 7, 3, 2, 5, 10, 9

12 | 4, 8, 12, 5, 10, 3, 11, 7, 6, 9, 2, 1

13 | 4, 8, 12, 3, 9, 1, 7, 2, 11, 10, 13, 6, 5

14 | 4, 8, 12, 2, 7, 13, 5, 11, 6, 1, 14, 3, 10, 9

15 | 4, 8, 12, 1, 6, 11, 2, 9, 15, 10, 5, 3, 7, 14, 13
16 | 4, 8, 12, 16, 5, 10, 15, 6, 13, 3, 14, 9, 7, 11, 2, 1
etc.

Hence, then, this rule, in the series descending
obliquely,
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thoroughly confirmed — these [oblique series],
namely, are here arithmetic progressions increasing by
four, provided the terms which exceed our number [of
marks] are reduced below it. In the horizontal and
vertical series, however, the order becomes ever more
entangled. Indeed, the very nature of the matter
allows no law of progression in the horizontal series,
because these, once they have included all the
numbers not exceeding the number of marks, are
averse to any further continuation, so that any
continuation of them must be regarded as, so to
speak, merely imaginary.

BHAGER

FETH 5. L1zhoT, WEDEEE SR DERR
BIRTEWIFATTH 205, ZTHSHEHIOEIZIG
CTHBbon/-FE28F @S Z 2Tk, 2hw
ZINSDHINIIFERIZIBRITHT B N TE
5.

6. RO T, X EFOR=3 1T 2FREDE
R L TAED. T2E, Z2IBINETD
EHIDHHN .

D — B LIFOE 3 IC T BFREDET!

111
211, 2
313,1,2
41 3,2, 4,1
513,1,5, 2, 4
613,6,4,2,5,1
713,6,2,7,5,1, 4
813,6,1,5,2,8, 4,7
913,6,9,4,8,5,2,7, 1
1013,6,9,2,7,1, 8,5, 10, 4
1113, 6,9, 1,5, 10, 4, 11, 8, 2, 7
12 13,6,9, 12, 4, 8, 1, 7, 2, 11, 5, 10
131 3,6,9, 12, 2, 7, 11, 4, 10, 5, 1, 8, 13
14 | 3, 6, 9, 12, 1, 5, 10, 14, 7, 13, 8, 4, 11, 2
15 | 3, 6, 9, 12, 15, 4, 8, 13, 2, 10, 1, 11, 7, 14, 5
16 | 3, 6, 9, 12, 15, 2, 7, 11, 16, 5, 13, 4, 14, 10, 1, 8
5

CIFWA, KR EETTANIA - 7R & D #E
RTH 20, TR THRED

JHIZBWTIE, 202 3 TS 2 F 28008 H UM
5. ZORICHANE, &EH»S 2%FH, 3HHDIHIC
DWTHIAELFARICAHENZ2DT, 26 DEFD
FRBRBRITB N TES.

7. BBEDOIEICE D LD ZOMANOWT, Bz BT
DA DEEEBETIUL, TP I 72
2THA 5. ZZTHEEDMEAT, chikhBohs
REDESNERE S.

IO — HX LEIFO 4 ICHT 3 BREDEHT

111

21 2,1

311, 3,2

4| 4,1, 3,2

514, 3,5, 2,1

61 4,2,1, 3, 6,5

71 4,1, 6,5,7, 3,2

81| 4,8,5,2,1, 3,7, 6

91 4,8,3,9,6,5,7, 2,1

i0 | 4, 8, 2, 7, 3, 10, 9, 1, 6, 5

11 | 4, 8, 1, 6, 11, 7, 3, 2, 5, 10, 9

12 | 4, 8, 12, 5, 10, 3, 11, 7, 6, 9, 2, 1

13| 4, 8, 12, 3, 9, 1, 7, 2, 11, 10, 13, 6, 5

14 | 4, 8, 12, 2, 7, 13, 5, 11, 6, 1, 14, 3, 10, 9

i5 | 4, 8, 12, 1, 6, 11, 2, 9, 15, 10, 5, 3, 7, 14, 13

i6 | 4, 8, 12, 16, 5, 10, 15, 6, 13, 3, 14, 9, 7, 11, 2, 1
%4

L7=3-T, ZOMAN, RIS 28580
Td

FoEffIFoN3. TbEINOIXNE4TH
M 2%EERFITcHD, 27208 (1O
PHEZZEIZZNAL NI E NIFRQER SRV, L
LIRS T - EFFAOBINCBWTIE, BRFIXET
FTAAASTB DR D, EE, FEWHOAEZD S
DB, HKESEIDEIN TN D72 BT OER S FF X
RV, BERS NS OBINE, HIOZEZ W
BIRTCEASEZTRET, ZRLIERT 2 2 2z
5905 THD, ZRWOXZO#MEIE, WhiZEGRE
DHDELARIXBEFRV.
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Latin (original)

