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Mamakodate-problem #+FiI COREE
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Tu MBS ST el g: =+ (children)z @, #it¥(stepchildren) =@
it FHE~MOEMLEEOAH .
£ —oric~f B3 A =2 _ _ . . .
= AT aRRE T8 T+ 25 A man died, leaving behind fifteen children by his first
Z s —4 "WUXLE T wife and fifteen children by his second wife. It was
- % g A B - R - decided that one of them would inherit the estate,
5 ®oU CRUS = T = and the second wife wanted her own child to be
= iﬁ > > 2 3 2 ~®AF chosen. So the thirty children were arranged in a
s L Xy~ R circle in a certain order, and every tenth child was to
£ 7 = b F 4L C T » 5
b LYo e DR be removed.
F o RB BV ESR 2 X Once they began, only the children of the first wife
2 L onTEA : s 0 (the stepchildren) were removed one after another.
< %ﬁ S When the fifteenth stepchild remained, he pleaded,

“"This is unfair, please let me start the counting over
from myself.”

The second wife agreed, and when the count
restarted from that child, all fifteen of her own
children were removed, and the fifteenth stepchild
was the one left at the end.
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Mamakodate-problem #+FiI COREE

£+ (children)z @, iitF(stepchildren) =@

A man died, leaving behind fifteen children by his first
wife and fifteen children by his second wife. It was
decided that one of them would inherit the estate,
and the second wife wanted her own child to be
chosen. So the thirty children were arranged in a
circle in a certain order, and every tenth child was to
be removed.

Once they began, only the children of the first wife
(the stepchildren) were removed one after another.
When the fifteenth stepchild remained, he pleaded,
“"This is unfair, please start counting over from me.”
The second wife agreed, and when the count
restarted from that child, all fifteen of her own
children were removed, and the fifteenth stepchild
was the one left at the end.

The Great Comeback game! KiZEzs!
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SEKI Takakazu "San-Datsu no hou”

7&.'?‘

EERERAIBRMIEREL(1722) IC1E, ESRERANZZREUZ, &5 2.

In what case, the first person remains as the last?

B2 SRS T S ERROR BEFERARTICEL, JiED HiET)

2 : 4 3 ) 8 9
m _ ; > [ 6| 7 removal number; remove every m-th person
ERREC | 1 |3 [ 1|2 |1 |22 1]90
Gj 3 | 5 | 4[5 | 2|49 | 4 | 145 _
N G T s lslual 7”19 |09 |207 # of people N_who atrﬁ rlemtoved when the first
E 15 |30 | 11 | 14 | 13 | 234 | 19 | 233 PEISON FEMaIns as the tast: -
——— (The # of total game player is n=N+1.)
] | 31 |69 | 15 | 36 | 73 | 319 ‘ 29 | 474
Procedure to derive N. TN A 5 |W|=|= g;%
L BHIoRk (k) &1, 20 (%) 715, ECIET EEE
2. BRI 1 ZMNZA, RREREZMATEZEDOBIHERZGITE7ZT5I0WEED ZHL 1%
" T g w | P = CAL-RE- AN
X [E=r YR 4
3. MO LRBLE, Hhd 1 £3[\\edbONERKTS 5. = e
' . :Fgﬂ-_r{‘ x HVANVAND 2
L THEFITROED 0 ICRBLED, b 1 23\ bOBERKTH 2. -8 2 -
1. Set the initial modulus (the “original modulus”) to 1, and the dividend (3€) to O (empty). i* é‘ )"L" § _‘T" + +|= }2
2. Add 1 to the modulus, add the removal number to the dividend, and let the dividend 12 |&] ) T 3
become the remainder after subtracting the modulus from it as many times as possible. ‘E"‘ - :‘,:- ;;;- £ =4 |x|=].
3. When the dividend becomes O, the modulus minus 1 is a survivor number. f_ :—E Ll ::__ il= L L
4. Continuing this process, whenever the dividend next becomes O, the modulus minus 1 is | - ‘

again a survivor number.

E B Hisaaki Shinkai, #2232 f7Z@RIMS, 2026/Sep 10 14
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SEKI Takakazu "San-Datsu no hou” R SANBRIT R IRI(1722) (2(S, BEEANSRUZ, £HD.

7&.’?‘

In what cases, the first person remains at the end?

BBz ISR TWAEREOR (BEFERERAEFICEL, YT E»HiiRT:)

m Bk || 2| 3| 4|56 7 8| 9 |10 Example
FER% || 1 S\[1 21220 11 90 1 %2 THEZiE OB, REm»30HET, Jo=1t4%5%n=4,6,9,--- L7
= 2 2 512 a |21l & Bzrss, FBRIE, N=n—-1=230508,..- L ROHNE.
N g 7 8 11| 7 | 92 |9 |207]| 21 total player % n |1 e 5 @ 7 8 @
A 15 11 | 14 | 13 | 234 | 19 | 233 | 70 removal number B2 m |3 3 3 3 3 3
A | 31 15 | 36 | 73 | 319 | 29 | 474 | 226 dividend 2+1 S 1ff2]2f1 4 1 14 7 1 KKGETY
_ mod(3+1, 2)
Procedure to derive N.
mod(3+2, 3)
1. Write the number called the modulus, n = mod(3+2, 4)

1. GEr E3%0 n=1,2.3.-- Z117HIZ, %k
m % 2{THORY)ZicH.

1,2,3,---, in the first row, and the removal

number m in each column of the second row.

