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Geometric Characterizations and Symmetric Relations 
between Standard Normal Distribution and Inverse Mills Ratio 
based on Pythagorean Theorem
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Slopes as Probabilities of standard normal distribution 
are connected to the right triangle 
by Pythagorean theorm geometrically. 

1.0 x− x

Probability point: 0x = Probability point: 0.30263084( )
( ( ) ( ))

( ) / ( ) 1

x
x x

x x

η
φ Φ
φ Φ

= =
= −

− =

α
α
α

β
β

Probability point: 0.506054 ( ( ) / ( ))
( ) 0.693591
( ) 0.306409

( )
( ) ( )

( ) / ( )

x x x
x

x
x x
x x x

x x x x

φ Φ
Φ
Φ
α Φ
β Φ φ

φ Φ α β

= =
=

− =
= −
= =
= = = +

1

2

1

Probability point : 0
( ) 1 ( ) 0.5
( ) 0.5

Proportion of right triangle=1:2: 5

x
x x

x
Φ Φ
Φ

=
= − − =

− =

( ) : ( ) 0.5 : 0.5 1:1x xΦ Φ− = =

Probability point : 0.67449
( ) 1 ( ) 0.75
( ) 0.25

Proportion of right triangle=3:4:5

x
x x

x
Φ Φ
Φ

=
= − − =

− =

( ) : ( ) 0.25 : 0.75 1: 3x xΦ Φ− = =

All points whithin the circle and square are converging at 
one point practically because their pobability points are 0.
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Green dashed lines are probability density functions (PDF): f(x),
Red dashed lines are cumulative distribution functions (CDF): F(x),
Purple 1-dot chain lines are integrals of cumulative distribution functions,
Red dotted lines are 1.0,
Purple dotted lines are asymptotic lines whose slopes are 1.0.

(a) Type of a triangular distribution (b) Type of a uniform distribution (c) Type of an exponential distribution

(d) Type of a normal distribution

First concepts are shown as integral forms of cumulative distribution functions.
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If we think of the repetition game of 
coin tossing with a constant fee,
we show you two parabolic 
curves of the performances 
both winners and losers.

We find that 
the maximal profit of winners 
is equal to its fee based on 
27 percent probability.
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If we consider 1 and 1, we can estimate the equilibrium point as . The integral results are as follows. 
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0.  Background

 We present the geometric characterizations and symmetric relations between standard normal distribution and inverse Mills ratio 
by circles and squares from the viewpoint with considering the height of densities such as ancient Egyptian drawing styles and using 
the Greek Pythagorean Theorem.
 First, we can clarify the integral forms of various cumulative distribution functions including standard normal distribution based 
on the aspect ratio (=1.0, see 1).
 Second, we reconsider what the several times of standard deviations multiplied by the square root of the time mean with their 
positive and negative expectations multiplied by the time under the condition the aspect ratio=1.0 (see 2). At this time, we can 
understand the following things.
 (1)   We can find the equilibrium formulation at any real numbers of the time t (see 2).  
 (2)  Its constant number, 0.612003, was found by Karl Pearson about 100 years ago.
 (3)  Sir David Roxbee Cox reconfirmed the value to cluster the normal distribution.
 (4)  Truman Lee Kelley also proposed the 27 percent rule formulation. 
 Third, we can show the parabola for maximal profits including fees. And that is equal to its fee based on the 27 percent 
probability. In addition to these tendencies, we can clarify the relations between winners, losers, and their banker (see 3).
 Fourth, we can understand two types of ordinary differential equations to explain that with circles and squares (see 4). One is the 
Bernoulli differential equation of inverse Mills ratio. The other is the second order linear differential equation of the integral of 
cumulative normal distribution function (see 1). From these tendencies, we can also get the modified intercept forms geometrically 
and symmetrically for maximal profits of winners, these losses of losers, and their banker’s fee. We can understand that these 
equations should be changing the probability points and these probabilities based on Pythagorean Theorem correctly. If the 
probability point is that found by Karl Pearson, we can show you that it is the special point of standard normal distribution such as Sir 
Cox’s proposal. Other point on the right triangle with 3:4:5 is also the third quantile of standard normal distribution.
 Finally, we can also realize there are many similar tendencies close to the relations between circles and squares such as Vitruvian 
man by Da Vinci and various Mandalas although there might not be related to normal distribution directly and historically. The 
ancient Egyptian drawing styles enable us to illustrate the geometric characterizations and symmetric relations between standard 
normal distribution and inverse Mills ratio with circle and square based on the Pythagorean theorem in the ancient Greece. We think 
that our ideas shall be contributed in the statistical modelling and these evaluation fields since our suggested figures should be much 
more easily understood and powerful than we thought.
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Pythagorean Triangles 
show the probabilities 
as CDFs.
Inverse Mills Ratios 
and PDFs are 
discribed as 
Modified 
Intercept 
Forms. 
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Concluding Remarks
We can understand that the slopes should be the probabilites of 
standard normal distribution based on the probability points.
And above numbers are also the special probability points.