8. En ergo insignem legem, cuius ope pro quovis
numeratore et notarum numero, nota ultimo eiicienda
assignari potest. Existente scilicet numeratore = n, si
pro notarum numero v ultima eiicienda sit z, seu
indici z respondeat, tum pro numero notarum v + 1,
ultima eiicienda erit z 4+ n, siquidem non sit
z+n>v+1;atsi z+n>v+ 1, ultima erit
z+4n—v—1velz+n—-2(v+1)vel z4+n—-3(v+1),
vel generatim dividendo z + n per v + 1, residuum ex
divisione relictum dabit indicem ultimae notae
eiiciendae. Ubi notetur, si divisio nihil relinquat, tum
pro residuo 0 scribi notarum numerum v 4+ 1. Cum
ergo pro numero notarum n cognita fuerit ultimo
eiecta, pro omnibus notarum numeris maioribus
ultimo eiecta facile per hanc regulam assignabitur.
Perpetuo autem si unica fuerit nota, eadem quoque
erit ultimo eiecta, seu si fuerit v = 1, erit z = 1, unde
sequentes omnes sine ullo negotio reperiuntur. Quae
regula eo magis est notatu digna, quod sine eiectionis
or- dine

dine cognito statim ultimo eiiciendam exhibeat,
etiamsi ea manifesto ab ordine ante eiectarum
pendeat. Quamobrem haec regula merito tanquam
insigne Theorema spectari debet, in cuius
demonstrationem inquirere omnino operae erit
pretium.

9. Sequenti modo autem eius demonstratio
commodissime adstrui videtur. Consideretur notarum
numerus v+1, unde secundum numeratorem n prima
fiat eiectio, quae cadet in notam n, siquidem fuerit

n < v+ 1, vel in notam n — a(v + 1), qui indices
autem omnes indici n aequivalent. Expungatur ergo
haec nota, ut haec punctorum series A indicat

A; 1 2 3 ....... n n+l n+2 ...... v+1
(n marked as eiected)
ac notae praecedentes 1, 2, 3 ---, (n — 1) ad finem

adiungantur indicibus numero v+1 auctis, ut prodeat
ista punctorum series

B .... nt+i1

in qua notarum numerus est v, quaeque series ab ea,
ubi numerus notarum est v, quam ita repraesento,

c.... 1

aliter non differt, nisi quod ibi indices numeratore n
sunt aucti. Utrinque ergo eiectiones secundum
numeratorem n factae in easdem ordine notas cadent,
ac si eiectio ultima in serie C incidat in notam cuius
index est z, ea in serie B incidet in notam cu-

ius index est n + z; id quod etiam in serie notarum A,
quarum numerus est v+1 eveniet. Quo ipso veritas
nostri Theorematis evincitur. Simul autem inde patet,
quod hic de notis ultimo eiectis est demonstratum,
idem de penultimis, antepenultimis, omnibusque
ordinibus ab ultimis aequidistantibus valere.

10. Huius igitur regulae ope statim pro quovis
numeratore series eiectionis formare poterimus, cuius
specimen pro numeratore 5 hic appono

numerus notarum — series eiectionis pro
numeratore 5

English translation

8. Here, then, is a remarkable rule, by whose aid the
mark last to be removed can be assigned for any
counting-number and number of marks whatsoever.
Namely, let the counting-number be = n; if, for a
number of marks v, the last to be removed is z —
that is, if it corresponds to the index z — then for a
number of marks v + 1, the last to be removed will be
z 4+ n, provided z + n is not > v + 1; but if
z+mn>v+1, the last will be z+n—v —1, or
z4+n—2(v+1),or z+n—3(v+1); or, in general,
dividing z 4+ n by v + 1, the remainder left over from
the division will give the index of the last mark to be
removed. Here it should be noted that, if the division
leaves nothing over, then in place of the remainder 0
one should write the number of marks v + 1. Since,
therefore, once the last-removed [mark] is known for a
number of marks n, the last-removed for all larger
numbers of marks can easily be assigned by this rule.
Always, moreover, if there is but a single mark, that
same one will of course also be the last removed, that
is, if v = 1, then z = 1, whence all subsequent [values]
can be found without any trouble. This rule deserves
to be noted all the more, because without the order of
removal
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being known, it at once exhibits the one to be finally
removed — even though this manifestly depends on
the order of those removed before it. For this reason
this rule deserves rightly to be regarded as a
remarkable theorem, one whose demonstration is
entirely worth investigating.

9. The demonstration of it seems most conveniently
to be established in the following way. Let the number
of marks v+ 1 be considered, from which, according to
the counting-number n, the first removal takes place,
which will fall upon mark n, provided n < v + 1, or
upon mark n — a(v + 1); these indices, however, are
all equivalent to the index n. Let this mark, then, be
struck out, as this series of points, A, indicates:

A; 1 n n+l n+2

(n marked as removed)

and let the preceding marks 1, 2, 3, -+, (n — 1) be
appended at the end, with their indices increased by
the number v+1, so that this series of points results:

B .... nt+tl n+2 v+l

in which the number of marks is v; and let the series
obtained from this, where the number of marks is v,
be represented thus:

c.... 1

which differs from the former in no respect, except
that there the indices are increased by the
counting-number n. On both sides, therefore, the
removals made according to the counting-number n
will fall upon the marks in the same order; and if the
last removal in series C falls upon the mark whose
index is z, then in series B it will fall upon the mark
whose
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n + z; which will likewise occur in the series of marks
A, whose number is v+1. By this very fact the truth
of our theorem is established. At the same time it
follows from this that, what has here been
demonstrated concerning the marks last removed,
holds equally for the second-to-last, the third-to-last,
and indeed for all ranks equidistant from the last.