2. (i3 ¥+1)J n 3 58% 3ITHDIRL® 2. Write the number called the dividend +1, de-

iz, Jy=1¢iAEX. noted J,, in the third row, entering J; = 1 at
the start.

3. n>22dD J, &, J,=mod (m+ J,_,,n) TH
5. ZOENFor xIX, J,=n L. 3. Forn >2, J, = mod (m—l—]n 1,7 n). When this

value is zero‘ set J, = n.

4. J,=1¢R2rEDnihH, N=n—-1273hH
WEFNDFEBETH 3 4. For the n at which J, = 1, setting N =n — 1

gives a survivor number.
BIZIE, m=30Dk X, XOFRIZRZYD, IEREII,
N =3,5,8,--- EW\WH ZZITIX%. B H#&BA Hisaaki Shinkai, £ ME@RIMS, 2026/Sep 10 15
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el EahMmERR(1722) (121, EaPERNZZRUIZ, &b 5.

en=102%E, JI=13HGHITHS. 1. GREXIE) n=1,2,3,.--- Z 11THIZ, MK

en=20r %, ADIWUFEZMRIZHAIEZDITT, » & HIRORRICES
a,b,a,b,--- 23HUL, m=3 ABEZHEHRL &, 2. (B X3#+1) J, e358% 31THDIZL®
a,b,d,b,--- 272D, 2HHDbHIRS. Lzdio 2, J; =1 it AE &,
T, Joh=2¢R5.

3. n>2D J, X, J,=mod (m+ J,_ ,n) TH

en=30D¢x [ERIZ, a.b.cabe - T

&i" 3AE%I&DB,%< t’ a,b,lé,a,b,/d,--- (\:72))’ %. :@fﬁﬁl-tfﬂo)c\_’. 5((1, ']n =N tﬁ'cl:
Zfzg’t;)“’b;g’e;}%;*ﬁ%ﬁ’f B 2°C 4. J, =1¥R2rEDnih, N=n—1r3+h
3 2 D bHNes. = Ja = 2 )
| Z 12 ENHIERMTH 3.

EIz5.
en=40r % [, a.bedabed - - 2F BIZIE, m =30 EX, XOFXIZLZD, IEBREUI,
T, SABEZMOERL E, ab,d da,bdd--- N =3,58--- W5 ZLIIZR5.

¥Yizbh, Bhixda bDIET=A. = ADHBE,

Js=2TH205, 2BHD a pH2. ald1 & A n|{l 2 3 4 5 6 7T 8 9
HOARDT, J,=121k5. fgc m |3 3 3 3 3 3 3 3 3

ZDESICLT, BEhEVoMBEENREETES F+1 J, |1 2 2 1 4 1 4 7 1

»n, CHBNRIEAATEZILZZLNTE 3.
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nA?b) I }f/b\_ "’\Bﬂ'fb\'c mA\_ Z&\-H}ZDB%< In[2]:= Josephus[n Integer, m Integer] :=
L&, ZNENOAD L OMETID B2 hEE % PLoCKIL v = Range(n], nexD)
nversePermutation|
6 — ZT, ﬁﬁﬂ:_ﬁ% . L\j}b\- J-n %X@é — Zi’){ % Tab'[e[
5. n=62LT{abcde,ftELEI. mMm=3D next = RotateLeft[live, m-1];
iﬁé%#ii’) Llive = Rest[next];
. First[next],
e IANBZHDIRS &, {a,b,éde f} 5. ¢ {(7}11]
31 HFBHIWDRONIDT, c=127 5. nlsl= Josephus[30, 10]
outa)= (21, 16, 6, 20, 22, 19, 11, 13, 9, 1, 4, 25, 23,
e MO DJE {d,e, f,a,b} 26 3 AHZHDFRL &, 15, 7, 18, 29, 27, 24, 2, 17, 5, 12, 10, 28, 14, 8, 30, 26, 3)
{d,e,/,a,b} L%, [=2E75. inl4):= ListPlot[ InversePermutation[ Josephus[30, 10]]]
e BYDIE {a,b,d, e} 25 3 AHZHDEL &, 30|
{a,bd,e} £725. d=3 T 5. 25§
o ZDXSRIEERFTS L, 20)
6 4 1 3 5 2 oraer of remova
10" »
LS 5. Zo2fTEN EY THB. |
S
o FONT)EZ ANF X % (inverse permutation) | . .
¥, {1,2,3,4,5,6} IZMISLT {c, f,d,b,e,a} & s 1 15 20 25 30
250T, BRICAINIOR 6. LEHioT, S. AFIT &, lEFZHHRIMathematica llAEHOERE T > THE R
Jo=1%7k5%. (7 JTALA-~YIND,1992)
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AT ADERE (Josephus problem)