Intercept form of linear equation for winners :
1 1 1

( )
Intercept form of linear equation for losers :

1 1 1
(1 ( ))1 ( )

1 ( )
Intercept form of linear equation for their banker :

u v

u v

λ λ λ

λ λλλ
λ

− + =
Φ −

− + =
+Φ − +Φ −

 −Φ − 

−
1 1 1u v
λ λ

+ =
( ) ( ( ) ( ))

Nh u u u uφ− = − − Φ −

( ) ( ) 0
( ) ( ) 0
( ) ( )
( ) ( )

P N

P N

P N

P N

h u h u
h u h u
h u h u u
h u h u u

− − =
− − =
− =

− − − = −

1

1

( ( )
( ))

2

2

P

N

h u
h u

u

−

=

λ

λ−

0

( )uφ

02λ− λ− λ
( ) ( ( ) ( ))

Nh u u u uφ− = − − Φ −

1

( )

( )

( )

P

v

g
v

vφ

−

= −
Φ

Negative probability density function 
of truncated normal distribution 
at 0.612003:

( )( )
( )

vv

λ
φψ

λ

=

− = −
Φ −

0.612003λ =λ−

( )uΦ

( )
( )

( )

Ph
u

u
u

u

φ=

+
Φ

2
( )( )

( ) ( )P
vg v

v
φ
λ

=
Φ − +Φ

v
u=

v
u

= −

( ), ( ), ( ), , ( )Pg v v v u vφ ψΦ

( )vΦ

1

( )

( )
( )

P

v

g
v

v
φ=
Φ

( ), ( ), ( ), , ( )Ph u u u v uφ ψΦ

( )λ λΦ −

2 ( )λ λΦ −

( )v uλ= Φ

( )v uλ= Φ −

( )v uλ= −Φ −

v
u
λ

=
+

( ) 2 ( )

v
uλ

λ λ

= Φ − + Φ −
( )

2
(

)

v

uλ

λ
λ

= Φ

−
Φ
−

( ) 2 ( )

v
uλ

λ λ

= Φ − − Φ −

1
( )

( )
( )

(
)

( )

P

N

v u

h
u

h
u

λ

λ

= Φ

+Φ
−

2 ( ) ( ( ) ( ) ( ) ( ))
P

N

v u
h u

h u
λ

λ

− = − Φ −
+Φ

1 2

1 2

( ) ( )
( ) ( )

( ) ( )
(1 2 ( ))( ( ) ( ))

2 ( )

P N

P N

v u v u
h u h u

v u v u
h u h u

u u
λ
λ

+
= +
−
= − Φ − −
= − Φ −

1 2

If ,  then
( ) ( ) 2 ( )
u

v v
λ

λ λ λ λ λ
=
− = − Φ −

1

( )

( )

(
)

N

v

g
v

vφ

= Φ
−

2

(
)

(
)

(
)

(
)

N

v

g
v

v
φλ

=
Φ
−

+
Φ
−

( ) 2 ( )φ λ λ λ= Φ −

( ) 2 ( )φ λ λ λ= Φ −

( )
2 ( )
φ λλ

λ
=

Φ −

2 (0)φ−

4 (0)φ−

λ λ2φ λ λ λ( ) = Φ(− )

λ λΦ(− )

λ

λ

(1 )λ λ+ Φ(− )