10. By the aid of this rule, then, we shall at once be
able to form the series of removal for any
counting-number whatsoever; of which I append here
a specimen for counting-number 5:

number of marks — series of removal for
counting-number 5

BAFER

8. ITZZiT, HFHIREHAIH 2. ZoHAN
XoT, FEOBZ LT HOBIZOWT, K%
IR NBHIZE DB TR TES. bbb,
BAZEFOEEn &L, HIO v T U THREZICERD
NZDN z, DENIEE 2 1B T B T2, Tk
%, HOBDBv+1De %, RRIEIPNEDIE z+n
ThHb. 72720, z24+nDrv+12BIRVESICE
5. dLz+nDrv+1E2HBZ 242013, RERZEIN
5D z+n—v—-1, H52WVEz+n-2w+1), D3
Wi z+n—-3+1)THs. —fRIZERE, 24+n%
v+ 1TEloz ZORD D, RBRIERINZHIDHE
EErE522%., TITHEREITREE, Bhyntioy
HizwgEaici, &Y 0 oo ICHIOH v +1 %2FE
WS ZeTH5. LizhsT, HIOE nizoWT
BRRIERPND DNV 20bhiuE, Zh bk
ZVITARTOHIOEITOWT S, ZOHANT k> TH
BRIHRINDDDEREZHICH DY TR IR TES.
I, =2 L WnWEEIcE, 20—
MEFDEERBICEINZDDERE. DFEh =1
B 2=1ThbY, ZHUTX>TLIFEDTRTOE
DT b RkD LMD, ZOHANIFRICIEH I
B33, hEhs

REDIEFZHIS L TYH, RRICEIAZDDEE
BITR LT NENLLTHD. o dbEX, #h
LIHTIZERD 72 3 D DNEFFIZH & 2 KTE L TW B D
TH50. ZOMENS, ZOHANIE XIFEE TN
EEHLARINBIZSEZIDLL, ZORAEERS
% Z 2 ERWICifED H 2EHTH A 5.

9. ZOIEHHIX, XD X5 A TRIME X HHA
VTHNB LS EBEbNS. HIOBv+1%2EZ, Z
NEDEZ LT O n 1> TRAIDEREDITTHN S
35, FRUE, n<v+1THE2RHEFHInIZ, H
Z2WVEHIn —a(v+1) 12475 (2o 0REETA
THRiEn FliCH2) . ZZTIOHMEHETE, X
DREDH|ADPRTEDICRS.

A; 1 2 3 ....... n n+l n+2 v+l

(npSFREEShdDE LTHID DKL)

ZLUTCHITT B0, 2,3, -+ (n—1) ZREIAHIM
Z, ThoDEEZv+1 M2, RDEDOH|H
Behs.

B .... ntl

CZTHIOEIZ v THB. LT, HIOB» v TH 2
LEIEONDE ZOHANE, RDXHICRED

............... v+n

c.... 1

CHUIRTE e & Bz s, 7272 LRTE T3 EEic
B2 EFTOEnMZ 5N TNEEETFNERS. L
2o T, BZ ETOE n ITE- TITObR B BRER,
MEICBWTHUIEFTHIC Y25 Zickb. L
BH| CI2BWTREZEDOREDEIE » DENCY 725 7
51F, BH B 2BV TIEZUIIEED XD

v—1 v

n+z THHENTY5. ZHUIHIOED v+1 TH S
BHIAICBOTHRRRICEZS. X2zl
XoT, A DEHMOEMMENGEAE NS, [FKHIC
ZDOZEehs, HERCRINZENCOWTREIH X
Zrid, mEH»SH2%EH, 3FH, FLTRICEKL
 SEIRREICH 2 TR TOIERIZDONWT SRR D
DASKNR /Y oV V-0

10. L7=23-T, ZOHAIOBT 2D UL, £ED
BAZ EF ORI T 2REDBENEEBIES Z 2D
TZ5%. 2ol LT, BA LTS5 20 TN
% ZITRT.

o — HZ EIF0# 5 I B REDEHT
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Latin (original)

111

211, 2

312, 3,1

411, 3, 4, 2

515,11, 3, 4, 2

615, 4,6,2, 3,1
715,3,2,4,7,1,6
81656,2,8,7,1, 4,6, 3
91656,1,7, 4, 3,6,9, 2,8

i0 | 5, 10, 6, 2, 9, 8, 1, 4, 7, 3

11 | 5, 10, 4, 11, 7, 3, 2, 6, 9, 1, 8
12 | 5, 10, 3, 9, 4, 12, 8, 7, 11, 2, 6, 1

12, X ~~, §11 13ATH Y7 5720)] Etsi autem
series notarum ultimo loco eiectarum tam simplicem
ac facilem legem sequitur: tamen hoc maxime
mirabile usu venit, quod in genere hanc seriem nullo
modo exhibere liceat. Velu-ti

ti si pro numeratore series ultimo eiectorum ita
repraesentetur

2 3 45 6 7 8 9 10 .... v
A B CDEVF GHTI ....N

num. notarum 1

series 1

novimus quidem fore A vel 1 vel 2, seu A =n — 27

vero
B =A+n—3i, C = B4+n —4i, D = C+n — 5i etc.

verum tamen hinc generaliter terminum N assignare
non valemus, propterea quod in singulis littera i
determinatum numerum denotat, tantum scilicet, ut
terminus indicem supra scriptum non superet. Hinc
etsi determinatio D = C+n — 5¢ nihil habet
difficultatis, tamen si velimus pro C suum valorem
B+n — 4i ponere, ut prodeat D = B+2n — 47 — 5¢ hinc
nihil concludere possumus, quandoquidem geminae
litterae ¢ valores non innotescunt. Causa igitur, cur in
genere circa hanc seriem nihil definire liceat, in hoc
consistit, quod continuo terminorum reductio ad alios
numeros sit instituenda. Facilius hoc intelligetur, si
perpendamus, nullum terminum ex praecedente
absolute determinari, sed ad plures interdum
conditiones esse respiciendum: Scilicet si quartus
detur C, quintus erit vel C+n nisi C+n > 5;

vel erit C+n — 5 nisi C+n > 10 vel erit C+n — 10 nisi
C+n > 15 etc.

quemlibet autem terminum ad suam debitam formam
deprimi oportet, antequam ex eo sequentem ope
regulae demonstratae eliciamus.