ﬁﬂ@ﬁ —VEMXORELE, 15V ADKELZ IV —T41 NERBEICEAUASH 5N, B
o M fﬂg LS NIRSTEDTHEET BRI EICUTE. YDEEICLY, £EHNE
e, % ST, SAC LIS B &Iz, EDSED—AIEIRIL, BELOD
P Y - SR EBICE SIS TERED AL BN ERE<SHELL.
@ x. r X. a8 . \ xx.m u WI r
@ I . );1 2231 Y4 1Y .ﬁ Josephus, The Jewish War??
w |, &
R | 41 A3
2.0

During the Roman civil wars, a group of forty-one Jewish rebels found themselves
trapped in a cave; realizing defeat was inevitable, they resolved to take their own
lives. According to the agreed-upon procedure, they arranged themselves in a circle
and executed every third person. One of them, Josephus, quickly calculated—along
with his trusted lieutenant—exactly where they needed to stand to be the last two

remaining. LH B AR
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AT ADERE (Josephus problem)

JOSEPHUS

383 (6) 'O pev odv 'ldonmos modda rowabra mpds
384 amoTporrny Tis avToyeipias éleyev- oi 8¢ medpay-
peévas amoyvwoer Tas akods €xovres, ws av mdlos
xaboowwoavres éavtods TH OQavdrw, mapwéivovro
7POS  avTOV, kol wPoaTpéxwv dAlos  GANofev
Euprpets €xaxilov Te eis dvavdpiov kai s ExaoTos
385 avTika mAnEwy dNAos 7. 6 3¢ Tov uév Jvomacati
KaAQDV, 7)) 0€ oTpaTnyikdTepor EuPBAérwy, Tob Sé
Opacaduevos 7ijs Oeids, 6v O¢ Serfoer Svowndw,
kal woucidols diapoduevos mdbeow ént s dvdy-
K1s elpyev amo Tijs odayns wdvrwy 7oV Gidnpov,
womep 76 kvkdwlévra Tdv Onpiwv del mpos Tov
386 kabamTopevor AvTioTpeduevos. TGV 8¢ kal mapd
Tas €oxdras cvudopas &rv TOv oTpaTnydy aidov-
pévwy mapedvovro wév ai defal, mepiwlichavey
o¢ 7a §idy, kai moddoi Tds poudaias émdépovres
QUTOUATWS Trapeloay.'
387 (7) ‘O & & 7ais dunyavias ovk Hmdpnoer
émwolias, dAAa TLoTEVwY T® Kkndeuove Oed Tav
388 swTypiav mapafdAderar, kai ‘‘ émel 8édokTar 76
Oviioxew,” édm, * dépe kMjpw Tas dAMAwY cdayds
emTpefwper, o Aaxwv & Umo 710D uper. adTov
389 mumTeTw, Kai Owdevoer mAvTwy oVTws 7). TUyM,
und’ €mi is dlas relobw Sefids Exacros: Gdixov

JEWISH WAR, I11I. 383-301

(6) By these and many similar arguments J osephus Josepkus, in
peril of his

sought to deter his companions from suicide. But
desperation stopped their ears, for they had long
since devoted themselves to death ; they were, there-
fore, infuriated at him, and ran at him from this
side and that, sword in hand, upbraiding him as a
coward, each one seeming on the point of striking
him. But he, addressing one by name, fixing his
general’s eye of command upon another, clasping the
hand of a third, shaming a fourth by entreaty, and
torn by all manner of emotions at this critical moment,
succeeded in warding off from his throat the blades
of all, turning like a wild beast surrounded by
the hunters to face his successive assailants. Even
in his extremity, they still held their general in
reverence ; their hands were powerless, their swords
glanced aside, and many, in the act of thrusting at
him, spontaneously dropped their weanan

But, in his straits, his resource did not forsake
him. Trusting to God’s protection, he put his life
to the hazard, and said : “‘ Since we are resolved to
die, come, let us leave the lot to decide the order in
which we are to kill ourselves'; let him who draws
the first lot fall by the hand of him who comes next :
fortune will thus take her course through the whole

JEWISH WAR, III. 891-897

however (should one say by fortune or by the pro-
vidence of God ?), was left alone with one other ;
and, anxious neither to be condemned by the lot
nor, should he be left to the last, to stain his hand
with the blood of a fellow-countryman, he persuaded
this man also, under a pledge, to remain alive.®

(8) Having thus survived both the war with the Josephus

Romans and that with his own friends, Josephus was
brought by Nicanor into Vespasian's presence. The
Romans all flocked to see him, and from the multitude
crowding around the general arose a hubbub of
discordant voices: some exulting at his capture,
some threatening, some pushing forward to obtain
a mnearer view. The more distant spectators
clamoured for the punishment of their enemy, but
those close beside him recalled his exploits and
marvelled at such a reversal of fortune. Of the
officers there was not one who, whatever his past
resentment, did not then relent at the sight of
him. Titus in particular was specially touched by
the fortitude of Josephus under misfortunes and by
pity for his youth.? As he recalled the combatant
of yesterday and saw him now a prisoner in his
enemy's hands, he was led to reflect on the power of
fortune, the quick vicissitudes of war, and the general

Josephus, The Jewish War

Vespasian.