(1 )λ λ−Φ(− )
1.0
2λ

2CDF of (0,1 ) : ( )N uΦ
2PDF of (0,1 ) : ( )N uφ

0.0

PDF of truncated normal distribution:
( ) , ( )
( )( )

0, ( )

u u
u

u

φ λ
λψ

λ

 ≤ −Φ −= 
 > −

( )
( )
( )

u
u
u

ψ
φ
Φ

1 ( )
1 ( )

λλ
λ

 
 

+ Φ −
−Φ − 

λ λΦ(− )

λ λ(1−Φ(− ))

1 3 =0.612004619
1 2 3

λ +
≅

+

Our concept of the integration of standard normal disribution with a square and a circle is similar to “Mandala” and 
“Vitruvian Man” which is one of da Vinci’s works coincidentally. The original reference websites are 
 https://en.wikipedia.org/wiki/Mandala,
 https://ja.wikipedia.org/wiki/曼荼羅 , 
       https://en.wikipedia.org/wiki/Vitruvian_Man (Access date: July, 3rd, 2017).
Moreover, we are able to refer the idea and figure of Prof. Ida’s website which is discribed that the ratio 
should be less than the inverse number of the golden ratio.
 Reference:  Ida, T., “Vitruvian Man by Leonardo da Vinci and the Golden Ratio” ,
 http://www.crl.nitech.ac.jp/~ida/education/VitruvianMan/index.html (Access date: July, 3rd, 2017).

We estimate the practical approximated value such as “Squaring the circle” which is simmilar to a problem 
proposed by ancient geometers.  https://en.wikipedia.org/wiki/Squaring_the_circle (Access date: November 18th, 2017)

u

1.  First concept as integrals of various cumulative distributions

2.  Second concept as distances of probability points based on the time t. There should be maximal losses 
against the positive returns or maximal profits against the negative returns by the 27 percent probabilities.

3.  Relations between winners, losers, 
and their banker by the equilibrium formulation 
                                    and                                  
       

4.  Main concept as the relations between Pythagorean theorem, 
differential equations, circles, and squares 
on standard normal distribution

( ) 0.2702678λΦ − =0.612003tα λ
σ

= =

5.  Special case as the geometric characterizations
and rotationally symmetric relations between 
winners, losers, and their banker based on the 
condition:                         and

MP4
Visual

Animation

PowerPoint
Visual

Animation

( ) 0.2702678.λΦ − =0.612003λ =

That is, the fee  is equal to .α λ

3:4:5
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Visualizations of Sinusoidal Spirals, Limacons of Pascal, 
and Conic Curves using Equiangular Spirals of 
Secondary Metallic Ratios

2.  Second concept as distances of probability points based on the time t. There should be maximal losses 
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The right triangles
based on , , 0
and 1,2, , 12

(Important relation 
between  th power of 

equiangular spirals 
and the order  of 
sinusoidal spiral)

 cos  
or

sin

22

Refs, 
OIT Innovation Days 2022 & 2023,
ORSJ Fall 2022, Japan,
ORSJ Spring 2023, Japan,
and Annual Meeting of JSGS 2022, Japan

Conic curves, sinusoidal spirals, equiangular spirals, and Limacons of Pascal

Conic curves such as parabolas, hyperbolas, and ellipses
in addition to cardioids, lemniscates, lines, circles, points, 
Cayley’s sextics, Tschirnhausen cubics, 
and Limacons of Pascal.

Kepler 
triangles

 , = =Golden Ratio

 =
1
2

+
5

2
= 1.618

5 × , = 5 ×Golden Ratio 
= 3.618  

× 5
.

and its rotation

Pythagorean theorem using
generalized Fibonacci or Lucas sequences from  to
 , = , + ,  = ( , ), + ( , ), ,

1 + 4 , = 1 + 4 , + 1 + 4 ,  = ( , ), + ( , ), ,

Fibonacci Sequence Lucas Sequence

© : 2021
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© Title:    Osaka, a city built on water, in Japan       
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© Title:    Mt. Ikoma, an east mountain of Osaka, in Japan       
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First ratioSecond ratioThird ratio