13. Pro casibus autem particularibus ad terminos
valde remotos per saltus progredi licet, ut non sit
opus omnes intermedios evoluisse. Scilicet si pro
numeratore n, indici v, qui hic notarum numerum
significat, respondeat terminus a, tum indici v + x
respondebit terminus a + nz, dum sit a + nx < v+«
seu x < (v —a)/(n —1): quin adhuc hic terminus
recte se habet, si x unitate augeatur, hoc est si

x> (v—a)/(n —1), ut excessus unitate sit minor,
tumque indici v + = respondebit terminus

(n — 1)z — v + a. Simili modo ab hoc per saltum ad
remotiorem terminum pervenire licet, saltus autem
continuo fiunt maiores: per singulos autem saltus
termini in progressione arithmetica secundum
numeratorem n crescente procedunt. Ab initio
quidem singuli termini seorsim sunt definiendi, statim
autem atque ad indices numeratore maiores
pervenitur, calculus per saltus commodius instituitur,
cuius specimen pro numeratore 9 opponam, ubi
perpetuo numerum v — a per 8 ita dividi oportet, ut
quotus nimis magnus accipiatur: tum enim ipse
quotus dabit valorem ipsius z, et residuum erit
terminus per hunc saltum sequens:

Series pro numeratore 9

2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18
2 2 3 2 5 7 8 8 7 5 211 615 817 8
2 3 3 4 4 45 6 6 7 8 9

Indices 1
termini 1
Saltus

English translation

111

211, 2

312,3,1

411, 3, 4, 2

515, 1, 3, 4, 2

6 15, 4,6, 2, 3,1
7165,3,2,4,7,1,6
815,2,8,7,1, 4,6, 3
9165,1,7,4,3,6,9, 2,8

10 | 5, 10, 6, 2, 9, 8, 1, 4, 7, 3

11 | 5, 10, 4, 11, 7, 3, 2, 6, 9, 1, 8
12 | 5, 10, 3, 9, 4, 12, 8, 7, 11, 2, 6, 1

§12.[as printed — §11 does not appear in the text]
Although the series of marks removed last follows so
simple and easy a rule, it is nevertheless a most
remarkable circumstance that this series can in no
way be exhibited in general. As, for
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instance, if for the counting-number the series of those
removed last is represented thus:

2 3 45 6 7 8 9 10 .... v
A B CDEVFGHTI ....N

no. of marks 1

series 1

we do indeed know that A will be 1 or 2, that is, A
=n — 2i;

and further
B = A+n —3i, C = B4+n — 4i, D = C+n — 51, etc.

Nevertheless we cannot from this in general assign the
term N, because in each case the letter ¢ denotes some
definite number, only large enough that the term not
exceed the index written above it. Hence, although
the determination D = C+n — 5i presents no
difficulty, if we should wish to substitute for C its
value B4+n — 44, so that D = B+2n — 47 — 5i results,
we can conclude nothing from this, since the values of
the two occurrences of the letter ¢ are not known to
us. The reason, then, why nothing can be determined
in general about this series consists in this, that the
reduction of terms to other numbers must continually
be freshly instituted. This will be understood more
easily if we consider that no term is determined
absolutely from the preceding one, but that several
conditions must sometimes be attended to: namely, if
the fourth term C is given, the fifth will be either
C+n, unless C+n > 5;

or it will be C+n — 5, unless C+n > 10; or it will be
C+n — 10, unless C+n > 15; etc.
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Each term must be reduced to its proper form before
we can, by the rule demonstrated, derive the next one
from it.

13. For particular cases, however, one may proceed
by jumps to terms lying far off, so that it is not
necessary to work through all the intermediate ones.
Namely, if for the counting-number n, the index v
(which here denotes the number of marks)
corresponds to the term a, then to the index v+ x will
correspond the term a + nz, as long as a +nz < v+,
that is, z < (v — a)/(n — 1); indeed, this term still
holds correctly if z is increased by one, that is, if

x> (v —a)/(n—1), so that the excess is less than
unity, in which case to the index v + x will correspond
the term (n — 1)z — v + a. In like manner one may
proceed by a [further| jump from this to a more
distant term, the jumps continually becoming larger;
and with each successive jump the terms proceed in
an arithmetic progression increasing according to the
counting-number n. At the outset, indeed, each term
must be determined separately, but as soon as one
reaches indices larger than the counting-number, the
calculation is more conveniently carried out by jumps,
a specimen of which I shall set out for
counting-number 9, where one must continually divide
the number v — a by 8 in such a way that the quotient
obtained is taken too large: for then the quotient
itself will give the value of x, and the remainder will
be the term corresponding to the next jump:
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Series for counting-number 9

2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18
1 2 2 3 2 5 7 8 8 7 5 211 615 817 8
2 3 3 4 4 4 5 6 6 7 8 9

Indices 1
terms
Jumps

o
o
o
=

111

211, 2

312,3,1

411, 3, 4, 2

515, 1, 3, 4, 2

6 15, 4,6, 2, 3,1
7165,3,2,4,7,1, 6
815,2,8,7,1, 4,6, 3
915,1,7,4,3,6,9, 2,8

10 | 5, 10, 6, 2, 9, 8, 1, 4, 7, 3

11 | 5, 10, 4, 11, 7, 3, 2, 6, 9, 1, 8
12 | 5, 10, 3, 9, 4, 12, 8, 7, 11, 2, 6, 1

§12. (X ~=~. §11 ZAXHICRYE =52 WV] K%
WZBEDL B FIDEH D 2 AUF ¥ B TR S HRINCHE
Db 5T, ZOBINE—RITRT ZENE-
72 TCERVEWVWIEHR, OO THEAINREZL
ThHb. HlzR

BA EFORITHR LT, &RIZBHR»ND DO %
RDESWTRTELES.