number, and we shall be spared from taking our lives Il
with our own hands. For it would be unjust that, |

when the rest were gone, any should repent and mis | many Romans at t}de time to s.hare. his compassion
escape.” This proposal inspired confidence : his companiong | for Josephus, and his pleading with his father was the
advice was taken, and he drew lots with the rest. ﬁthe-r anc ’:" ¢ The historian’s veracity in this narrative is not above
Each man thus selected presented his throat to his ™° ®*¢Pes ‘ suspicion s his inconsistency in other autobiographical
| passages, doubly reported, does not inspire confidence. That
i his companions would have tolerated the rhetorical speech
f on suicide is incredible.
> Josephus, born in A.p. 37 ( Vita 5), was now thirty years

Yyap  olyouévawr Twa TGOV dAAwY LETAVONTOVTA, instability of human affairs. So he brought over
owlfvar.” mierds [8] €8ofev Tabra eimiw kol
-~ ’ 3 ’ - I8 3 1 ~ e J4g ¥

390 cvvekAnpoiiTo meivas. eToluny 0 o Aaywv 7 pel
avToV mapelyev Tnv odayry, s adrira Tebvy-
Sopévov: kai Tob erpaTyyot- Lwis yap %diw Tov
891 peta 700 lworimov Bdvarov +fyoitvro. kara-

neighbour, in the assurance that his general was
forthwith to share his fate ; for sweeter to them than
life was the thought of death with J osephus. He,

634 i old.
085 i 687

! wapeibnpoar ‘¢ were paralysed *’ MVRC.
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At ABIREZFOT=ENDZE Variations of Josephus problem

R 2: 37 AMEDORREDH. =i [14] ZBF I/EK. n lTFAZL, m ZEE (FIAB ZIZHD FRL 22)

U A ]‘ ﬁﬁﬁo) 5‘%5 Fl:ﬁm

{2 WD EBK.

. C/J/T/M ¥
DA MERE, 22XV AN, brva N, 41 A7 L8 EZnRT. [C154J15] bi#')XF%(ﬁElS)\Zlﬁ‘\”Aw)\iM\%t% *

n

1150 tH
1363
15¢
1465 tH
1484 tH
1485 tH
1500 tH
1500 tH
1500 tH
1500 tH
1539
1556
1559
1612
1624
1678
1725

IX 7 (Rabbi Abraham ben Ezra, 1546 4

933

7 7 7 4 (Salah al-Din al-Safadi)
717 ¥ KV (Filippo Calandri)

7 4 LY = (Benedetto da Firenze)
> 2% (Nicolas Chuquet)

717 Y KV
>X%F a—1 (Luca Pacioli)
NFa—1)
NFa—1)
NRFa—1

AN — ) (Gerolamo Cardano)

X )& —1 % (Niccolo Fontana Tartaglia)
77 % (Johannes Buteo)

N z (Claude-Gasper Bachet)

T v 7V (Hendrik van Etten)

74 Y%7 4 b (Edmund Wingate)

A F 4 (Jacques Ozanam)

A 15+ RIF#HE 15

M15+C15
C15+J15
C15+J15
C15+J15

fEE 1 15415
C2+J30
C2+J18
C2+J30
015+J15

4+ E

C+T, E+F
C15+J15

C15+T15
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C15+T15
C15+T15

9
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AT ADERE (Josephus problem)

15 ADFIRREEETIS ADRLVIOANDBE UM TIEL TV, BIUWEISE
BUTETz6D, IKERERNAITHRICE > TV AR DERDZB/ICIRITIAH, 52V D
ANREBOMENDDEEDIZ. CNIFAITKTUNTER. T, £2E8% wzﬁb, HUD B 3 JELE,

IBF(CEEL, 99 DEA TIOANBEBICKRITATZETRRELUE. EP%) = 123 20,28,24,14,4,7,12, 1,19,
30OADOIBISANEITHERDEDICTD. FURRRFEEZ—ANEERDIZELRLH 16,10, 26, 27,25, 5,18, 2. 8. 29,
IWANZLERITADICIFEDLSICHARBNRED, 30,13,15,11,22,6,3,21,17,9}
Fifteen Christians and fifteen Turks were sailing on the same ship. L8500, MLaNE@®, XURMEREZOC TN

When they encountered a violent storm, the pilot declared that half 13
of the people on board had to be thrown into the sea to save the

rest. Since this had to be don? b%/ffgrce_, they agrtehed ’toﬂawnrrar_wgteh CO00000000 0000000000
everyone in a sequence, count off by nines, an row the nin 4 VR
Serson into the sea. | OJOX X X NOX X NOIOX Inb /I SNy = N
The goal was to ensure that only fifteen of the thirty people {4,5,2,1,3,1,1,2,2,3,1,2,2, 1} & 72 5=,

remained. How should they be arranged so that all the Turks are
thrown overboard without losing a single Christian?