, = , + 1 ,

, = , + 2 ,
, = , + 3 ,

Isosceles right triangles
( = 2)

Kepler triangles
( = 1)

Harmonies about weighted Pythagorean theorem and generalized Fibonacci 
sequences using related right triangles of secondary metallic ratios

Warm 
   sunlight

City 
stream

Fresh 
green

Fibonacci sequenceJacobsthal sequence

1 1

1

1

1 1

Golden ratio
(First ratio):

= 1 +
1

Refs.
The session of OR and Arts 
of the EURO 2021,
ORSJ Spring and Fall Meetings
from 2021 to 2023 and
Annual Meeting of JSGS in 2022, 2023

( = 3)

Quadrants 
and Squares 

based on 
= 1,2,3, , 12

Harmonies 
between
cardioids and 
specific right 
triangles

Land of the rising sun 
in Japan

Osaka, 
a city built on water

Mt. Ikoma, 
an east mountain 
of Osaka

Fibonacci Sequence

Lucas Sequence

Kepler triangles with cardioids = 1

1
:

1
= 1: 1

Title: “My command is this:
Love each other as I have loved you.”

John 15:12 NIV

Limacon of Pascal, cardioid, 
and circle with right triangles
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Nested Radicals?

Continued Fractions?

New Symmetries of Golden Ratio
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Secondary Metallic Ratios

Equiangular Spirals

This study aims to investigate the geometry of secondary metallic ratios proposed by de Spinadel in the poster 
of this conference. Equiangular spirals and related right triangles using the secondary metallic ratios indicate various
fundamental shapes based on sinusoidal spirals coincidentally. The relation between the order of sinusoidal spirals 
and x-th power of the equiangular spirals should be verified as a simple unique equation precisely. Conic curves such as
parabolas, hyperbolas, and ellipses with two types of equiangular spirals create geometrically beautiful harmonies with 
some sinusoidal spirals such as cardioids, lemniscates, Cayley’s sextics, and Tschirnhausen cubics from artistic 
viewpoint respectively. Similarly, limacons of Pascal including cardioids can be illustrated concisely using the reverses 
of related right triangles based on equiangular spirals. Even though we explain that in the field of the plane geometry,
we can also display the lemniscates with toruses and hyperbolas with cones as 3-dimensinal graphics to confirm 
the concepts using the equiangular spirals and related right triangles more theoretically.

Conic Curves

The circles, cardioids, and limacons of Pascal
with right triangles

 
Limacons of Pascal

© The 21st International Conference on Geometry and Graphics, Kitakyushu, Japan, Date: August 5-9, 2024.

Case: = 1 Case: = 2 Case: = 3 Case: = 12

Comparisons of drawing methods using right triangles of similar metallic ratios about 
cos 1+ cos

2
+ 1−

2
, sin 1+ cos

2
 and cos 1+ cos

2
, sin 1+ cos

2

Sinusoidal Spirals

Shingo NAKANISHI at Osaka Institute of Technology, Japan, 

Various visualizations about single, double, and triple equilateral triangle 

and related sequences
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Various visualizations about single, double, and triple equilateral triangle 
or regular hexagon spirals using similar metallic ratios 
and related sequences

t. There should be maximal losses 
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Similar Metallic Ratios and Related Sequences
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Summations for 
designated diagonals 
on normalized Pascal’s triangle

3/3 1/20

3/3 1/21 1/21

3/3 1/22 2/22 1/22

3/3 1/23 3/23 3/23 1/23

3/3 1/24 4/24 6/24 4/24 1/24

1/20

1/21 1/21

2/3 1/22 2/22 1/22

2/3 1/23 3/23 3/23 1/23

2/3 1/24 4/24 6/24 4/24 1/24

2/3 1/25 5/25 10/25 10/25 5/25

2/3 1/26 6/26 15/26 20/26 15/26

2/3 1/27 7/27 21/27 35/27 35/27

1/20

1/21 1/21

1/22 2/22 1/22

1/23 3/23 3/23 1/23

1/24 4/24 6/24 4/24 1/24

1/25 5/25 10/25 10/25 5/25

1/26 6/26 15/26 20/26 15/26

1/27 7/27 21/27 35/27 35/27

1/3 1/28 8/28 28/28 56/28 70/28

1/3 1/29 9/29 36/29 84/29 126/29

1/3 1/210 10/210 45/210 120/210 210/210

1/3 1/211 11/211 55/211 165/211 330/211

1/3 1/212 12/212 66/212 220/212 495/212

1/3 1/213 13/213 78/213 286/213 715/213

From the extended rate 2
to the constant 1 = 3/3

From the extended rate  
to the approaching constant 2/3

From the extended rate  
to the approaching constant 1/3

1 upward

4 upwards
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11 −1

2

Regular decagon within unit circle 
and related regular pentagons using golden ratios

