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Formulations of the Einstein Equations for Numerical Simulations

Hisaaki SHINKAT*

Department of Information Systems, Faculty of Information Science and Technology,
Osaka Institute of Technology, Kitayama 1-79-1, Hirakata, Osaka 573-0196, Japan

(Received 24 January 2008)

We review recent efforts to re-formulate the Einstein equations for fully relativistic numerical
simulations. The so-called numerical relativity is a promising research field matching with ongo-
ing gravitational wave observations. In order to complete long-term and accurate simulations of
binary compact objects, people seek a robust set of equations against the violation of constraints.
Many trials have revealed that mathematically equivalent sets of evolution equations show differ-
ent numerical stabilities in free evolution schemes. In this article, we overview the efforts of the
community, categorizing them into three directions: (1) modifying of the standard Arnowitt-Deser-
Misner (ADM) equations initiated by the Kyoto group [the so-called Baumgarte-Shapiro-Shibata-
Nakamura (BSSN) equations|, (2) rewriting the evolution equations in a hyperbolic form and (3)
constructing an “asymptotically constrained” system. We then introduce our series of works that
tries to explain these evolution behaviors in a unified way by using an eigenvalue analysis of the
constraint-propagation equations. The modifications of (or adjustments to) the evolution equations
change the character of constraint propagation and several particular adjustments using constraints
are expected to damp the constraint-violating modes. We show several sets of adjusted ADM and
BSSN equations, together with their numerical demonstrations.

PACS numbers: 04.20.-q, 04.20.Cv, 04.25.D-
Keywords: General Relativity, the Einstein equations, Numerical Simulations, Formulation of the Equation
of Motion, Constrained Dynamics
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error

Constrained / Surface
(satisfies /Einstein's constraints)

Fig. 1. Origin of the problem for numerical relativists:
Numerical evolutions depart from the constraint surface.

e The evolution equations:

Oryij = —2aKi; + D;B; + D;f;, (6)
0,K;j = a ¥R, + aKK,; — 20K, K*; — D;D;a

+(DiB*)Kyj + (D;8%)Ky; + B* Dy Ky (7)

where K = K*%; and (3)Rij and D; denote the
three-dimensional Ricci curvature and a covariant
derivative on the three-surface, respectively.

e Constraint equations:

HAPM .— GR 4+ K? — K;; KV ~0, (8)
MPM = D;K?; — DiK ~ 0, (9)

where G)R =) Ri,: these are called the Hamilto-
nian (or energy) and momentum constraint equa-
tions, respectively.

Blow up

=
D e

Constrained / Surface
(satisfies /Einstein's constraints)

Fig. 5. Idea of an “asymptotically constrained system.’

The adjusted ADM formulation [71]:
Modify the evolution equations (vy;;, K;;) by using con-
straints H and M;, i.e.,

6tfy,~j = (6) -+ Pin - Qkiij

+pF i (Vi H) + ¢ (ViM)), (44)
OiKij = (7) + RiyH + S*j My,
+r* 3 (VH) + ™55 (VieMy), (45)

where P,Q, R, S and p, q,r, s are multipliers. According
to this adjustment, the constraint propagation equations

are also modified as

OH = (10) + additional terms, (46)
0tM; = (11) + additional terms. (47)

We show two examples of adjustments here. Several
others are shown in Table 3 of Ref. [71].
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The Origin of Chemical Elements

R. A. ALPHER*

Applied Physics Laboratory, The Johns Hopkins University,
Sitlver Spring, Maryland

AND

H. BETHE
Cornell University, Ithaca, New York

AND

G. Gamow
The George Washington Unsversity, Washington, D. C.
February 18, 1948

S pointed out by one of us,! various nuclear species
must have originated not as the result of an equilib-

rium corresponding to a certain temperature and density,
but rather as a consequence of a continuous building-up
process arrested by a rapid expansion and cooling of the
primordial matter. According to this picture, we must
imagine the early stage of matter as a highly compressed
neutron gas (overheated neutral nuclear fluid) which
started decaying into protons and electrons when the gas

Physical Review, 1948/4/1
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Cosmological Microwave Background Radiation (CMB)
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Cosmological Background Explorer, 1992

Cosmic Microwave Background Spectrum from COBE
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WMAPRIEICKSCMBDHIE

Wilkinson Microwave Anisotropy Probe, 2002
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WMAPRIEICKSCMBDHIE

Wilkinson Microwave Anisotropy Probe, 2002

® The mean temperature of photons in the Universe today is 2.725 K

® WMAP is capable of measuring the temperature contrast down to
better than one part in millionth
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1965 Penzias and 2013

Wilson Planck
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PlanckE&£IC X DCMBMDAIE

Planck, 2013
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FIG. 3 (color). Left: BICEP2 apodized E-mode and B-mode maps filtered to 50 < ¢ < 120. Right: The equivalent maps for the first of
the lensed-ACDM <+ noise simulations. The color scale displays the E-mode scalar and B-mode pscudoscalar patterns while the lines
display the equivalent magnitude and orientation of lincar polarization. Note that excess B mode is detected over lensing+noise with

i BT high signal-to-noise ratio in the map (s/n > 2 per map mode at £ = 70). (Also note that the E-mode and B-mode maps use different
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o B I (FB%IEEE superstring theory)
=11 Rl Clapk S N =FE /38R DI

=R F BEZeD /8% ME D 7L —> (D-brane)
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= RITAFZE DR
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(\/' S/ OEMR
. A)ﬁmm—u Q \
BA U 7-5%

Blg2 k7L —> 6 RITZE D, 4 H

F‘i%ﬂ SN VWS R (closed string)
ICEHUCIAD SN TW5B,
EERAD. BN F=5%

rT—IRNF (open string)
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Brane-World model

5th dimension

Brane (4-dim, t,x,y,z) Another Brane?

Bulk
(with cosmological constant?)

5th dimension

all matter and forces are trapped
in 4-dimensional space-time

I Mf{\f\
%77 but only gravitational force propagates
higher dimensional space-time
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Gregory, Stephen Hawking, Gary T. Horowitz, Nemanja Kaloper, Robert C. Myers,
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(2) start on click 3’05”

https://www.youtube.com/watch?v=ckg5xMVddvU
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NHK BS ZXITTANDIEEF (2007/8)

https://www.dailymotion.com/video/x29h83c

on click 1'45”
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https://www.dailymotion.com/video/x29h83c

on click 3’
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