B&aeioux=FNFnl,2345 EWNIGSET,
“From numbers' aid and art, never will fame depart? (BDBHIT EFEMICK > TREIFESKEL) |
4 52 131 1 22 3 12 21

Claude-Gasper Bachet (1581-1638) [c &% [Problemes plaisants et d'electables
qui se font par les nombres. 2nd ed.; (1624)
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J OSe p h us p r() b le m Definition 1 (Fixed and Extremal points). A fized point of J, is a value n such that
n, = J.(n ). Additionally, an extremal point n_ is defined as a point that satisfies either
J(n)e([l,k—1]lor J (n)€l[n —k+2,n]]. If J(n) €[,k —1]], we refer to n_ as a

low extremal point. On the other hand, if J, (n,) € [[n, — k+ 2,n_ ]|, we refer to n, as a high

extremal point.
Note that, a fixed point n_ is also a high extremal point because J, (n ) = n . However,

there are high extremal points that are not fixed points; see Figure 1 below.

25 arxiv.org/abs/2303.15457

< > C M
FY G classroom (OIT) K4 Gclassroom (HE%) @° Office365 [ =a2—ZX [ &&iIs5 [ Saf:

- @ Hisaaki Shinkai Ho...

N
@g‘) Cornell University
Nl

2 Properties of the Josephus Function

In this section, we begin by recalling a recursive formula, which first appeared in Euler’s
n

d I"(iV > math > arXiv:2303.15457
paper |6, & 8, pp. 130-131] and establishes a way of determining J, (n+ 1) in terms of J_(n).

Mathematics > Numerical Analysis
[Submitted on 4 Mar 2023 (v1), last revised 20 Oct 2023 (this version, v2)]

Analytical Study and Efficient Evaluation of the Josephus Function

Then, J (n+ 1) =

Theorem 2 (Euler’s formula). Let k > 2 and denote p := J, (n)

Yunier Bello-Cruz, Roy Quintero-Contreras

A new approach to analyzing intrinsic properties of the Josephus function, Jk, is presented in this paper. The linear
structure between extreme points of Jk is fully revealed, leading to the design of an efficient algorithm for evaluating

p+k—L4(n+1), ifp+kel[l(n+1)+1,(£+1)(n+1)|| for some non-negative integer £.

Jk(n). Algebraic expressions that describe how recursively compute extreme points, including fixed points, are
derived. The existence of consecutive extreme and also fixed points for all K = 2 is proven as a consequence, which
generalizes Knuth result for K = 2. Moreover, an extensive comparative numerical experiment is conducted to
illustrate the performance of the proposed algorithm for evaluating the Josephus function compared to established
algorithms. The results show that the proposed scheme is highly effective in computing Jk(n) for large inputs. v —————— P w—m——— .
¢ Fixed Points Fixed Points i
Subjects: Numerical Analysis (math.NA) o0 - * Extremal Points ol »  Extremal Points 3 f
MSC classes: 65030, 11Y55, 11BS50 i .I ;
Cite as: arXiv:2303.15457 [math.NA] f :° ‘3
(or arXiv:2303.15457v2 [math.NA] for this version) 1o b i 2o b ' 4 : : g
https://doi.org/10.48550/arXiv.2303.15457 O = = % 3 ’:; ,f ‘:‘
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E £ .géz;z P
& 100 . C? 00 I : 0: f ‘ f f o: 1
. - > _ g f 4 f " : ¢ 3’ f
1%, mRIZHRA AN (survivor) & J,,(n) €35 (BIZIX ::3;; J :5 AL A
, ; — > > > 50 0o BRI [§ |8 |$ ! ¢ §
[12]) . A4 7=/ -o7=D1F, b5 —ANBMLIL = ’ /Q/’ ' - xﬁﬁﬁﬁfyrf{f - /
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5. BRRO—AZEDTn A TR,
(a) Graph of J,(n) for n <240
Figure 1: Graphs of the Josephus functions J, and J

(b) Graph of J,  (n) for n < 480

IJm(n) =n

2% (m,n) iXMmh, WS EEICKRS. BIETI,
==

ZDn% J, D fixed point EFEATWAS.
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Latin (original)

OBSERVATIONES CIRCA NOVUM
ET SINGVLARE PROGRESSIONVM
GENVS

Auctore L. EVLERO.

(Novi Commentarii academiae scientiarum

Petropolitanae, Vol. 20 (1775), 1776, pp. 123-139.
Enestrom E476.)

1. Inter res saepenumero, quae attentione nostra
haud dignae videantur, observantur quaedam, quae
satis profundam investigationem requirunt, ac non
parum sublimibus speculationibus occasionem
praebent. Quod cum plurimis exemplis confirmari
possit, tum nuper etiam ipse sum expertus, dum
quaestionem illam tyronibus notissimam, attentius
contemplarer, qua quindecim Christiani totidemque
Iudaei ita ordine sunt collocandi, ut si, numerandi
initio in dato loco sumto, nonus quisque vel decimus
in mare sit eiciendus, haec poena in solos Iudaeos sit
casura. Quae quaestio etiamsi in se nihil habeat
difficultatis, tamen mox vidi, si in genere de hominum
numero quocunque, ex quibus non nonus sed
secundum alium quemvis numerum quotusquisque sit
eiciendus, proponatur, difficillimum fore, ordinem
eorum, qui continuo eicientur, assignare. Neque adeo
methodus constat hoc in ge-