Golden ratio spirals with  
on the decagon using pentagons

Thanks. “Golden Ratio” & “Spirals” 
written by Hans Walser in English edition.
We can display and enjoy them
like equiangular spirals on the sunflower. 
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−1  + 1
=

2 ⋅ −1  + 1
= 5 × 1

= 1 +
1

1 + 1

1 + 1

1 + 1

1 + 1

1 + 1
⋯

= 2 +
1

2 + 1

2 + 1

2 + 1

2 + 1

2 + 1
⋯

2 = 3 +
2

3 + 2

3 + 2

3 + 2

3 + 2

3 + 2
⋯

= 1 + 1 + 1 + 1 + 1 + 1 + 1 + ⋯

Reconsiderations from other viewpoints

2 = 2 + 2 + 2 + 2 + 2 + 2 + 2 + ⋯

Various Types of Regular Hexagonal Spirals

Plastic ratio for single equilateral triangle spirals:
= 1.3247179⋯

based on = + 1 or = 1 ⋅ + 1
Golden ratio for double equilateral triangle spirals:

= 1.61803398⋯
based on = 1 ⋅ + 1 or = 2 ⋅ + 1
Doubling ratio 2 for triple equilateral triangle spirals:

, = 2.0
based on , = 1 ⋅ , + 2 or , = 3 ⋅ , + 2

1

1

1

1 2 2
2

2 = 3 ⋅ 2 + 2 ⋅ 1
2 = 1 ⋅ 2 + 2 ⋅ 1

= 2 ⋅ + 1 ⋅ 1
= 1 ⋅ + 1 ⋅ 1

= 1 ⋅ + 1 ⋅ 1

2 × 1

2
2

2
2

For diagonals of Pascal’s triangle
(4 upwards, ℎ = 1, = 4)  = +
(1 upward, ℎ = 1, = 1) = +
(0 upward, ℎ = 1, = 0) 2 = 2 + 2

Refs. Shingo Nakanishi’s website at OIT, 
Japan Fibonacci Association workshop 2024 & 2025, 
JSGS 2024, RIMS, Kyoto univ., 2024 & 2025, 
The Society for Science on Form, Japan 2025,
          & ORSJ Spring 2025.

Golden ratio Doubling ratioPlastic ratio

Silver ratio

Bronze ratio

Rhombuses
From equilateral triangles

Using similar metallic ratios

 

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
4 1 1 2 1 0 0 0 0 0 0 0 0 0 0 0 0
8 1 1 3 3 1 0 0 0 0 0 0 0 0 0 0 0

16 2 1 1 4 6 4 1 0 0 0 0 0 0 0 0 0 0
32 3 1 1 5 10 10 5 1 0 0 0 0 0 0 0 0 0
64 5 1 1 6 15 20 15 6 1 0 0 0 0 0 0 0 0

128 8 1 1 7 21 35 35 21 7 1 0 0 0 0 0 0 0
256 13 1 1 8 28 56 70 56 28 8 1 0 0 0 0 0 0
512 21 2 1 9 36 84 126 126 84 36 9 1 0 0 0 0 0

1024 34 3 1 10 45 120 210 252 210 120 45 10 1 0 0 0 0
2048 55 4 1 11 55 165 330 462 462 330 165 55 11 1 0 0 0
4096 89 5 1 12 66 220 495 792 924 792 495 220 66 12 1 0 0
8192 144 6 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1 0

16384 233 8 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
377 11
610 15
986 20

26

⋮
↓
2

⋮
↓

⋮
↓ Single, Double, and Triple spirals 

using equilateral triangles & regular hexagons,

These series and
related ratios  
on Pascal’s triangle

Golden ratio Doubling ratioPlastic ratio

If the -th horizontal total of
Pascal’s triangle be normalized as

= 1 

instead of 2 , we can get 
the characterizations from
the extended rates

, , and 2 to the approaching 
constants 1/3, 2/3, and 3/3
coincidentally and respectively.