Elo% 1
B 1

=B3PS, AZ1ID220WTANRTHE I L,
THOLBA=n—-2iTHBIEH->TV3.

5T
B=A+n—-3i,C=B+n—4i,D = C+n—5i, F4

LLEDNS, O —RICEN Z2RkD2 Z ik
TERV., BERS, ZNFNOHEEITBVWTXF i
BHIREODEEERELTWBDED, FHUIIED I
ErNTEETBABROVEEOREZICTERVDLS
TH5. LIHo>T, D=CHn—5 EWVWIHREIIZ
ZHUHEKMONEED WD, L COfEE LT
B+n—4i ZfAL, D=B4+2n—4i —5i LW IRZ
BEOeLTH, ZhrofbibmTsIidTaER
V. 2SI DY, ZODNF i DIEHZNZIUT D
OB SETH D, ZHOZ, — KT D
FNZOWTHBED D Z e B TERWEEIX, ROH
Whd. Thbb, HokE (B %, ZOEEH
OB IThRER SRV WS 22 ThHB.
ZOZXIX, RDOXICEZIUL L D BEHICHFETE
ZTHAS. Thbb, WHrRIZEDHITTIHENS
HOSHNCEF 2 DT L, FRTZWL 2054 %
ERLRITINIRSRNVE WS 22 ThHS. Thbb,
HLBAECHEZ NS, FHHEIXC4nTH
M, 12720 C+n > 5 TRWEHEICR 3.

C+n > 10 TRIFNE C+n -5 &R,
THRINUUI CHn—10 123, Fx.

2 3 45 6 7 8 9 10 ....v
AB CDEVFGHTI ....N

C+n > 15

WENRDIED, ZRAKDD ZREHIZE] & RNFTH
5, A NHHANC X o TROER Z Z 5 5iEh i
ERskwn,

13. L2 LRFEDBEICOWTIE, =L B ziEA
MOB LN SELZ e TE, IXRNTOHEIEE -
CRPBEIRV. TROE, MA LT n T T,
By (ZZTCURHOEZRT) PHIIHIET 2L
LS. 2ot =t v+ 1I3E a+ne BSIET 5.
7ella+ne <v+z, §Bbbr<(v—a)/(n—1)
THHHEIZSITHE. bo2d, o2 1720HEPL
Td, §4bbar>w—a)/(n—-1)THoTdh, %
DB 1 KM THBRY, ZOHEIFIBEBIEL K
DD, ZDE, filFv+2 Z3E (n— )z —v+a
XIS 5. FREDMLES T, ZI2Hh50 X SHITEWIEAN
EROBULIC K > T Z AT E, MRCMFIEXEIC
RELZoTWL. ZLTURIBLDZ kI, H
B Z BT n 1> TN 25285 % 7% L
TiEd. RO S BIFFEEFEFNIEDRIT UL 5
BV, BZLIFOBE D RERIBFITET S5
12, FHERROBULIZ L > TITS1E 5 AMERIC K 5.
ZFOHE-Z FIFOEIIWCOWTRES. 22T,
By —aZz®28TEZDED, ZOMebX K=
DIZIB X 512T 5. 25 FTHUE, ZOBENKRDY ¢z D
Bx2 52, ROPROREBLICHIET 2THE 12 5.

#Hz EiFo o Ioxd 385

B 1
I 1
RO

2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18
2 2 3 2 5 7 8 8 7 5 211 615 817 8
2 3 3 4 4 4 5 6 6 7 8 9
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Latin (original)

indices 20 22 25 28 32 36 40 45 51 57 64 72 81
termini 6 2 4 3 7 7 3 3 6 3 2 2 2
Saltus 10 12 13 14 16 19 20 23 26 30 31 37

91 103 116 130 146 165 185 208 234 264 297 334
termini 1 6 7 3 1 7 2 1 1 7 7 6
Saltus 42 47 52 60 67 75 85 95 107 120

indices

indices 376 423 475 535 602 677 762 857 964 1084
termini 8 8 1 6 7 5 8 6 5 1
Saltus 136 152 172 193 217 244 275 309 348

indices 1220 1372 1544 1737 1954 2198 2473 2782 3130
termini 5 1 5 5 4 2 4 3 5
etc.

14. Hanc ergo seriem facili labore ultra ter mille
terminos continuavimus, ac si ulterius progredi
velimus, ex numeris postremis 3130 et 5 calculum ita
instituimus:

ab 3130 Hinc saltus per 391 terminos porri-
subtr. 5 gitur, indeque terminus cuius index
- est 3521 erit ut residuum indicat
8) 3125 3. Porro
391 (3)
ab 3521 Hic saltus fit per 440 terminos, unde
subtr. 3 oritur index 3521+440=3961,
- cui respondet terminus 2 residuo
8) 3518 indicatus.
440 (2)
ab 3961
subtr. 2 Hinc colligitur pro indice 4456
- terminus 1.
8) 3959
495 (1)

Ab hoc autem saltus sequens ultra 5000 extenditur;
neque tamen video, quomodo huius seriei terminus
verbi gratia decies millesimus vel adeo centies
millesimus nisi saltibus hoc modo continuendis,
assignari possit: indices quidem per hos saltus
crescentes secundum progressionem geometricam in
ratione 8:9 proxime crescunt, sed quia hoc tantum
proxime fit, hinc nullum subsidium pro continuatione
obtinetur.