L. Euler, "a New & Singular Kind of Progression”

English translation

Title / Header

Observations on a New and Singular
Kind of Progression

By L. Euler

(Novi Commentarii academiae scientiarum
Petropolitanae, Vol. 20 (1775), 1776, pp. 123-1309.
Enestrom E476. English translation of the Latin
original.)

p. 123

1. Among the things which, though they often seem
unworthy of our attention, are nevertheless observed
to require rather profound investigation and to offer
no small occasion for lofty speculation — that this can
be confirmed by very many examples I myself have
lately experienced, when I looked more closely at that
question, well known to beginners, in which fifteen
Christians and as many Jews are to be arranged in a
circle in such an order that, if the counting begins at a
given place, every ninth (or every tenth) person is to
be thrown into the sea, this penalty falling only upon
the Jews. Although this question in itself presents no
difficulty, I soon saw that if, in general, for any
number of people whatsoever, it is proposed that not
every ninth but every some-other given number be
removed in turn, it would be extremely difficult to
assign the order of those who are successively
removed. Nor indeed is any method available in this

B H%H Hisaaki Shinkai, #2732 @RIMS, 2026/Sep 10
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— L. Euler, Observationes circa novum et singulare
e |E \ S progressionum genus. Euler Archive -- All
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WEGILe ‘ ferles elealoms 4 ‘ 8. En crgo mﬁgncm lc’gem ,. cuius 'ope’ 'pi‘o
notarpm § - QI‘O numcratore 4‘ ' . quouis numeratore et notarum numero, nota VIt~
, & T mo eiicienda affignari poteft. Exiftente fCilicet nu=
2 2, X, B ,.'.,,..,3. - meratore —#, fi pro notarum numcro ¥ vitima
,3 o ,; 3, ,‘ ’ . | eiicienda fit 2, feu indici =2 rcfpondcat, tum pro
el Hlibg £ 1L 58 | SR B A - numero notarum v+ 1; vitima ciicienda ‘erit 24,
P -3;'}’ T :?’!' LIREAE &% b % YR . fiquidem non fit z+n:>v+x, at i 24+-n>vit1,
5 1493, 3529 T - - - ' vitima erit 34—y —1 vel 2—A4=n—2 (v 4 1)
N "Z.Tz,-f,'&?,"tf; B | | ; vol 240—30F 4 1), vel generatim  diuidendo
v 14,7, G 5,7, 3 2 . | Z-=n per ¥ 1, refiduim *‘ex “ dinifione rclsétum
g ;4’ 8, 5, 2, X, By 7, G | dabit indicem vltimae- notae eilciendae, ‘Ubi notetur,
| | - +fi diuifio’ nihil relmqnat s 'tum ‘pro’ refiduo o fcribi
9 498, 8y 950, 5,7 2, ¥ . notarum namerum y4% 1, - Cum ‘ergo pro numero
X0 8, 2, 7, 3, 10,9, 1, 6, § | potaram n coguita fuerit vltimo eie@a , pro omni-
1x 4,8, I, 6, X1,7, 3, 25 5,10, 0 | bué notaram ‘numeris <m:uorxbus vitimo eie&a facile
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. . ynica fuerit’ nota’, ‘eadem guoque erit vitimo ecie&a
1.3 #8125 8, 9, 1, 75 2, 11, 10, 13,6, 5 fen i fuerit r.:":I erl?*. 2?__1, vnde fequentes’
. 4' 8,12, 2, 7, 13; 5,71, 6, 1,14, 3, 1% 9 omnes fine vilo negotio reperinntur. Quae regula
15 [4,8, 12y 1y 6,11, 2, 9y 15, 10,.55 3,7, 14, 13 eo magis eft notaty digna, quod fine eiettionis or-
16 4‘) 8, 12 y 16, 5,10, 15,6, 13, 3, 14,9, 7, 11, 23‘
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L. Euler, Observationes circa novum et singulare
progressionum genus. Euler Archive -- All
Works. 476, 1776.
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Mamakodate problem & Josephus problem

I CREEIT T ADMEE

7 CEIRE Josephus problem

= HYCEHIEEFEE] (after 1631 ed.)
YOSHIDA Mitsuyoshi IJinkoukil

v

Flavius Josephus at Siege of Yodfat, 67

v
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Josephus problem
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Analytical Study and Efficient Evaluation of the Josephus Function

Yunier Bello-Cruz, Roy Quintero-Contreras

A new approach to analyzing intrinsic properties of the Josephus function, Jk, is presented in this paper. The linear
structure between extreme points of ,& is fully revealed, leading to the design of an efficient algorithm for evaluating
Jk(n). Algebraic expressions that describe how recursively compute extreme points, including fixed points, are
derived. The existence of consecutive extreme and also fixed points for all K = 2 is proven as a consequence, which
generalizes Knuth result for K = 2. Moreover, an extensive comparative numerical experiment is conducted to
illustrate the performance of the proposed algorithm for evaluating the Josephus function compared to established
algorithms. The results show that the proposed scheme is highly effective in computing Jk(n) for large inputs.