Extended rates

Based on the
normalization
of Pascal’s
Triangle.

Approaching
constants
3/3,   2/3,  1/3

1     2     3

Golden ratio
( = 1)

Silver ratio
( = 2)

Bronze ratio
( = 3)

Thanks, Hans’s
“Golden ratio”

Single, 
double, 
triple types

Several 
double types

2 = 2==

, = − 1 + ⋅ ,

, , − = + + + ⋯ − − − ⋯

= +
+

+ + ⋯ ⋯− −
−

− = , ⋅ , − = , , − =

, − 5 ⋅ , − 3 = 0, − 2 ⋅ , − 2 = 0

Binomial expansion 

Fibonacci sequence

Padovan sequence

Big tree using
single, double, 
and triple equilateral triangle spirals

Padovan sequence:
Fibonacci sequence:

: 

, , , , , , , ,⋯
, , , , , ,⋯
, , , ,⋯
, ,
, , ⋮
,
, ⋮

5
⋮

Fibonacci sequence & Regular hexagons Lucas sequence & Regular hexagons

2
1

3

4

7 11

1 1
2

35

8

13

Rotationally symmetric spirals with regular hexagons & They will be one flesh. 

©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.
Thanks lots 
for the important advice by all the Japan Fibonacci Association members.

Title: “My command is this:
Love each other as I have loved you.”   John 15:12 NIV

( = 8)
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33 25

181 136
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33
25

1312
20

= +

Strictly perfect plastic ratios

= + 1
= + 1 = +

1

, ,
, , = , ,

, , + , ,
, , + , ,

, , = 13 + 12 + 8

, ,
, , = , ,

, , + , ,
, , = 25 + 8

8

Unforgettable memories  and
thank you for informing us of 1 : 8/25=1 : 0.32.

Plastic ratio
= + 1 and 

=
1
2 +

1
6

23
3 +

1
2

1
6

23
3 = 1.3247

, ,
( , , ) = , , ,

( , , ) = 12, , ,
( , , ) = 13,

, ,
( , , ) = , ,

( , , ) + , ,
( , , ) ( 4)

or , ,
( , , ) = , ,

( , , ) + , ,
( , , ) ( 6)

1: = : = 1: 1.3247
: = : 1 = 1: 0.3247

, , , , , , , , , , , ,

© Shingo Nakanishi, Annual meeting of Kansai branch of JSGS 2023, Japan, 2024
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Title: Beautiful Fibonacci Butterfly
on the applied Pascal’s triangle based on 
Newton’s binomial theorem 
with the line using 0

× × × × × × × × ×

, , = 0,

, , = 1,

, , = , , + , ,
( 2)

×

×

×

×

×
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×

×

× × × × × × × ×
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×

×

×

×

×

× © Shingo Nakanishi, 
OIT, 2023, Japan

Title: Beautiful Lucas Butterfly
on the applied Pascal’s triangle based on 
Newton’s binomial theorem 
with the line using 
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Nested Radicals?

Continued Fractions? New Symmetries of Golden Ratio

1

1

, 1 , = 0
, = ,

, ( 1) = 1

=
5 + 1

2 = 1.618 ,

1 =
1

=
5 1

2 = 0.618

© “Stairways to heaven using divine proportion, golden ratio” 
Shingo Nakanishi, OIT, Japan, 2022.

© “Land of the rising sun, in Japan”
Shingo Nakanishi, OIT, Japan, 2021

Strictly speaking, is not an integer. 
Therefore, these equations are not defined as the correct continued fractions mathematically. 
However, these are so beautiful because of the divine proportion, golden ratio.

Historically,

many people around the world have travele from cities over the mountains to visit other regions,

gazing at the mountains as they pass by and wishing happiness, peace, and joy for their families.