15. Hinc ergo pro quovis notarum numero, dummodo
5000 non longe superet, inquam eiectionis sors
postremo cadet: ex serie scilicet hic per saltus exhibita
is terminus quaeri debet, qui indici notarum numero
aequali respondet. Perpetuo scilicet index proxime
minor sumatur indeque progressus arithmetica usque
ad indicem propositum per differentiam 9 continuetur,
quod in nonnullis exemplis declarari expediet.

I. Quaeratur seriei illius terminus centesimus:
Proxime inferior index per saltus inventus est 91, cui
convenit terminus 1. Tam inde ad centesimum sunt
loca 9, et noviens novem seu 81 ad illum terminum 1
adiiciendo prodit terminus centesimus 82. Quare si ex
centum fontibus is sit supplicio afficiendus dus,

dus, qui postquam reliqui per numerationem ad 9
fuerint liberati, tandem solus relinquatur, haec poena
in 829"™ ordine incidet.

II. Ut terminus 200™" reperiatur, calculus ita
instituatur

200
Index proximus 185 terminus 2
15 per 9 dat 135
terminus quaesitus 137
III. Quaeratur terminus 500™"¢:
500
Index proximus 475 terminus 1
25 per 9 dat 225
terminus quaesitus 226

IV. Quaeratur terminus millesimus:

English translation

indices 20 22 25 28 32 36 40 45 51 57 64 72 81
terms 6 2 4 3 7 7 3 3 6 3 2 2 2
Jumps 10 12 13 14 16 19 20 23 26 30 31 37

91 103 116 130 146 165 185 208 234 264 297 334
terms i 6 7 3 1 7 2 1 1 7 7 6
42 47 52 60 67 75 85 95 107 120

indices

Jumps

indices 376 423 475 535 602 677 762 857 964 1084
terms 8 8 1 6 7 5 8 6 5 1

Jumps 136 152 172 193 217 244 275 309 348

indices 1220 1372 1544 1737 1954 2198 2473 2782 3130
terms 5 1 5 5 4 2 4 3 5
etc.

14. We have thus, with easy labor, continued this
series beyond three thousand terms; and if we should
wish to proceed still further, from the last numbers
3130 and 5 we set up the calculation thus:

from 3130 Hence the jump extends over 391 terms,
subtr. 5 and from this the term whose index

- is 3521 will be as the remainder indicates,
8) 3125 namely 3. Further,

391 (3)
from 3521 this jump occurs over 440 terms, whence
subtr. 3 the index 3521+440=3961 arises,

- to which corresponds the term 2, as
8) 3518 indicated by the remainder.

440 (2)
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from 3961
subtr. 2 hence for the index 4456 there is gathered

- the term 1.
8) 3959

495 (1)

From this point, however, the next jump extends
beyond 5000; nor indeed do I see how the term of this
series corresponding, for example, to the
ten-thousandth or even the hundred-thousandth place
could be assigned, except by continuing the jumps in
this fashion: the indices, indeed, increasing through
these jumps, grow approximately according to a
geometric progression in the ratio 8 : 9, but since this
holds only approximately, no aid for continuing
further is obtained from it.

15. Hence, then, for any number of marks
whatsoever, provided it does not exceed 5000 by too
much, I say that the lot of removal will fall in the end
as follows: from the series exhibited here by jumps,
that term must be sought which corresponds to an
index equal to the number of marks. One must always
take the next smaller index, and from it continue an
arithmetic progression, with common difference 9, up
to the proposed index — a matter which it will be
worth illustrating with a few examples.

I. Let the hundredth term of that series be sought:
the next lower index found by the jumps is 91, to
which corresponds the term 1. Now from this to the
hundredth there are 9 places, and adding nine times
nine, that is, 81, to that term 1, gives the hundredth
term, 82. Wherefore, if out of a hundred sources this
one is to be subjected to the punishment,
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which, after the rest have in turn been freed by the
counting up to 9, is at last the only one left, this
penalty will fall at the 82nd place in the order.

II. In order to find the 200th term, the calculation is
set up thus:

200
Nearest index 185 term 2
15 times 9 gives 135
term sought 137
III. Let the 500th term be sought:
500
Nearest index 475 term 1
25 times 9 gives 225
term sought 226

IV. Let the thousandth term be sought:

BHAGER
J6fE 20 22 25 28 32 36 40 45 51 57 64 72 81
T 6 2 4 3 7 T 3 3 6 3 2 2 2

ROME 10 12 13 14 16

#5291 103 116 130 146 165 185 208 234 264 297 334
TH i 6 7 3 1 7 2 1 1 7T 7T 6

19 20 23 26 30 31 37

ROME 42 47 52 60 67 75 85 95 107 120
{6fE 376 423 475 535 602 677 762 857 964 1084

H 8 8 1 6 7 5 8 6 5 1
FROME 136 152 172 193 217 244 275 309 348

$EHE 1220 1372 1544 1737 1954 2198 2473 2782 3130
TH 5 1 5 5 4 2 4 3 5
%%

14. 25 LTHRBIX, 2T WHITI oY%
3000 HEBEX THT B Z e TER. HLISITH
F72wiz 51, REOE 3130 £ 5 5RD & 5125
HEMHALTS.