Subjects:
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MSC classes: 65Q30, 11¥55, 11B50
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IJm(n) =n
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Definition 1 (Fixed and Extremal points). A fized point of J, is a value n such that
n, = J.(n ). Additionally, an extremal point n_ is defined as a point that satisfies either

J(n)e([l,k—1]lor J (n)€l[n —k+2,n]]. If J(n) €[,k —1]], we refer to n_ as a
low extremal point. On the other hand, if J, (n,) € [[n, — k+ 2,n_ ]|, we refer to n, as a high
extremal point.

Note that, a fixed point n_ is also a high extremal point because J, (n ) = n . However,

there are high extremal points that are not fixed points; see Figure 1 below.

2 Properties of the Josephus Function

In this section, we begin by recalling a recursive formula, which first appeared in Euler’s
paper |6, & 8, pp. 130-131] and establishes a way of determining J, (n+ 1) in terms of J_(n).

Theorem 2( (Euler’s formula)l Let k > 2 and denote p := J_(n). Then, J (n+ 1) =
p+k—Ln+1),ifp+ke|l(n+1)+1,(£+1)(n+1)]] for some non-negative integer £.

Euler-Seki-Takebe Formula

—o— Josephus Function —e— Josephus Function 4
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(b) Graph of J,  (n) for n < 480
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(a) Graph of J,(n) for n <240

Figure 1: Graphs of the Josephus functions J, and J
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D.E. Smith & Y.Mikami, A History of Japanese Math.(1914)

132 VII. Seki's contemporaries and possible Western influences,

published his Zengen Shinan or Treatise on the Celestial
Element Method. In this his method of finding the area of a
circle is distinctly Western (Ifig, 31), although it is so simple
as to claim no particular habitat.

This Dist i3 rather meaningless in itself, without further
description of the works and a statement of their influence
upon Japanese mathematics, and hence it may be thought to
be of no valwe. It is inserted, however, for two purposes:
first, that it might be seen that the Seki period, whether through
Scki's influence or not, whether through the incipient influx of
Western ideas or because of a spontanecus national awakening,
was a period of special activity: and second, that it might be
shown that out of a considerable list of contemporary writers,
only those who in some way came under Seki's influence
attained to any great prominence.

We now turn to the second and more important question,
did Sckr and his contemporarics receive an impcetus from the
West? Did the Dutch traders, who had a monopoly of the
legitimate intercourse with mercantile Japan, carry to the
scholars of Nagasaki and vicinity, where the Dutch were
permitted to trade, some knowledge of the great advance in
mathematics then taking place in the countries of Europe:?
Ind the Jesuit missionaries in China, who had followed Matteo
Ricer in fostering the study of mathematics in Peking, succeed
in transmuttiny some wmkling of their knowledwe across the
China Sea:r Or did some adventurous scholar from Japan rsk
death at the order of the Shogun,* and venture westward in
some trading ship bound homewards to the Netherlands? These
arc some of the questions that arise, and which there are
lepstimate reasons for asking, but they are questions that future
rescarchh will have more defimitely to answer.  Some material
for a reply exists, however, and the little knowledge that we
have may properly be menticned as a basis for future in-
vestigation.

It has for some time been known, for instance, that there

v Even the importation of [oreipn books was suppressed in 1630,
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was a Japanese student of mathematics in Holland during
Secki's time,* doubtless escaping by means of one of the Dutch
trading vessels from Nagasaki, We know nothing of his
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Petrus Hartsingius Japonesis <L\D
1654F CHFZFHT S 20mNDFEELT. 1669=
LRIFRFIZ5 T THRNDX.

Japancse name, DUL the Lann jorm adoptcd Dy im . was
Petrus Hartsingius, and we know that he studied under Van
Schooten at Leyden. That he was a scholar of some distinc-
tion is seen in the fact that Van Schooten makes mention of him
in his Zractatus de concinnandis demonsiralionibus geomelricis
ex calewdo algebraico in one of his editions of 1lescartes’s La
Géométrie, as follows: “placuit majoris certitudinis ergo
idem Theorcma Syntheticé verificare, procendo a concessis
ad quaesita, prout ad hoc me instigavit praestantessimus ac
undequaque doctissimus juvenis D. Petrus Hartsingius, Iapo-
nensis, quondam in addiscendis Mathematis, discipulus meus
solertissimus.”3 The passage in Van Schooten was first
noticed by Giovanni Vacca, who communicated it to Professor
Moritz Cantor.

Some further light upon the matter is thrown by a record
in the Album Studiosorwm Acadewiae Lugduno Datavac, as
follows: |

“Petrus Hartsingius Japonensis, 31, M. Hon. C.” with the
date May 6, 1669. Here the numeral stands for the age of
the student, M. for medicine, his major subject, and Hon. C.
lor Honoris Causa, his record having been an honorable one.

t HARZER, P., Dic exaciern Wissenschaften im altesn Fapan, Fakresberichl ver
denwtschers Mathematifey-Uereinigungy, Bd. 14, 1905, Heft 6; MK, Y., Zwsr
Frage abendlindischer Einfliisse auf oic japanische Mathemaleé . am Ende des
siehsehnien Fuliriunderts, Bibliotheca Mathematica, Bd. VII (3}, Heft 4.