May these thoughts be cherished forever

Gneralized Padovan squences, 
Weighted Fibonacci & Lucas sequences

Thanks, pineapple.

1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 2 1 0 0 0 0 0 0 0 0 0 0
1 3 3 1 0 0 0 0 0 0 0 0 0
1 4 6 4 1 0 0 0 0 0 0 0 0
1 5 10 10 5 1 0 0 0 0 0 0 0

0 1 6 15 20 15 6 1 0 0 0 0 0 0
1 7 21 35 35 21 7 1 0 0 0 0 0
1 8 28 56 70 56 28 8 1 0 0 0 0
1 9 36 84 126 126 84 36 9 1 0 0 0
1 10 45 120 210 252 210 120 45 10 1 0 0
1 11 55 165 330 462 462 330 165 55 11 1 0

1 1 12 66 220 495 792 924 792 495 220 66 12 1
1
1
1
1
1
1
2
3
4
5
6
7

©Shingo Nakanishi, OIT, Japan, JSGS, 2024 

= 1.0

We can create various hexagon spirals 
using the expanding .

1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
4 1 2 1 0 0 0 0 0 0 0 0 0 1 1 2 1 0 0 0 0 0 0 0 0 0 1 2 1 0 0 0 0 0 0 0 0 0
8 1 3 3 1 0 0 0 0 0 0 0 0 1 1 3 3 1 0 0 0 0 0 0 0 0 1 3 3 1 0 0 0 0 0 0 0 0

16 1 4 6 4 1 0 0 0 0 0 0 0 2 1 4 6 4 1 0 0 0 0 0 0 0 1 4 6 4 1 0 0 0 0 0 0 0
32 1 5 10 10 5 1 0 0 0 0 0 0 3 1 5 10 10 5 1 0 0 0 0 0 0 1 5 10 10 5 1 0 0 0 0 0 0
64 1 6 15 20 15 6 1 0 0 0 0 0 5 1 6 15 20 15 6 1 0 0 0 0 0 1 6 15 20 15 6 1 0 0 0 0 0

128 1 7 21 35 35 21 7 1 0 0 0 0 8 1 7 21 35 35 21 7 1 0 0 0 0 1 7 21 35 35 21 7 1 0 0 0 0
256 1 8 28 56 70 56 28 8 1 0 0 0 13 1 8 28 56 70 56 28 8 1 0 0 0 1 1 8 28 56 70 56 28 8 1 0 0 0

1 9 36 84 126 126 84 36 9 1 0 0 21 1 9 36 84 126 126 84 36 9 1 0 0 1 1 9 36 84 126 126 84 36 9 1 0 0
1 10 45 120 210 252 210 120 45 10 1 0 34 1 10 45 120 210 252 210 120 45 10 1 0 1 1 10 45 120 210 252 210 120 45 10 1 0
1 11 55 165 330 462 462 330 165 55 11 1 55 1 11 55 165 330 462 462 330 165 55 11 1 1 1 11 55 165 330 462 462 330 165 55 11 1

89 1
144 2

3
4
5
6
8

11

(0 upward)

1 = 21 = 2 + 2

2 = 2
(1 upwards)

1 =1 = +

=
(4 upwards)

1 =1 = +

=↓

↓

↓
2

©Shingo Nakanishi, Annual Meeting of JSGS 2024, RIMS, Kyoto univ. 2024, 
Japan Fibonacci Association workshop 2025

For single spiral using equilateral triangles
, =  = ,∵ , = ⋅ , + 1

or   ∵ , = 1 ⋅ , + 1

For double spirals using equilateral triangles
, =  = = , ,

  ∵ , = 2 ⋅ , + 1 and , = , +1

For triple spirals using equilateral triangles
, =      = 2 = , , 

 ∵ , = 3 ⋅ , + 2  and , = , +2

1

1

= 1 ⋅ + 1 ⋅ 1

1

= 2 ⋅ + 1 ⋅ 1
= 1 ⋅ + 1 ⋅ 1

1 2
2

2

2 = 3 ⋅ 2 + 2 ⋅ 1
2 = 1 ⋅ 2 + 2 ⋅ 1

2 × 1

2
2

2
2

One of Garsia numbers
+ = + + 2

= 1.2055694304005904⋯

Another of Garsia numbers
= + + 2

= 1.5663832772661919⋯

Another of Garsia numbers
+ = 2 + + + 2
= 1.4925727132384519⋯

One of Garsia numbers
+ = + + 2
+ = + + 2
+ = 2 + + + 2

  = 1.2055694304005904⋯

Another of Garsia numbers
= + 2 or
= + + 2
+ = 3 + 2 + + + 2
= 2.0

Another of Garsia numbers (2 upwards)
 = 1  + 1
 = 1 + + 1
Super-golden ratio 
   = 1.46557123187676