3130 &Y, ROMEIX 391 THIZHRD,
51< 5 L 7223 - THBHE 3521 DIAEIZ,

- ROIRTED 3RS, XHIT,
8) 3125

391 (3)

3521 ZORTBUIE 440 THIZD/=D, Zh kb
51< 3 1BHE 3521+440=3961 2L L,

- ZAUSHIGT 2TEIX, ROHVRTHD
8) 3518 2TH5.

440 (2)

3961
51< 2 Tk D FERE 4456 12K LT

- H1MEoh3.
8) 3959

495 (1)

L2 L ZORDMIB LI 5000 22 CTEAS. &
OEFHNDIHE, FIZIEX1 HHEEHS 10 HHREIMNET 2
JHZ, ZOXIIRUBL 28T 200 HETED
I2WEIYYTHENE D, FAMCIEbroRW. Thb
5, TNOHOMPBULIZ X - THEIL Tw < 61,
BB XZ 8:9 OLLOFLEINHE > THEML TV D
72H, ZHEH L FTRLNCTER WD, X5
T B72DDFRLDIZZE I hsEFELAZN

15. L7235 T, HIOBDBENE I TH->TD, 5000
EZAFEHIROVIRD, BREDEMIRMAIICY Z
WHEBLELS DI, RDEXSWCLTEIZLHNTES.
Thbb, ZIWREBLICK > TREAES o
25, HIOIZE LW 2HE RO &
V. HICERTO, Xh/NXWIEEERZID, ZIh60N
79 DEHEAEEFN RO - WIEEE THRITUX XV, 2
NEWVL OO TRITDOB I NWSES S,

I. ZOEFIDHE 100 HEZRD XS5, MOBLICE-T
R XN ZEROIEEZ I THD, ZHAIHIET S
X1 THB. T, TIHHFEI0FBEHETIZID
BB HD, 9035 93RkbDE 81 2ZDIH1 I
25, H100HEHL2ELNE. LizroT, dL
BADJED S ZDHEZIDNE 2Z T 5NETHD,

RO DEHBHN 9 FTORZ LTI & > TIERARRX
N, FRICEE—AEIRIOE T, 2
DENIEF D 82 FHICH -5 Z Ik 5.

II. 55 200 HZ R § 7012, HEZXD &5 1THA
VT,
200
ERTOFEIE 185 TH 2
15 2lF5 9% 135
Kb B IH 137
III. 55 500 BEHERDH X 5.
500
ERTOFeE 475 bIE| 1

256 2¥5 91k 225

226
IV. 551000 BHZ KD X 5.
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Latin (original)

1000

Index proximus 964 terminus 5

36 per 9 dat 324
terminus quaesitus 329
V. Quaeratur terminus 5000™":
5000
Index proximus 4456 terminus 1
544 per 9 dat 4896
terminus quaesitus 4897

17. 7 ~~, §16 IIAITH Y72 5720
Consideratio huiusmodi serierum tam facili negotio
formandarum non solum est iucunda,

sed etiam non parum ad numerorum naturam
tantopere nobis adhuc absconditam felicius
perscrutandam conferre quicquam posse videtur.
Eximium certe hoc est exemplum, et omni attentione
dignum, quod series tam levi opera non solum formari
sed etiam quousque libuerit continuari possit, cum
tamen eius natura et vera indoles nobis maneat
prorsus incognita, neque ut aliae ad terminum
generalem revocari possit.

II. Simili modo etiam pro numeratore 6 ordines
eiectionis subiungimus

Numerus notarum — Series eiectionis pro
numeratore 6

1. 11

2.1 2.1

3. 13.2.1

4. | 2. 1. 4. 3

5. 1 1. 3. 2. 5.4

6. 1 6. 1. 3. 2.5.4

7.1 6.5.7.2.1. 4.3

8. 1 6.4.3.5.8.7.2.1

9. | 6. 3. 1.9.2.5.4.8.7

10. | 6. 2. 9. 7. 5. 8. 1. 10. 4. 3
11. | 6. 1. 8. 4. 2. 11. 3. 7. 5. 10. 9

16.[iX~~, §16 & §17 DIEFHEE DM Ebh
%] Vicissim autem si detur ordo eiectorum, qui ab
ultimo regrediendo fit:

z,y,X, vV, u, t, s, r etc.

ex eo pro quovis numeratore et quolibet notarum
numero, initialis ordo notarum investigari poterit.

Quod

Quod quo clarius appareat, sit numerator = 4 et pro
quolibet notarum numero ordo notarum sequenti
modo se habebit:

multitudo notarum — ordo notarum initialis
1] zz

2l zyzy

3lxzy

4 | xzyv

5|l zyvux

6l vuxtzy

71l tzysvux

8l vuxrtzys

9l zysqvuxrt

10l xrtpzysqvu

11 | gvuoxrtpzys

12| zysnqvuoxrtp

13| rtpmzysnqgvuox

14 | uoxlrtpmzysnqyv

15| ngvkuoxlrtpmzys

16l zysingvkuoxlrtpnmn
17l tpmkzysingvkuoxlr
18l x1lrgtpmkzysingvkuo.

Consideratio horum ordinum non solum eorum
naturam satis luculenter declarat, sed etiam plures
insignes speculationes suppeditare poterit.