2 HARZER quoles from the 10661 edition, p. 413. We have quoted from
the Amsterdam edition of 1683, p. 413.

3 T. Havasm remarks that the same words appear in a posthumons work
of Van Schooten’s, but this probably refers to the above cditio feriie of 1683.
See HavasHr, T., On the Fapancse woho was in Europe about the mididle of the
seventeenth centrry (in Japanese), Fournal of the Tokye Physies Schoof, May, 1905;
Mikamt, Y., Hatono Soia and the mathematios of Seki
ooy Wiskiunde, tweede Reeks, Negende Deel, 1910,

4+ Haguoe, 1875. It gives a list of students and professors from 1573
to 1875,
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Mathematics, his first pursuit, had therefore given place to
medicine, and in this subject, as in the other, he had donc
noteworthy work. Possibly the death of Van Schooten in 1661
may bave influenced this change, but it is more likely that
the common union of mathematics and medicine, as indeed
of all the scicrices in those days,® led him to combine his two
intcrests, Moreover certain other records inform us that Hart-
singius lived in the house of one Fieter van Nieucasteel by
the Langebrugge, a bit of information that adds a touch ot
reality to the picturc. This record would thercfore lead to
the behefl that he was only twenty-two years old when he was
mentioned in the vear of Van Schooten’s death (1661}, or
probably only twenty-one when he, a doctissimus juvents, and
guokdain in addiscendis, verified the theorem for his teacher.

A careful examination of the Leyvden records as sct forth
in the Afdwwe Studiosorune throws a good deal more light on
the matter than has as vet appearcd. In the first place the
Iartsingius was adopted as a good Dutch name, it appearing
in such varicus forms as Hartsing and Hartsinck, and may
very likely have belonged to the merchant under whose
auspices the unknown student went to Holland. In the next
place, Hartsingius was in Holland for a long time, fifteen years
at lcast, and was off and on studying in the university at
Leyden. He is first entered on the rolls under date August 29,
1654, as “Petrus JTartsing Japonensis. 20, )" a boy of twenty
in the faculty of philosophy. This would have placed his birth
in 1634 or 1635, but as we shall see, he was not very par-
ticular as to evactness in giving his age.* He next appears
on the rolls in the cntry of date August 28, 1660, “Petrus
Hartzing Japonensis, 22, M.” 1Te has now changed his course
to medicine, and his age would now place his birth in 1638
or 1639, four years later than stated beforc. Since, however,

t Witness, for example, the mention made by Van Schooten in the 1683
edition {p. 3535) above cited, of the assistence received from Erasmius
Partholinus, mathematician and physician in Copenhagen.

See Albume, col. 438.
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the difficulty of language is to be considered, together with
the fact that such records, hastily made, are apt to be in-
exact, this is easily understood. He next appears in the
Alénm under date May 6, 1669, as alrcady stated. He there-
fore began in 1634, and was still at work in 1669, but he had
not been there continuously.

Further light is thrown upon his career by the fact that he
was not alonc in lcaving Japan, perhaps about 1652. He had
with him a companion of the same age and of similar tastes.
In the Afbwon, under date September 4, 1054, appears this
entry: “IFranciscus Carron Japonensis, 20, P.” Within a week,
therefore, of the first enrollment of Hartsingius, another Japanese
of same age, and doubtless his companion in travel, registered
in the same faculty. But while Hartsingius remained in Leyden
for years, we hear no more of Carron. Did he die, leaving
his companion alone in this strange land? Did he go to some
other university? Or did he make his way back to Japan:?

Now who was this Petrus Hartsingius who not only braved
death by leaving his country at a time when such an auct was
equivalent to high treason, but who was excellent as a mathe-
matician® What ever became of him? Did he die, an unknown
though promising student, in some part of the West, or did
he surreptitiously find his way back to his native land? If he
passed his days in Europe did he send any messages from
time to time to his friends, telling them of the great world in
which he diwelt, and in particular of the medical work and the
mathematics of the intellectual center of Northern Europe? In
other words, for our immediate purposes, could thc mathe-
matics of the West, or any intimation of what was being
accomplished by its devotces, have reached Japan in Seki's
time ?

2 SCHOTEL, G, D, [, De Academie Ve Leiden i de 16¢, 1)¢ en 18e ceww
Iaarlem, 1873, speaks {p. 266) of Japancse students at Leyden, and a further
search may yield more information. We have been over the lists with much
care from 1650 to 1670, and less carefully for a few years preceding and
following these dates,
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NK—F—-)\IWW1220 (1637-1680) Petrus Hartsingius, Peter Hartzing
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N One of the students of the mathematician van Schooten, who translated Descartes’ *Geometry™ into Latin.

Information from internet

https://note.com/savensatow/n/n7f57efe8d0b'7

1637: Born to a German man named Carl Hartzing—stationed at
the Dutch East India Company’ s trading post in Hirado—and the
daughter of a wealthy Hirado merchant.

1641: Forced to leave Japan for the Netherlands due to the
national isolation policy.

1680: Died at his home in Clausthal at the young age of 42.
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Mamakodate problem & Josephus problem
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Flavius Josephus at Siege of Yodfat, 67
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Independently discovered theorem
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