1 =

Another of Garsia numbers  (6 upwards)
   = + 1
  = + + + + + + 1
     = 1.25542287107684 1 =

Others of Garsia numbers  (  upwards)
= + 1      ( ≥ 1)

=

The geometric characterizations about regular hexagon spirals 
using times from 1.0 through 2.0

© Shingo Nakanishi, OIT, Japan, 2026 &
The 100th Symposium of the Society for Science on Form

Another of Garsia numbers
+ = 2 + + + 2
= 1.4925727132384519⋯

Single regular hexagon spira l:
2 + − (1 + 0) − 2 − − 1 = 0

= 1.1857495537663425⋯ Ref.[3]
Double regular hexagon spirals:
2 + − (1 + 2) − 2 − − 1 = 0

= 1.3981609516297206⋯
Triple regular hexagon spirals:
2 − 3 − 1 = 0

= 1.67765069880406⋯

©Shingo Nakanishi, Annual Meeting of JSGS 2024, RIMS, Kyoto univ. 2024, 
Japan Fibonacci Association workshop 2025

2,1 = 2.414⋯
4,4 = 2 × 2.414⋯ = 2
6,9 = 3 × 2.414⋯

2,1
= 2.414⋯

2 +
2 +

2 +
2 +

2 +
2 +

2 +
2 + ⋯

2 −
2 −

2 −
2 −

2 −
2 −

2 −
2 −⋯

= 2

Nested Radicals of Silver Ratio

Extended Version 
of Continued Fractions of Silver Ratio

New Symmetries 
of Silver Ratio

2

2
The positive solution of 

2,1
2 − 2 2,1 − 1 = 0

as the silver ratio is 2,1 = 2 + 1 = 2.414⋯ .
And the positive solution of 

4,4
2 − 4 4,4 − 4 = 0

as 2 times of the silver ratio 2
is 4,4 = 2 × 2 + 1 = 2 × 2.414⋯ .

−2,2
2 − − 2 −2,2 − 2 = 0

∵ −2,2 = , −2,2 − ( − 2) = 2
∵ −2,2 = 2,1 = = 2 + 1 = 2.414⋯ ,

1
2,1

= − 2 =
1

= 2 − 1 = 0.414⋯

©Shingo Nakanishi, OIT, Japan, 2023Silver Ratio   0.414⋯ : 1 = 1: 2.414⋯
= 0.414⋯2 + 12: 12 + 2.414⋯2

= 2 − − 1

− 2,1
−1

= −0.414⋯−1

1

1
+

2
1 + 2

1 + 2
1 + 2

1 + 2
1 + 2

1 + 2
1 + 2

1 + 2
1 + ⋯

2
2

2
2

2
2

2
2

2

⋯− 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 −
1

= 2

This study aims to consider how to display equilateral triangle spirals or regular hexagon spirals from the viewpoint of 

geometric and artistic visualization using similar metallic ratios. The ratios about single, double, and triple typed spirals should be 

related to the extended ratios as diagonal summations on weighted modified Pascal’s triangles generally. If we consider that based 

on normalization of them should be also expressed as meaningful approaching constants coincidentally and respectively. If we 

arrange the single, double, and triple typed spirals at the same time artistically, we can imagine various combinations and vivid 

landscapes from that. It is shown that one of them in the figure is illustrated such as the original Japanese and Chinese meaningful 

letter in public. The meaning of that is mountains. From that, we might reconsider that geometry might be developed and 

harmonized little by little with human history and life. Those ratios should be systematized as similar metallic ratios in the table 

and various characterizations in the figures.
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