English translation

1000
Nearest index 964 term 5
36 times 9 gives 324
term sought 329
V. Let the 5000th term be sought:
5000
Nearest index 4456 term 1

544 times 9 gives 4896

term sought 4897

§17.[as printed — §16 does not appear in this
position; see note] The consideration of series of this
sort, so easily formed, is not only pleasant,
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but also seems capable of contributing not a little to
the more successful investigation of the nature of
numbers, hitherto so much hidden from us. This is
certainly an outstanding example, and worthy of all
attention, that a series can not only be formed with
so little effort, but can also be continued as far as one
pleases, even though its nature and true character
remain entirely unknown to us, nor, like other [series],
can it be reduced to a general term.

II. In like manner, for counting-number 6 also, we
append the orders of removal:

Number of marks — Series of removal for
counting-number 6

1. 11

2.1 2.1

3. 13.2.1

4. | 2. 1. 4. 3

5. 1 1. 3. 2.5.4

6. 1 6. 1. 3. 2. 5.4

7. 16.5.7.2.1. 4.3

8. 16.4.3.5.8.7.2.1

9. | 6. 3.1.9.2.5.4.8.7

10. | 6. 2. 9. 7. 5. 8. 1. 10. 4. 3
11. | 6. 1. 8. 4. 2. 11. 3. 7. 5. 10. 9

§16.[as printed; the section numbers 16 & 17 appear
transposed, evidently a printer’s error in the original)
Conversely, if the order of those removed is given,
taken in reverse starting from the last, thus:

z,y, X, Vv, u, t, s, r, etc.,

then from this, for any counting-number whatsoever
and any number of marks, the initial order of the
marks can be investigated. Which
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so that this may appear more clearly, let the
counting-number be = 4, and for any number of
marks the initial order of the marks will be found to
behave as follows:

number of marks — initial order of the marks
11 zz

2l zyzy

3lxzy

4 | xzyv

5|l zyvux

6l vuxtzy

7l tzysvux

8l vuxrtzys

9l zysqvuxrt

10l xrtpzysqvau

11|l gvuoxrtpzys

12 | zysnqvuoxrtp

13| rtpmzysnqvVvuox

14 | uoxlrtpmzysnqyv

15| ngvkuoxlrtpmzys

16l zysingvkuoxlrtpmn

17 |l tpmkzysingvkuoxlr
18|l xlrgtpmkzysingvkuo.

The consideration of these orders not only sufficiently
clearly reveals their nature, but will also be able to
supply several remarkable speculations.

BAEER
1000
964 JH 5
36 MNFB91x 324

IR DFERE

Kb 2 IH 329
V. % 5000 FHZKD L 5.
5000
HERTDfEE 4456 JH 1

544 ¥ 5 91X 4896

4897

§17. Fixx~~. ZOMEIC§16137%<, FiezeSi)
ZDEIBRBINDBZNIEBGZIELENEZ b VnWS Tk
BERTLOE, BLWEITFTRL,

7= BICL o TINETRWVICEIRTE-RORNE
PIOERBISEERET IO, YRro5TELS 3
EOICEbRS. ZHIIHEPICEENL o T2HTH D, K
WIZEBIZET 5. 32bb, HIEBHNNZUFEE
DRFIITIESN DT, BLETWL ST
VT EMTEZIWZD DSOS, FOREELED
HARIIA = BIC o TE oK RAOEETH D, i
DEAND XS —RIHIFESE L 2 HTERVD
TH 5.

II. [AREOLA T, A EFTOE6 IOV THRED
EFEZ AT IA & 5.

Ho#H — B2 EIFo# 6 1L T 3 REDET

1. 11

2. ] 2.1

3. 13.2.1

4.1 2. 1. 4.3

5. 1 1. 3. 2. 5.4

6. | 6. 1. 3. 2. 5. 4

7. 16.5.7.2.1. 4.3

8. |1 6.4.3.5.8.7.2.1

9. | 6. 3. 1. 9. 2. 5. 4. 8.7

10. | 6. 2. 9. 7. 5. 8. 1. 10. 4. 3
11. | 6. 1. 8. 4. 2. 11. 3. 7. 5. 10. 9

§16. (Fix~~. 16 & 17T DlEFEBANE D> T3
XoICRZ%. FEOFEMEE Bbhd) #ic, mith
Lo T/ ONBREINEELZBDIERF, Thbb

Zy, Yy X, V, U, tv S,I‘%Z?

MEZBENTWEZBIE, Zhih, FEo¥Z BT
D EAEEDHDOEITDOWT, FIDOFIHAD I OANE %
TTBRZLNTESL. 20D

NI DBEBICR S X512, BA ETFoBE4 2L
T, EEDOHIOEIZOWT, FIOFHEIDM NEA KD
2B IERES.

ENOD#¥ — ENDOFIEAD AL TR

11 zz

2l zyzy

3lxzy

4 | xzyv

5|l zyvux

6l vuxtzy

71l tzysvux

8l vuxrtzys

9]l zysqvuxrt

10l xrtpzysqvau

11 | gvuoxrtpzys

12 | zysnqvuoxrtpyp

13| rtpmzysngqgvVvuox

14 | uoxlrtpmzysnqyv
15| ngvkuoxlrtpmzys
16|l zysingvkuoxlrtpn
17|l tpmkzysingvkuoxlr
18|l xlrgtpmkzysingvkuo.

INHDWMNIEEZER T, TNHDOAREET
SICHABIOR T2 TR, WSOBDIEHTREE
HOMEE BIIELS 2 THAS.

METH5.
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